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SEQUENCE-COVERING CS-IMAGES OF METRIC SPACES *
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ABSTRACT. In this paper,we establish the characterizations of metric spaces un-
der some sequence-covering and cs-mappings by means of certain kinds of compact-
countable networks.

1 Introduction

Quitely recently, Z.B.Qu and Z.M. Gao introdued the concept of cs-mappings in order to
study the relation between spaces with certain compact-countable k-networks and certain
images of metric spaces. They proved that a space with compact-countable closed k-network
is a compact-covering cs-image of a metric space[l]. It initially shows an efficiency by cs-
mappings to realize Alexandroff’s idea that by means of various mappings the relations
between various topological spaces and metric spaces are established. The purpose of this
paper is to further discuss the images of metrics by certain cs-mappings. In section2,we
establish a relation between spaces with a compact-countable network and metric spaces. In
section 3, we give some characterizations for spaces with a compact-countable cs*-network.
In section 4, we characterize the sequence-covering and cs-images of metric spaces. In
section 5, we study the relation between spaces with certain compact-countable weak bases
and certain images of metric spaces.

In this paper, all spaces are considered to be 75, and all maps continuous and onto,
w={0}UN.

2 Spaces with a compact-countable network

A map f: X — Y is called a cs-map[1], if for any compact subset C of Y, f~1(C) is
separable.

Let X be a space ,and let P be a cover of X. P is called compact -countable, if for any
compact subset K of X, only countable many members of P intersect K. P is a network if
whenever z € U with U open in X, then x € P C U for some P € P.

Theorem 2.1 A space X has a compact-countable network if and only if X is an image
of a metric space under a cs-mapping.

Proof. Suppose X is a cs-image of metric space .Then there exists a cs-mapping f
from M onto X. Since M is a metric space, by Nagata-Smirnov metrization theorem
(see[3] or[4]), M has a o-locally finite base. Let B be a o-locally finite base for M, put
P ={f(B) : B € B}, then P is a network for X because a mapping preserves a network.
Since f is a cs-mapping, for any compact subset K of X, f~!(K) is separable in M, and
so f1(K) is a Lindelof subspace. Hence P a is compact-countable network for X.
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Conversely, suppose X has a compact-countable network P = {P, : a € A}. For each
n € N, let A,, be a copy of A, and it is endowed with discrect topology.Put
M ={a=(an) € [] An:{Pa, :n € N} is a network of some point z, in X},

neN
and give M the subspace topology induced from the usual product topology of the product
space [] An, T is unique in X because X is T5. We define f: M — X by f(a) = z,.
neN

Obviously, M is a metric space, and it is easy to check that f is continuous and onto.
For any compact subset C' of X, by the compact-countable property of P, we have that
{a € A: C() Py # 0} is countable. Put

L

([[ {eedn:c\P.£0}(\M

neN

then L is a hereditarily separable subspace of M and f~*(C) C L. Thus f~!(C) is separa-
ble in M. Hence f is a cs-mapping.

3 Spaces with a compact-countable cs*-network

In [1], Z.Qu and Z.Gao got the following result:

Theorem 3.1[1] For a space X, the following are equivalent:

(1) X is a sequence-covering quotient cs-image of a metric space.
(2) X is a quotient cs-image of a metric space.

(3) X is a k-space with a compact-countable cs*-network.

Remark 1 The sequence-covering mapping above is used in the sense of the following
Def.3.4(2).

The purpose of this section is to improve the result above. Recall some basic definitions.

Definition 3.2 Let X be a space, and let P be a cover of X.

()P is a cs*-network [5] if whenever {z,} is a sequence converging to a point € U
with U open in X, then {z}J{z,, : i € N} C P C U for some subsequence {z,, } of {z,}
and some P € P.

(2)P is a CFP cover of a compact subset K in X if there are a finite collection {K, :
n < k} of closed subsets of K and {P, : n < k} C P such that K = [J{K, :n <k} and
each K,, C P, (see[6]).

(3)P is an sfp-network(i.e., sequence-finite-partition network)[6] if whenever K C V
with K convergent sequence including its limit point and V open in X, there exists a finite
P' C P such that P' is a CFP cover of K and |JP' C V.

It is easy to check the following Lemma by Definition 3.2
Lemma 3.3 Let P be a point-countable cover of X, then P is a cs*-network if and only
if P is an sfp-network.

Definition 3.4 Let f: X — Y be a map.

(1)f is a sequentially quotient map[7](resp. subsequence-covering mapl8]) if for each
convergent sequence S of Y, there is a convergent sequence L (resp. compact subset L) of
X such that f(L) is a subsequence of S.

(2)f is a pseudo-sequence-covering if for each convergent sequence L of Y, there is a
compact subset K of X such that f(K) = L. While in [9] or [1], such a pseudo-sequence-
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covering map is called sequence-covering.

