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1 Introduction

To find the internal characterizations of certain images of metric spaces is one of the central
questions on general topology. Since A. Arhangel’skii published the famous paper “Mappings
and Spaces”!!! in 1966, the behaviour of certain quotient images on scparable metric spaces
or metric spaces has attracted considerable attention, and some noticeable results have been
obtained?~4. Then, what are the internal characterizations of certain quotient images of locally
separable metric spaces which are important spaces lying between the separable metric spaces

and the metric spaces?

We know that every quotient image of a metric space is actually the quotient image of a
locally separable metric spacel?l. However, every quotient s-image of a metric space need not
be the quotient s-image of a locally separable metric space. This arouses our interest in the
images of locally separable metric spaces. In Section 2, we describe the quotient s-images,
pseudo-open s-images and closed s-images of locally separable metric spaces. In Section 3, we
characterize the quotient compact images of locally separable metric spaces. In Section 4, we
give the characterizations of closed images of locally separable metric spaces.

In this paper, all spaces are regular and Tj, all mappings are continuous and onto. N
denotes the set of all natrual numbers, and w = {0} U N. Suppose X is a space. Let P be a
collection of subsets of X. P is called a k-network for X if whenever K C U with K compact
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and U open in X, then K C UP' C U for some finite P’ C P. P is called a cs-network for a
convergent sequence {z,} with z,, — z in X if whenever U is a neighborhood of z in X, there

exists m € N such that {z}U{z,:n >m} C P C U for some P € P. P is called a cs*-network
if whenever {z,} is a convergent sequence with z,, — z and U is a neighborhood of z in X,
there exists a subsequence {z, .} of {z,} such that {z} U {z,, : i € N} C P C U for some
P € P. P is called a weak base for X if P = U{P, : x € X} satisfies that

(1) z € NP,, '

(2) if U,V € P,, then W CU NV for some W € P,,

(3) a subset G of X is open in X if and only if for each z € G, we have P C G for some
PeP, R ”

Here P, is called a weak neighborhood base of z in X. A sequence {U,, } of covers of a space
X is called a point-finite weak development of X if each U,, is point-finite and {st(z,Un) : n € N}
is a weak neighborhood base of z in X for each x € X.

One of the applications of the concepts above is to characterize certain quotient images of

the metric spaces as follows.
Theorem 1.1% A space X is a quotient s-image of a metric space if and only if it is a

sequential space with a point-countable cs*-network.

Theorem 1.2 A4 space X is a quotient compact image of a metric space if and only if
it has a point-finite weak development.

Theorem 1.3(21 A space X is a closed image of a metric space if and only if it is a Fréchet
space with a o-hereditarily closure-preserving k-network.

In this paper we shall prove that there are some similarities between certain quotient images

of locally separable metric spaces and certain quotient images of metric spaces.

2 On Quotient s-Images

A mapping f: X - Y 15 a subsequence-covering mapping if for cach convergent sequence
S (containing the limit point) in Y, there exists a compact subset L of X such that f(L) is a

‘subsequence of 5. _
" Lemma 2.1 Suppose f : X = Y is a subsequence-covering mapping. If Y is a sequential
space, then f 1s a quotient mapping. | '

Proof Suppose A C Y with f7'(A) being closed in X. If A is not closed in Y, then
there is a sequence {yn} C A with y, — y € Y\A because Y is a sequential space. Take a
compact subset K of X such that f(K) = {y} U {yn, : k € N}. Since f~?(A) N K is compact,
f(f (A NK)=An f(K) is closed in Y, a contradiction. Hence f is a quotient mapping.

Theorem 2.2 The following conditions are equivalent for a space X :

(1) X s a quotient s-image of a locally separable metric space.

(2) X is a sequential space, and there exists a point-countable cover {Xo:a€ A} of X
where each X. has a countable network P, satisfying that for each convergent sequence S of
X, there is o € A such that Py is a cs-network for some subsequence of 5.

