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CLOSED IMAGES OF LOCALLY COMPACT METRIC SPACES’

Lin Shou
(Ningde Normal College)

Abstract In this paper the main result is that a 7', —space X has a 6— heredi-
tarily closure— preserving compact #—network if and only if X has a o—hereditarily
closure—preserving closed k—network, and each closed metric subspace of X is lo-

cally compact. As its an application, we obtain a new characterization on closed im-

ages of locally compact metric spaces. -

Keywords K — network, locally compact space, metric space, closed map-

ping.

A study on images of metric spaces is one of central questions on general topology. Every:
quotient image of a metric space is actually the quotient image of a locally compact metric
space®). However, every closed image of a metric space need not be the closed image of a local-
ly compact metric space. A nice relation betweem closed images of metric spaces and closed im-
ages of locally compact metric spaces was established by Y. Tanaka in[8] as follows.

Theorem A A T, space X is a closed image of a locally compact metric space if and only
if X is a closed image of a metric space, and each closed metric subspace of X is locally com-

pact.

A characterization of closed images of mertic spaces was obtained by L. Foged in [2] as
follows.

Theorem B A T, space X is a closed image of a metric space if and only if X is a
Fréchet space with a s—HCP closed #—network.

The purpose of this paper is to establish the further characterization on closed images of
locally compact metric spaces. We prove that a T, space X has a 6o—HCP compact k—network

if and only if X has a o— HCP closed #—network, and each closed metric subspace of X ts lo-

cally compact. First, recall some definitions.
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In this paper, al spaces are T',, and all mappings are continuous and onto. N denotes the
set of all natural numbers.

Definition 1 Letf:X — Y- f is closed, if f(F) is closed in Y whenever F is closed in
X; f is compact, if f~3(y) is compact in X whenevery € Y ; f is perfect, if f is clﬁsed and
compact.. |

Definition = 2 Suppose & is a family of subsets of a space X. & is a 2—network for X,

if whenever K C U with K compact and U open in X, then K C U’ C U for some finite '

. & is a closed (compact) k—network for X, if & is a k—network consisting of closed
(compact) subsets of X. 1

Defifnition 3 Suppose & is a family of subsets of a space X. & is discrete (locally fi-
rite), if whenever x € X , there exists an open neighborhood U of z in X that intersects at
most one (finite) element of . & is HCP (i. e. , hereditarily closure—preserving) if when-
ever HPYCPEL ,then U{HP): PeP)y=U{HP), PEF}.

Clearly, for a space,

 discrete family—locally finite family—HCP family.

A o—discrete (locally finite, HCP) family is a family that is the union of countably many
discrete (locally finite, HCP) families.

Theorem A space X has a 06— HCP compact #—network if and only if X has a 6—HCP
closed #—network, and each closed metric subspace of X is locally compact.

Proof Necessity. Suppose a space X has a 0o—HCP compact £#—network. Obviously, X
has a s—HCP closed 2 —network. If A is a closed metric subspace of X, then A has a s—HCP
compact k-——nét‘work, thus there exists a paracompact, locally compact space Z and a closed

mapping f from Z onto A by Theorem 2 in [5]. From paracompactness of Z_ and first count-

ability of A, we can assume that f is perfect(®], then A is locally compact. Hence each closed

metric subspace.of X is locally compact.
Sufficiency. Suppose a space X has a 6—HCP closed 2—network, and each closed metric

subspace of X is locally compact. Let & = UNQ‘? .be a closed #— network for X, where each
n€

A is HCP in X, and X 6 P L, ... Foreachn € N, put
D.={z€ X, js not point— finite at =},
H={P\D,, P€F,n€ N}U {{z}, z € D,, n € N},

then, from the proof of Theorem in [ 4], we have the following facts:

(1) D, is o—discrete in X. .

(2) K ) D,is finite if K is compact in X.

