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A Note on Spacs with a Locally Countable K —network’
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Abstract In this paper it is shown that a regular space has a locally countable £ —network if and only if
it has a locally countable ¢s —network. As its application,a perfect preimage theorem on spaces with a locally
countable 2 —network is established. .

Key words and phrases % —network, cs —network,locally countable family,perfect map.

AMS Classification 54E20,54D55

Let us recall some definitions. L.et X be a space,and & be a cover of X . Then 42 is called
a £ —network for X if,whenever K C U with K compact and U open in X, K C U ' C U for
some finite ' C 2. Then & is called a ¢s —network for X if , whenever K is a sequence
converging to x € K ,and U is a neighborhood of X ,there is P € # such thatx € PC U,
and P contains K eventually. '

A collection % of subsets of a space X is said to be locally countable if for each point of
X there is a neighborhood which intersects at most countably many elements of #2. % is said
to be star— countable if each element of %2 intersects at most countably many elements of
@. '

For a space X and P C X. Pis sequentially open in X if ,whenever x € P and {x,} is a se-
quence converging to x in X ,then x, € P for all but finitely many n € N.

We assume that spaces are regular and T, ,and maps are continuous and onto. Unex-
plained notions and terminology are the same as [5].

Spaces with certain locally countable covers,for example,spaces with a locally countable
& —network ,spaces with a locally countable weak base,spaces with a locally countable ¢s —
network ,have been widely studied in [4,6,8]. In this paper,we affirmative answer the fol-
lowing question posed by Chuan Liu in [8]. ‘

Question. [ 8,Question 2. 1] If a regular space X has a locally countable £ — network,
then does X have a locally countable (or point —countable) cs —network?

Lemma. [1,Lemma 3. 10] Let £ be a star —countable collection of subsets of a set X .
Then we can set & = |J {2 ,: a € A} ,where each &, is a countable subcollection of % and
for two distinct @, € A, (U 20 N (U &) = .

We call {&? .t « € A} in the Lemma a docomposition of .

Received June 10,1997
* This work was Supported by the NNSF of China



£ 38 * Shou Lin:A Note on Spacs with a Locally Countable K —network 11

Theorem. The following are equivalent for a space X

(1) X has a locally countable £ —network.

(2) X has a locally countable ¢s —network.

Proof. It only need to show that (1) implies (2).Let & be a locally countable £ —net-
work for X . By the regularity of X ,We can assume that each elements of <% is closed in X .
For eachz € X ,thére is-a neighborhood U, of rin X such that U, intersects at most count-
ably many elements of Z.Put #F = {PE€ % : RCU, forsomex € X)}.Then & is a star
—countable & —network for X . Let {2 ,: € A} be a decomposition of . For eacha € A ,let
Fe={UP" ra finiteP C P}, T,=U _F., . Then{T.: « € A} is a locally countable
and disjoint cover of X .. Let {x,} be a sequence converging to xin X ,there is a unique a € A
withx € T, . Let U be a neighborhood of rin X ,then{x} U {x, : n>m} U &' CU for
some finite &' C #and somem € N. Let " = {P &€ &' : x &€ P}, then {x} U {x, + n
=i CX\NU (@\&”) for somei = m, thus{x} U {x,tn =i CU P"CU. Byx €N
P”, we have that U 2”7 € F., and{z} U {x,: n>2i} CU @ ”CUNT.. Hence %,
is a countable ¢s —network for T, ,and T, is a sequentially open subset of X .

Remarks. (1)The sequential openness of the cover of X in the Theorem is essential. For
example,the countable ordinal space @, has a locally countable and disjoint cover {{a} : a <C
@, } of singletons,but @, does not have a point—countable £ —network by[5].

(2)The sequentially open cover of X can not be improved the open cover of X in the The-
orem. It is easy to prove that.a space has a locally countable (and disjoint) open cover of
countable ¢s —networks if and only if it is a paracompact space with a locally countable ¢s —
network. A space with a locally countable cs —network may not be a paracompact space by
[4,Example].

(3)By the Theorem and its proof,we have that

spaces with locally spaces with locally
countable £ —networks & countable ¢s —networks
!/
spaces with star— spaces with star—

countable closed £ —networks=>countable closed ¢s —networks

spaces with star— spaces with' star — spaces with point—
countable £ —networks countable cs —networks=>countable ¢s —networks.

The Fortissimo space X () in [5,Example 2. 5. 197 has a star—countable closed £ —net-
work ,but it does not have a locally countable # —network. The fan space S., in [8,Example
1. 13] has a star —countable £ —network. but it does not have a point ~—countable ¢s —net-
work. The Stone—Cech compactification 8N has a star—countable closed ¢s —network,but it
does not have a star —countable 2 —network. The hedgehog space J (@, )'in [2,Example 4. 1.
5 Jhas a point—countable ¢s —network ,but it does not have a star —countable ¢s —network.

Quettion 1. Does a space with a star —countable ¢s —network have a point —countable

closed ¢s —network?
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Corollary. Suppose f : X — Y is a perfect mapping . If X has a local G; —diagonal ,and Y
has a locally countable £ —network ,then X has a locally countable # —network.

Proof. By the Theorem, Y has a locally countable and disjoint sequentially open cover
{Y,: a € A} such that each Y, has a countable cs — network. For each a € A sput X, =
(YD, fo=fix, * X.—>Y., then f.is a perfect mapping ,so X, is a paracompact space. Thus
X, has a poiqt-—finite open cover of G; —diagonal subsets. Since G; —diagonal property satis-
fies the point —finite open sum theorem by [3], X, has a G; —diagonal. And since a space
with a G; —diagonal has a countable ¢s —network if it is a perfect preimage of a space with a
countable cs —network by [7], X, has a countable ¢s —network. Therefore {X,: ¢ € A}is a
locally countable and disjoint sequentially open cover of countable ¢s —networks, X has a lo-
cally-countable # —network.

Spaces with a locally countable # —network have a local G; —diagonal.

Question 2. Does a space with a locally countable £ —network has a G, —diagonal?
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