Proof (1) == (2). Suppose f: M — X is a quotient s-mapping, here M being a locally
separable metric space. By 4.4.F in [7], M = @aca Mo, where all M, are separable metric
spaces. For each a € A, let B, be a countable base for M,,, and put X4 = f(Mq), Pa = f(Ba).
Then {X,} is a point-countable cover of X, and each P, is a countable network of Xi. For
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each convergent sequence S of X, by Lemma 1.6 in [5], there exists a convergent sequence T of
M such that f(T') is a subsequence of S. Since |J, -, B« is a base for M, there is a € A such
that P, is a cs-network for f(T').

(2) = (1). For each a € A, we can assume that {X,} € Py. Put P = {J,cp Pa = {P5:
3 € A}. Then P is point-countable. The set A is endowed with discrete topology. Define

M ={b=(0;) € AY: thereis a € A such that Pg, = X4, {P3,} C P«

and { P, } is a network of some z(b) in X},

and give M the subspace topology induced from the usual product topology. Then M is a
metric space. For each b € M, z(b) is unique in X because X is a Tl-spzi,(:c. Define f : M — X
by f(b) = z(b). It is easy to check that f is an s-mapping.

(a) M is a locally separable space.

Suppose b = (3;) € M with Py, = X, for some o € A. Denoting P, = {Py : B € Aa},
then A, is countable. Put M, = M n {(X;) € AY : Ao = Bo}. Then M, is open in M and
be M, C A“, hence M, is a separable neighborhood of b in M. Thus M is a locally separable
space. |

(b) f is a quotient mapping.

By Lemma 2.1, we need only to prove that f is a subsequence-covering mapping. Suppose
S ={zo}U{z, : n € N} is a convergent sequence of X with z,, — zg. There is a € A such
that P, is a cs-network for some subsequence T = {zo} U {zn, : k € N} of S. We can assume

that T C X,. Let

P! ={P€P,: PNT is a non-empty closed subset in X},

R ={P' C P, :P'is a finite cover of T'}.
Then K i1s countable. Denote

T = {Pl 1€ w} with 7y = {Xa},
P:={Pg:pB € B;}, |Bil <uw,

K={b={(8;) € H B; : {Ps, NT :i € w} has the finite intersection property}.
1€ W

Then K is compact in A¥. To complete the proof of the theorem, we need to show that K C M
and f(K)=T.

In fact, on the one hand, suppose b = (f;) € K. Then {Ps, N T . i € w} is a collection
of closed subsets with the finite intersection property. Take z € ﬂ(PBa NT). Let U be a
neighborhood of z in X. For each y € T, choose a neighborhood W;ng y in X satisfying that

(i) iff y =z, then W, C U,

(ii) if y # z, then =z ¢ W,,,

(iii) if y # g, then W, N T = {y}.

Since P, is a cs-network for T', there exists m € N such that {zq} U {z,, :k>m} CPC
W,, for some P € P,. Let D = T\P. Then D is finite. For each y € D, choose P, € P, with
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y € Py CW,. Define P’ = {P}U{P, :y € D}. Then P' € R, so Ps, € P; = P’ for some 7 € V.
By the construction of P',x € Pg, C U. Hence {Fp, :i € w} is anetworkof zin X. Sobe M
and f(b) = z. This shows K € M and f(K) C T. On the other hand, let x € T. For each ¢ € w,
choose §; € B; with z € Pg,. Putting b = (;) € A¥, then x € (](P,g,I NT),sobe K C M, and

f(b) = z. This shows T C f(K). We have shown that there éfc;;ts a compact subset K of M
with f(K) = T. Therefore f is a subsequence-covering mapping, and f is a quotient mapping.
This completes the proof of the theorem.

A space X is an Rg-space if it has a countable ¢s-network.

Corollary 2.3 If X is a sequential space with a point-countable cs* -network consisting of

No-subspaces, then X is a quotient s-tmage of a locally separable metric space.