(3) For afinite ¥ C X , therearem € N , P € & and D C D, such that
N& = (P\P.) U D.
Define
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Then, by (1), 2% is a 6—HCP family of compact subsets of X, we shall prove that 5%
is a k—network for X.
For K CC U with K compact and U open in X, since & is a point—countable cover of K,

by a result of A. S. Miscenko in [7], there are only countably many minimal finite subfami-

lies of ZZ covering K, say {Z&,; { € N}, For eachn€EN, let A, = (_é%i) , then {4,}is a

descending sequence of closed subsets of X. If V is open in X with K C V', then
K &' CV for some tinite #' C &2, |
Thus
KCU{P\D:: Pec&'H UKND)
CUUP\D:Pe@' HUKEKND)CV.

By (2), there is n€ N such that

#,C {P\D;: P € &'} U {{z}:z € K N D},
soK CA CV, and (A} is a network of K in X. We assert that A, is countably compact for

somen & N . In fact, if not, then for eachn € N, A, has a countable subset B, which is a

closed discrete subspace in X. Put

nEN
then B is a closed metric subspace of X'/, and B is not locally compact, a contradiction.

Hence there exists # € N such that A, CU and 4, s countably compact. Sinte X is sub-

paracompact, A, is compact. Since A, is a finite union of finite intersections of elements of
&, by (3), there are a finite Z' C X and some D C D, such that A, = (U #') U D. Put
€' =& U {{z}: x € K [} D}, -

then &7’ is a finite subfamily of 8¢ and K CU{H . H € &€’} C U. Theréefore, ¢ is a k—
network for X, and X has a 6—HCP compact £— network.

Corollary 1  The following properties are equivalent for a space X, '

(1) X has a s—discrete compact £—network.

(2) X has a o—locally finite compact #—network.

(3) X has a s—discrete closed £—network, and each closed metric subspace of X is lo-
cally compact.

(4) X has a o—locally finite closed £ —network, and each closed metric subspace of X
is locally compact.

Proof By the proof of the above Theorem, we have that (1)& (3) and (2)&(4). By
Theorem 4 in [1], we have that (3) &(4).

Corollary 2 The following properties are equivalent for a space X,

(1) X is a closed image of a locally compact metric space.

(2) X is a closed image of a metric space, and each closed metric subspace of X s local-
ly compact.

(3) X is a Fréchet space with a 6—HCP compact £—network.
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(4) X is a Fréchet space with a 6— HCP closed k+~—'network, and_ each closed metric

subspace of X is locally compact.
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THE STABILIZATION OF SEMIGROUP OF CLASS (1,A)°

Xue Xingmei
(Southeast University)

Abstract * Let $(¢) ;220 be a semigroup of class (1,A) in Banach space X,
with infinitesimal génerator A. In this paper we prove that:if either S(¢) or $* (2) is
strongly stable, yet not uniformly exponentially stable as t —-4- o0, then for any
compact operator B on X, the semigroup S” (¢) generated by A+ B can’t be uni-

formly exponentially stable as t—co,

Keywords semigroup of class (1,A4); strongly stable; uniformly exponential-
ly stable | |

Let S(¢),t=0 be a semigroup in Banach space (X, || » || Dand A be its infinitesimal gen-
erator. Let BE B(X), the Banach space of bounded linear operators on X, we denote by
S%(t),t==0, the semigroup generated by A+ B, which corresponds with the abstract linear
dynamic system ' '

z' () =-=_A:c(t) + U
with U in feedback form U=Bx(¢) ,whose solution is given by z(¢,z,) =S2()x,.

Feedback control problems of this type arise from control theoretic studies for linear dy-
namical systems ,where an aim is to select the feedback operator B as to force S®(t) to posses
asymptotic stability properties. Otherwise it can be used to discuss the positive solutions of the
algebraic Riccatic equations(see[11). | .

- Definition 1° Let S(¢),2=0 be a semigroup of linear operators, it is a semigroup of class
(1,A) if it satisfies. ' - |

1) for any z€ X, ¢,>0, imS()z=S8(¢,)x,

0

2) forany z€X, lim ARMWz= lim 3| ¢*S(1)zdt = z, and

A=p+4-00 A~»+co V0
e '
[Fhse de <+ o,
where R(A) = (QAI—A)~, A€ p(A).
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