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Abstract

In this paper a Lasnev decomposition theorem for
quasi-perfect pre-images of normal semistratifiable spaces

is established, which partly answers a question posed
by G. Gruenhage in 1992.

N. Lasnev [6] proved that if X is metrizableand f: X — Y
is a closed onto map, then f~'(y) is compact for all y € Y out-
side of some o-closed discrete subset of Y. Some extensions of
Lasnev’s theorem were reported in [1] and [3}. G. Gruenhage
tried to show the following decomposition theorem [3, Theo-
rem 5.14]: Suppose X is a quasi-perfect pre-image of a normal
semistratifiable space, and f : X — Y is a closed onto map,
then f~'(y) is countable compact for all y € Y outside of some
o-closed discrete subset of Y.

But, its proof has a gap, and Gruenhage asks if it is true or
not [4, p 264]. In this short note the following decomposition
theorem 1s established.

Theorem A  Suppose X is a quasi-perfect pre-image of a
normal semi-stratifiable space, and each point of Y is a G-

set. If f: X — Y is a closed map, then Y = |, ., Yn, where
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f~'y) is countably compact for each y € Yy, and for each
n €N, Y, s a closed discrete subset of Y.

All spaces in this paper are assumed to be regular and 7.
By map we mean a continuous surjection.

Definition 1 (3, Definition 5.6] A space X is semistratifiable
if there 1s a function G which assigns to each n € N and closed

set H C X, an open set G(n, H) containing H such that
(EL) H — ﬂneNG(?’l,H);
(b) HC K = G(n,H) C G(n,K).

Definition 2 |3, Definition 7.7] A space (X, 7) is a -space
if there 1s a function ¢ : N X X — 7 such that

(a) z € g(n,z);

(b) if z € g(n,z,), then the sequence {x,} has a cluster
point in X.

g in Definition 2 1s called a fg-function of X. It 1s easy to
check that a quasi-perfect pre-image of a 3-space 1s a B-space.
A key lemma of the proof of Theorem A 1s that S-spaces are

preserved by closed mappings, which appears in [7| written in
Chinese.

Lemma 1 For a space X, the following are equivalent:
(a) X s a B-space;
(b) For every open set U of X, there is a closed sel sequence
{F.(U)} of X such that
(1) Fn(U) C U;
(2)U CV = F,(U) C F,(V);

(8) If {U,} is an increasing open sequence of X with
Unen Un = X, then X =1 .y Fu(Uy).
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(c) For every closed set F' of X, there is an open set sequence

{U.(F)} of X such that
(1) UH(F) D F;
(2) FC H=U,(F)CU,(H);

(3) If {F,} is a decreasing closed set sequence of X with
NnenFrn =0, then NuenU,(F,) = 0.

Proof: (b) & (c) is obvious. We will prove only (a) « (c).
(a) — (c). Let ¢ be a S-function of X. For any closed set
Fot X, ne N, let '

Un(F) = Jlg(n2) : = € F},

then open set sequence {U,(F')} of X satisfies (c¢). In fact,
(1) and (2) are obvious. If there exists a decreasing closed set
sequence {F,,} of X with NuenFr = 0 and Nuen U, (F,) # 0,
then there is a point p € MNuenU,(F,). For each n € N, there
1s an z, € F, such that p € g(n,z,), thus {z,} has a cluster
point. However, {F,} is decreasing and F}, is closed, so we
have NpenFr # 0, a contradiction.

(c) — (a). Assume that for every closed set F of X and
n € N, thereis {U,(F)} asin (c). Foreveryz € X,n € N, let
g(n,z) = U,({zn}), then g : N x X — 7(X). We now check
~ that g 1s a f-function of X. Let p € X and foreachn € N, p €
g(n,z,). If {z,} has no cluster points, let F,, = {z; : ¢ > n};
then {F,} is a decreasing closed set sequence with N,en Fy, = 0.
Hence, NuenU, (F,) = 0. But, U{g(n,z) : 2 € F,} C U,(Fy)
and p € Npen(U{g(n,z): z € F,}), a contradiction.

Lemma 2 (H. Teng, S. Xia and S. Lin) 3-spaces are preserved
by closed mappings.

Proof: Assume that f: X — Y 1s a closed mapping and X
Is a [3-space. For any open set U of X, {F,(U)} corresponding
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to U satisfies (b) of Lemma 1. For every open set V of Y, let
{G.(V)} = {f(Fa(f'(V)))} correspond to V. It is not diffi-
cult to check that this correspondence satisfies (b) of Lemma
1. Hence, Y 1s a 3-space.