We don’t know whether the inverse proposition of Corollary 2.3 holds. In the following,
we discuss some conditions which make a quotient s-image of a metric space to be a quotient
s-image of a locally separable metric space.

Lemma 2.4 Suppose P is a point-countable collection of subsets of X, which is closed

under finite intersections. Let
H = {P € P: P is a hereditarily separable subspace of X }.

Then H is a cs*-network for X if and only if P is a cs*-network for X and cvery first countable

subspace of X 1is locally separable.
Proof Necessity. Suppose H is a c¢s*-network for X. Let F' be a first countable subspace

of X. for each z € F, there is a finite F C H such that z € intp(U{HNF : H € F}) CUF by
Proposition 3.2 in [3]. Since UF is hereditarily separable, F is a locally separable subspace of

X.
Sufficiency. Suppose P is a cs*-network for X and every first countable subspace of X is

locally separable. For a convergent sequence {z,} of X with z,, — z, define K = {z} U {z, :
n € N}. Let U be a neighborhood of K in X. By Lemma in [8], there exists a finitc P’ C P with
the property K ¢ UP' c U, and PN K is closed in X for each P € P’. The collection of finite
subcollections of P with the property above is countable, and denote it by {P; : ¢ € N}. For
cach n € N, put A, = U(A;<,Pi). Then {A,} is a descending network of K in X. If A,, 18 not
hereditarily separable for each n € N, then 4,, has an uncountable discrete subspace D,,. Define
A= KU ({J,cn Dn). Then A is a first countable subspace of X, hence A is locally separable.
By Proposition 8.8 in [3], A is locally hereditarily separable, a contradiction. Therefore Ap, is
hereditarily separable for some m € N. Take P € A;<,»P; such that x € P and P contains a
subsequence {zn. )} of {z,}; thus P is hereditarily separable and. {z} U {z,, ;i€ N} C P CU.
Hence H is a cs*-network for X.

By Theorem 1.1 and Lemma 2.4, we have

Corollary 2.5 The following conditions are equivalent for a space X :

(1) X is a quotient s-image of a metric space and every first countable subspace of X 1s

locally separable.
(2) X is a sequential spacé with a point-countable cs”-network consisting of hereditarily

separable subspaces.
By Theorem 2.2 and Corollary 2.5, every first countable subspace of a space X is locally

separable if X is a quotient s-image of a locally separable metnc space.
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Question 2.6 (1) Are the conditions in Corollary 2.5 equivalent to the conditions in
Theorem 2.27

(2) Is a hereditarily separable, sequential space with a point-countable cs*-network an R,-
space? .

Theorem 2.7 The following conditions are equivalent for a space X :

(1) X s a closed s-image of a locally separable metlric space.

(2) X s a closed s-tmage of a metric space, and every first countable subspace of X 1s locally
separable.

(3) X is a pseudo-open s-image of a locally separable metric space.

(4) X s a pseudo-open s-image of a metric space, and every first countable subspace of X

15 locally separable.
(5) X is a Fréchet space with a point-countable cs* -network consisting of separable subspaces.

(6) X is a Fréchet space with a point-countable cs” -network consisting of No-subspaces.
(7) X is a Fréchet space with a point-countable cs*-network, and every first countable sub-

space of X is locally separable.
Proof (1) = (2) By Corollary 2.5.
2) => (4) Obvious.
7) By Theorem 1.1.
) By Lemma 2.4.
6) By Theorem 5.2 in (3].
3) By Corollary 2.3.
1) By Theorem 2 in [9] or Theorem 2 in [10].

3 On Quotient Compact Images

Theorem 3.1 The following conditions are equivalent for a space X:

(1) X is a quotient compact image of a locally separable metric space.

(2) X has a point-finite cover {X, : a € A}, where each X, has a sequence {Pqi} of
countable and point-finite covers such that {Uﬁg1 ’Pm} i1s @ weak development of X.