It is easy to show the following Lemma by Definition 3.4
Lemma 3.5 Let f : X — Y be a subsequence-covering map, and let X be a sequential
space. Then f is sequentially quotient.

The following Lemma is due to [10].
Lemma 3.6 Let f : X — Y be a pseudo-sequence-covering map, and let X be a
sequential space. Then f is sequentially quotient.

Theorem 3.7 The following are equivalent for a space X:
(1) X is a pseudo-sequence-covering and cs-image of a metric space.
(2)X is a sequentially quotient and cs-image of a metric space.
(3)X is a subsequence-covering and cs-image of a metric space.
(4) X has a compact-countable cs*-network.
(5)X has a compact-countable sfp-network.
Proof. (1) = (2). By Lemma 3.6.
( (3). By Definition 3.4.
(3) (2). By Lemma 3.5.
(4) & (5). By Lemma 3.3.
(2) = (4). Suppose f : M — X is a sequentially quotient mapping, where M is
a metric space. Let B be a o-locally-finite base for M. From the proof of Theorem 2.1,
f(B) is compact-countable in X. Since f is sequentially quotient, f(B) is a cs*-network
for X because a sequentially quotient mapping preserves a cs*-network. Hence f(B) is a
compact-countable cs*-network.
(4) = (1). From the proof of Theorem 2.5 in [1].
Corollary 3.8 The following are equivalent for a space X:
(1) X is a pseudo-sequence-covering and quotient cs-image of a metric space.
(2) X is a sequentially quotient and quotient cs-image of a metric space.
(3) X is a subsequence-covering and quotient cs-image of a metric space.
(4) X is a quotient cs-image of a metric space.
(5) X is a sequential space with a compact-countable cs*-network.
(6) X is a sequential space with a compact-countable sfp-network.

Remark 2 (1) &(4) < (5) is shown in [1].
4 Space with a compact-countable cs-network

Recall that a cover P of X is a cs-network[11] if, whenever {x,} is a sequence converging
to a point x € X and U is a neighborhood of x, then {z}|J{z, :n>m} C P C U for
some m € N and some P € P. A mapping f : X — Y is sequence-covering [12] if each
convergent sequence of Y is the image of some convergent sequence of X.

Theorem 4.1 A space X has a compact-countable cs-network if and only if X is a
sequence-covering and cs-image of a metric space.

Proof. Let X be a space with a compact-countable cs-network P. Suppose P is closed
under finite intersections. Denote P by {P, : @ € A}. Let A; denote the set A with discrete
topology each i € N. Put
M ={f=(a;) € ] 4i:{Pa, :i € N} is a network at some point z(3) in X},

iEN
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then M is a metric space, and f : M — X defined by f(8) = z(8) is a cs-mapping
in view of the proof of Theorem 2.1. We shall show that f is sequence-covering. For a
sequence {z,} of X converging to a point zp in X, we assume that all z,’s are distinct.
Let K = {&m : m € w}, and let K C U with U open in X, a subset F of P is said to have
the property F(K,U) if F satisfies that

(1)F is finite;

(2)p # PN K C P CU for each P € F;

(3)for each z € K there is a unique P, € F with z € P,;

(4)if o € P € F, then K — P is finite.

Put {F C P : F has the property F(K,X)}={F;:i € N},
for each i € N and each m € w,there is a;y, € A; with x,,, € P,,, € F;. It can be check that
{P,,,, :i € N}isanetwork at the point z,,. Let 8,, = (a;m) for each m € w, then 3,, € M
and f(Bm) = &m. For each i € N, there is n(i) € N such that a;, = aip if n > n(i). Thus
the sequence {a;,} converges to a;p in A4;, and the sequence {f,} converges to By in M.
This shows that f is a sequence-covering mapping.

Conversely,suppose that f : M — X is a sequence-covering and cs-mapping, where
M is a metric space. Let B be a o-locally-finite base for M, then {f(B) : B € B} is a
compact-countable cs-network for the space X.

Corollary 4.2 A space X is a sequential space with a compact-countable cs-network if
and only if X is a sequence-covering and quotient cs-image of a metric space.

5 Space with a compact-countable weak base

Let f : X — Y be a map,then f is a 1-sequence-covering map[13] if for each y € Y there
is z € f~!(y) such that whenever {y,} is a sequence converging to y in Y, there is a sequence
{x,} converging to z in X with each z,, € f~(yn).

Obviously, a 1-sequence-covering map is a sequentially quotient map.

The following lemma is due to [7].

Lemma 5.1 Let f : X — Y be a map.If X is a sequential space, then f is quotient if
and only if Y is a sequential space and f is sequentially quotient.

Let P =J{P. :z € X} be a cover of a space X such that for each z € X,

(1)P, is a network at z € X.