Proof of Theorem A: Let h: X — Z be quasi-pertect, where
Z 1s semistratifiable. Let GG satisfy the conditions of Definition
1 for Z with G(n+ 1, H) C G(n, H). For a closed set K C X,
let U, (K) = h=*(G(n,h(K))). Since Z is semistratifiable, Z is
a (-space, thus X 1s a #-space. By Lemma 2, Y 1s a (-space.
Let g: N xY — 7(Y) be a S-function of Y such that

(1) g(n + 1,y) C g(n,y);

(2) Nneng(n,y) = {y}.

Since f 1s closed, for each y € Y we can find an open set
O, (y) containing y such that O,(y) C g(n,y) and f~(O0,(y)) C
U.(f7'(y)). Foreachne N,letY, ={yeY ¢y #y=>y &
O.(y')}. Tt is easy to check that each Y, is a closed discrete
subset of Y.

Let Yo = Y\U,en Y,, and let y € Yy. We need to show that
f~!(y) is countable compact. For each n € N, since y € Y,
there exists y, # y such that ¥y € O,(y,.). Then y € g(n,y.).
If {y, : m» € N} is finite, there exists a subsequence {y,;} of
{yn} such that y,; = yn) for each ¢ € N. Since y € g(n;, yn:) C
g(2,Yyn1), theny € N;eng(2,yn1) = {Yn1}, a contradiction. Thus
{y, : n € N} is infinite. We can assume that the y,’s are
distinct. By y € ¢(n,y,), any subsequence of the sequence
{y,} has a cluster point in Y.

Now suppose f~!(y) is not countable compact. Then there
is an infinite discrete set {z, : n € N} C f~'(y). Since h is
quasi-perfect, we may assume h(x,) # h(z,) for n # m. Then
{h(z,):n € N} is a closed discrete set of distant points in Z.
Since Z is normal, there exists a discrete collection {V,, : n €
N} of open subsets of Z such that h(z,) € V,. On the other
hand, for each n € N,

zn, € f7(y) C ﬂk.gnf'l(ok(yk)) C Nes>nUr(f " (yk))
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= N>R (G (K, A(f7  (yr)))
C R (Nin Gk, Ursnh(f 1 (yr))))
= b (Uksn h(f~1 (k) = R R(Uskon f = (yx)),
thus ~(z,) € h(Uanf‘“l(yk)), and V, N }Z(Ukznf—l(yk)) £ 0.

So there exist a subsequence {yx;} of the sequence {yi} and a
subfamily {V,;} of the family {V,,} with Vi, N Af~ (yx;) # 0.
For each : € NN, take a point z; € X with 2! € f~'(yw)
and h(z;) € Vp;. Since {yi; : = € N} has a cluster point in
Y, {z}:1 € N} isnot closed discrete in X, and {h(z!) :72 € N}

1s not closed discrete, a contradiction.

Remark (1) The condition “X is a quasi-perfect pre-image
of a normal semistratifiable space” can not be replaced by “X
1s a normal f-space”. J. Chaber [2, Example 3.1} constructed
a paracompact J-space X and a closed mapping of X onto the
interval with no Lindelof fibers. '

(2) For a S-function ¢ of Y, let

Y, ={yeY y#Zy=>y&glny)},

~ then Y, is a closed discrete subset of Y. If y € g(n, y,.), then it
is possible that {y, : n € N} is finite. Let Y be the Fortissimo
space (8, Example 25] with a particular point p. Let g : N X
Y — 7(Y) such that g(n,y) =Y if y = p, and g(n,y) = {y}
if y € Y\{p}, then g is a B-function of Y, Y, = {p} for each
n€ N,and g(n,y,) =Y if y, = p.

(3) T. Ishii [5] proved that let f : X — Y be a closed
mapping of a wM-space X onto a space Y, then Y = U,¢, Y.,
where f~!(y) is countable compact for each y € Yg, and for
eachn € N, Y, 1s a closed discrete subset of Y.

But, T. Ishii’s proof [5] has a gap in line 17 on page 19.
It 1s easy to check the following decomposition theorem by a
similar method in [5].

Theorem B Let f : X — Y be a closed mapping of a wM -
space X onto a space Y. If each point of Y is a Gs-set, then
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Y = UpewYa, where f~1(y) is countable compact for each y €
Yy, and for each n € N,Y,, 15 a closed discrete subset of Y.
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