Proof (1) = (2) Suppose f : M — X is a quotient compact mapping, her¢ M being a
locally separable metric space. Then M = @®,caA M., where every M, is a separable metric
space. By the metrizability of M, there exists a sequence {B;} of locally finite open covers of
M satistying that each B; is a refinement of B;,;, and whenever K C U with K compact and
U open in M, then st(K,B;) C U for some i € N by 54.E in [7]. Put

Xa = f(Ma),a €A, Poi ={f(BNM,):BeDBi},a€Ai€N.

Then {X4} is a point-finite cover of X, and {P,.} is a sequence of countable and point-finite
covers of X,. By the construction of {B;}, it is easy to check that {{J, cs Pai} is a weak
development of X (cf. the proof of Theorem 1 in {6]).

(2) = (1) Let

Pﬂfﬁ:{Xﬂ*}:aEA& Pi=UPm=={Pﬁ:,36A£},i€w.
x€A
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Then {P; : i € w} is a sequence of point-finite covers of X. Each A; is endowed with discrete

topology. Let
M = {b = (5;) € H A; : there exists o € A such that Pg. € P,; for each 1 € w

1Cw

and {Ppg, : ¢ € w} forms a network at some point z(b) in X },

and give M the subspace topology induced from the usual product topology. Then M 1is a
metric space. Define f : M — X by f(b) = z(b) for each b € M. From the proof of Theorem
2.2, f is a mapping from a locally separable metric space M onto X. Since {P; : i € w} is
“a point-finite weak development of X, by the proof of Theorem 1.2 (cf. [6]), f is a quotient
compact mapping. '

Remark 3.2 The locally separable metric spaces are preserved by pseudo-open compact

mappings by Corollary 4.5 in [11].

4 On Closed Images

Suppose P is a collection of subsets of a space X. P is called hereditarily closure-preserving,
HCP for short, if whenever H(P) C P € P, then U{H(P) : P € P} = U{H(P) : P € P}.
Lemma 4.1 If a separable, Fréchet space X has a 0-HCP k-network, then X is a closed

image of a separable metric space.

Proof By Theorem 1.3, there exist a metric space M and a closed mapping f: M — X.
By Lemma 5.4 in [12], we can assume that f is an irreducible closed lma,pping. Let D be a
countable dense subset of X, and choose a countable subset C of M with f(C) = D. Then

f(C) = X, thus C = M, hence M is a separable metric space. Therefore X is a closed image

of a separable metric space.
Theorem 4.2 The following conditions are equivalent for a space X

(1) X is a closed image of a locally separable metric space.
(2) X is a Frechet space with a o-HCP k-network consisting of separable subspaces.
Proof (1) == (2) Suppose f : M — X is a closed mapping, where M is a locally separable
‘metric space. Obviously, X is Fréchet]. Let B be a o-locally finite base of M consisting of
separable subspaces. Put P = f(B)..Then P is a 0-HCP k-network of X consisting of separable
subspaces!?!. o

(2) = (1) Suppose X is a Fréchet space with a o-HCP k-network P consisting ot separable
subspaces. Denote P = |J, . y Pn, where each P,, is an HCP collection of closed subsets of X 13],

and P,, C Py41. For each n € N, put

P, =UP,, F,=P,\P._1, where Py =0.

Then {P,} is a closed cover of X and P, C P,;, for cach n € N. Since X is a k-space, X" has
weak topology with respect to {P,}, thus X is dominated by {P,}. Since X is a Fréchet space,
by Lemma 2.1 in [14], {F,, : » € N} is an HCP closed cover of X. Define

]:Z{P\F_I':neijepn}z{Fﬂ:aEA}: where Fy = 0.

