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ON THE QUOTIENT IMAGES OF NORMAL METRIC SPACES*
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ABSTRACT. In this paper the main result is that every quotient map from a normal
metric space is bi-quotient.

1. Introduction. In this paper, all spaces are assumed to be T, all maps continuous and
onto. /N denotes the set of natural numbers. A metric d on a metric space X is called
normal if d(A, B) > 0 for every pair A, B of disjoint closed subsets of X. Aspace X is a
normal metric space if it has a normal metric [2]. Mrowka obtained an equivalent condition

for normal metric spaces as follows in [4].

Theorem 1.1. Suppose X is a metric space. Then X is a normal metric space if and only
of the set of all limit points of X is a compact set of X.

Normal metric spaces have many important mapping theorems. First, recall some def-
initions. Let f: X — Y be a map. f is quotient if whenever f~(F) is closed in X with
F CY,then Fis closed in Y. f is pseudo-open if whenever f~1(y) CU withy € Y and U
open in X, then f(U) is a neighborhood of y in Y. f is (countably) bi-quotient if whenever
U is a (countable) collection of open sets of X, and covers f~!(y) for some y € V, then
f(uU’) is a neighborhood of y in Y for some finite subcollection U’ of Y. f is open (closed)
if whenever V is open (closed) in X, then f(V) is open (closed) in Y. It is well known that

(6]

open map = bi-quotient map == countably bi-quotient map

!

closed map == pseudo-open map
¢
quotient map
and none of the implications can be reversed.

Theorem 1.2. [1, 3, 7] The following conditions are equivalent for a space X:

(1) X is a normal metric space.

(2) Every closed image of X is metrizable.

(3) Fvery pseudo-open image of X is metrizable.
(4) Every quotient image of X is metrizable.

The following theorem is an equivalent form of Theorem 1.2 by maps.

Theorem 1.3. [3] Suppose X is a metric space, then every gquotient image of X is metriz-
able if and only if every quotient map from X is pseudo-open.
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By Theorem 1.2 and Theorem 1.3, the following questions are raised:

Question 1.4. Is every quotient map from X (countably) bi-quotient if X is a normal
metric space?

Question 1.5. Is every quotient map from X closed or open if X is a normal metric space?

Question 1.6. Is X a normal metric space if every (countably) bi-quotient image of X is
metrizable?

The purpose of this paper is to give an affirmative answer to question 1.4, and negative
answers to questions 1.5 and 1.6.

2. The Main Theorems.

Theorem 2.1. Every quotient map from a normal metric space ts bi-quotient.

Proof. Suppose f: X — Y is a quotient map, where X is a normal metric space. X' denotes
the set of all limit points of X, then X' is compact by Theorem 1.1. For each y € Y, let
U be a collection of open sets of X, which covers f~!(y). We can assume that y € f(X'),
otherwise y is an isolated point in Y, then f(U) is a neighborhood of y in Y for each U € U
with f~1(y)NU # 0. Since f~1(U) N X' is compact, there is a finite subcollection U’ of U
such that f~1(y) N X' Cc uld’. Let

H =Y\ f(X"\uU")n fuu'),

then H is open in Y by the proof of Theorem 1 in 1}, and y € H C f(Ul’), hence f(UlL')
is a neighborhood of ¥ in Y. Therefore f is bi-quotient. []

Remark. By Theorem 1.2 and {5, Theorem 4.3], we immediately know that every quo-
tient map from a normal metric space is countably bi-quotient. But, a quotient map from
a (locally compact) metric space onto a (compact) metric space can not be bi-quotient.
For example, let Y be the closed unit interval {0, 1}, and X be the topological sum of all
convergent sequences in Y, and let f be the obvious map from X onto Y. Then f is a

quotient (indeed, countably bi-quotient) map. Since any non-empty open subset of Y is
uncountable, f is not bi-quotient.

Example 2.2. There exist a normal metric space X and a quotient map f from X such
that f is neither closed nor open.

Construction. Take X = I X w, where I is the unit interval, and w is the set of finite
orders. Let B be a countable base for I with usual Euclidean topology. For each B € B,
m € N, put

V(B,m)=Bx ({0}Uu{n € N: n > m}),

and let
P={{z}:ze I xN}u{V(B,m): BeB,me N},

and the set X is endowed the topology generated by the base P. Then X is a regular space,
and P is a o-discrete base for X. By the classic Bing Metrization Theorem, X is a metric
space. Since the set of all limit points of X is I with usual Euclidean topology, which is
compact in X, X is normal metric space by Theorem 1.1. Let f: X — I be a projective
map, then f is quotient, but f is neither closed nor open.

Example 2.3. There is a metric space X such that

(1). X is not a normal metric space.
(2) Every countably bi-quotient image of X is metrizable.
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Construction. Let I, = I with usual Euclidean topology for each n € N. Take X =

® I,, then X is a metric space, and it is not a normal metric space by Theorem 1.1.
nenN
Suppose f: X — Y is a countably bi-quotient map, then Y is locally compact, hence

. regular, and also Y is locally metric space by the definition of the countable bi-quotient
‘maps. While, a regular space Y is Lindel6f, hence paracompact. Then Y is a locally metric,
paracompact space. Thus, as is well-known, Y is metrizable. |
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