(2)IfU,V € P,, W CUV for some W € P,. P is a weak base [14] for X if whenever
G C X satisfying for each z € G there is P € P, with P C G, then G is open in X. P is
called an sn-network[13,15] for X if each element of P, is a sequential neighborhood of =
in X for each z € X(i.e., P is a sequential neighborhood of z in X if whenever {z,} is a
sequence converging to the point z, then {z}J{z, : n > m} C P for some m € N.), here
P, is an sn-network of z in X.

The following Lemma is due to [13] or [15].
Lemma 5.2 (1) For a space, weak base = sn-network = cs-network.
(2) An sn-network for a sequential space is a weak base.

Theorem 5.3 The following are equivalent for a space X:

(1) X has a compact-countable sn-network.

(2) X is a l-sequenence-covering and cs-image of a metric space.

Proof. (1) = (2). Assume P is a compact-countable sn-network for X. Denote
P ={P,:a€ A}. Foreachi € N, let A; be a copy of A, and it is endowed with discrete
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topology. Put
M={a=(an) € [] An:{P,, : n € N} is a network of some point z, in X},
neN

and give M the subspace topology induced from the product topology of the product space

IT A.. We define f : M — X by f(a) = z,. From the proof of Theorem 2.1, M is a
neN
metric space,and f is a cs-mapping. We shall show that f is a 1-sequence-covering mapping.

In fact, For each z € X, we can assume P, = {P,, : i € N}, then {P,, : i € N} is an
sn-network of z € X. Put 3 = (a;), then 8 € f~!(z). Denote

B, = {(y;) € M :if i < n,ithen 7; = a;}. Then {B, : n € N} is a monotonic decreasing
neighborhood base of 3 in M. For each n € N, it is easy to check that f(B,) = [\ Pa,-

i<n

For a convergent sequence z; of X with z; — =z, since {f(B,) : n € N} is an sn-network of
z in X, there is i(n) € N such that if i > i(n), then z; € f(B,), and so f~(z;) (| Bn # 0.
We may assume that 1 < i(n) < i(n+1). For each j € N, let

ﬂ' € { f_l(xj)7 if ]<Z(1)7
J Y z;) )N Bn, if i(n)<j<i(n+1),n€N.

Then, we have that the sequence {§;} converges to # in M. Therefore f is 1-sequence-
covering.

(2)=(1) Suppose f : M — X is a l-sequence-covering and cs-map, where M is a
metric space. Let B be a o-locally-finite base for M. For each x € X, there is 3, € f~ ()
satisfying that for each convergent sequence {z, } in X with x,, — =z, thereis 8, € f*(z,)
with 8, — B,. Put
P.={f(B): 8. € BeB}, P=U{Ps:2z€ X},
then, it is easy to chect that P is a compact-countable sn-network for X.

Theorem 5.4 The following are equivalent for a space X:

(1)X has a compact-countable weak base.

(2)X is a 1-sequence-covering and quotient cs-image of a metric space.

Proof. (1) = (2). Suppose X has a compact-countable weak, then X is a sequential
space, and has a compact-countable sn-network. According to Theorem 5.3, X is a 1-
sequence-covering and cs-image of a metric space. By Lemma 5.1, the 1-sequence-covering
mapping is a quotient mapping.

(2) = (1) Suppose X is a 1-sequence-covering and quotient cs-image of a metric space.
By Lemma 5.1, X is a sequential space. In view of Theorem 5.3, X has a compact-countable
sn-network P, and so P is a compact-countable weak base for X by Lemma 5.2.

Remark 3 A map f: X — Y is an s-map(resp. ss-map[10]) if each f~1(y) is separa-
ble(resp. for each y € Y, there is an open neighborhood V of y in ¥ such that f=(V) is
separable). Obviously, if X is a metric space, then an ss-map = a cs-map = an s-map.
However, we have the following facts.

Example 1 Let X = 8N, the Stone-Cech compactification of the integers. Then X
has a point-countable sn-network. By Proposition 2.3 in [13], X is a 1-sequence-covering
and s-image of a metric space. But X is not a pseudo-sequence-covering and cs-image of a
metric space because X has no compact-countable cs*-network.

Example 2 Let X be a paracompact space with a point-countable base, and let X be
not metrizable. Then X has a compact-countale base, and so X has a compact-countable
sn-network. By Theorem 5.3, X is a 1-sequence-covering and cs-image of a metric space.



404 JINJIN LI AND SHOU LIN

But X is not a 1-sequence-covering and ss-image of a metric space because X is not a metric
space.

Example 3 Let X be a sequential fan, that is X = S,,. Then X is a sequence-covering
and quotient cs-image of a metric space, but X is not a 1-sequence-covering and quotient
cs-image of a metric space because it has no point-countable weak base.
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