Then F is an HCP closed cover of X. Let
7 = @aerFn, f:Z — X bé the obvious mapping.
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Then f is a closed mapping. For each o € A, by Lemma 4.1, there exist a separable metric
space M, and a closed mapping g, : M, — F,. Define

M = EBCEGAMCH g = f O (_EBEIEAQC!) M - X,

Then g 1s a closed mapping from a locally separable metric space M onto X. Hence X is a
closed image of a locally separable metric space.

In the final part, we shall establish some relations between the closed images of metric
spaces and locally separable metric space.

Lemma 4.3  The following conditions are equivalent for a space X :

(1) X 1s a space with a 0-HCP k- network consisting of Ro- subspaceb

(2) X is a space with a a-HCP k-network consisting of herﬁdztamly separable subspaces.

(3) X has a o-HCP k-network and every first countable subspace of X is locally separable.

Proof (1) => (2) Obvious. _

(2) = (3) Suppose X is a space with a o-HCP k-network consisting of hereditarily separable
subspaces. Let A be a first countable subspace of X. By Theorem 4.2, there exist a Ioca.lly
separable metric space M and a closed mapping f : M — A. For each z € A, by Lemma 4.4.16
in (7], f~'(z) is compact in M; we can assume that f is a perfect mapping. Thus A is a
locally separable metric subspace of X.

(3) = (1) Suppose X has a o-HCP k-network, and every first countable subspace of X is
locally scparable. We can assume that X has a k-network P = Unen Pn, where each P, is an
HCP collection of closed subsets of X and P, C P, 4. Put

R ={P\Dn,:PePynme N}u{{z}:z€ Dpo,ne N},
where D, = {z € X : P, is not point-finie at z}.

Then, by Theorem in {15], we have the following facts:
(a) D, 1s a o-closed discrete subset of X for each n € N,
(b) if K is a compact subset of X, then K n D,, is finite for each n € N,
(¢) for cach finite F C R, there exist m € N, P € 'P-,.n and D C D,, such that NF =
(P\D,,,,,) uD.
- Define
H={R:ReR and R is an Rg-subspace of X}.

Then, by (a), H is a o-HCP collection of closed subsets of X consisting of Ng-subspaces. We
shall show that H is a k-network for X. For K C U with K compact and U open in X, since
R 1s a point-countable cover of K, by Mistenko Lemma (cf. 3.12.22 in [7]), there are only
countably many minimal finite subcollections of coverings K, denoted by {R; : ¢ € N}. For
cach n € N, let

A, = U (AignRi) ‘

Then {A,} is a descending sequence of closed subsets of X. If V is open in X with K C V,
then there exists 7 € N such that K C UP' C V for some finite P' C P;. Thus

KC(UP\D;: PeP'})U(KND;)C(U{P\D; : PeP'Y)U(KnD;)CV
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By (b), thereis n € N such that R, C {P\D,; : Pe P'}U{{z}:z € KnD;},so K C A, CV.
Thus {A,} is a network of K in X. By the proof of Lemma 2.4, there is m € N such that

m C U and A,, is a hereditarily separable subspace of X. By Lemma 1 in [16], A,, is an Ro-
subspa.ce of X because a hereditarily separable space with a o-HCP k-network is an Ry-space.
Since A,, is the finite union of finite intersections of clements of R, by (c), there are a finite
R'CR,n€ Nand D C D, with A,, = (URYUD.Put H' ={R: Re R'}u{{z}:x € KnD}.
'Then H' is a finite subcollection of H and K C UH' ¢ U. Therefore, H is a k-network for X,
and X 1s a space with a o-HCP k-network consisting of Ng-subspaces.

Theorem 4.4  The following conditions are equivalent for a space X :

(1) X is a closed tmage of a locally separable metric space.
(2) X is a closed image of a metric space, and every first countable subspace of X is locally

separable.
(3) X is a Fréchet space with a 0-HCP k-network, and every first countable subspace of X

15 locally separable.
Proof (1) <= (3). By Theorem 4.2 and Lemma 4.1.

(2) <= (3) By Theorem 1.3.
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