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Abstract In this paper we give a new characterization of developable spaces. As an

application ,we show that a first countable closed image of a develdpable space is developable.
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The class of developable spaces, as a generalizaion of metric spces, has many important
properties. Its mapping theorems have been provoking many mathematicians’ interest. For example,
Burke[ 1 ] proved that developability is preserved by perfect mappings. In this paper,we give a new

characterization of developable spaces. As its an application , we show that a first countable closed image
or an open and closed image of a developable space is developabie.

In thlS 'paper ,I all spaces are T; and all map‘pings' are continuous and onto. A space X is
developable, if there exists a sequence {02/ .} of open covers of X such that for eachz € X, {st(z,%/.) ;
n & N} is a base of neighborhoods of z in X. In order to state the charactefization _of developable spaces
it will be necessary to define the idea of a pair-network and develop some companion notation. _ '

A collection &Z = {(Q,,R.) :a € A } of pairs of subsets of a space X is called a pair-network for
X if whenever 2z & W ,with W open in X ,there is some P = (Q.,R,) € & such that z& Q,CR,CW. If
2 is a pair-network for X and P € &2 we let P! denote the first element in the pair P and P” denote
the second element. If ZC P, let B! = {P' ;P& A)and K = {(P".PE Z}. fz€Xand X C
S let .

st(z, A) = {(P":P € X,z &P},
and if ACX,then st(4, &) = {(P".P € R, A P # ).

Burke[ 1] obtained the following theorem.

Theorem 1 The following properties of a space Y are equivalent.

(a) Y is developable.
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(b) Y has a pair-network &2 = | ] &2, satisfying

sC N

(1) Each &2, is a locally finite collection of closed sets and &2, is a collection of open sets.

(2) Whenever CC_UCCY where C is compact and U is open,there is some n& N such that C C
st(C,2,) C U.

(c) Y has a pari-network Z = |J A, satisfying .

s N

(1) Each Z, is a locally finite collection of closed sets.
(2) Whenever y&UCY with U open,there is some n& N such that y € st°(y,Z%,) CU.
Let S be a collection of subsets of a space X, &7 is hereditarily closure-preserving,if whenever
P(HY C HE ¢, then U {(P(H):H € &7} =U {P(H).H € 7).
Lemma 2 Suppose Y is a first countable space. If FZ is a hereditarily closure-preserving
collection of closed subsets of Y ,then _
- {A\DGED):H € &7} U {{y):y € D(ED))
is locally finite in ¥ ,where ,
D(G¥) = {y € Y57 is not point-finite at y}.
Proof We first prove that D(@f’ ) is discrete in Y. Otherwise,there exists a subset A of D(S¥)
such that A is not closed in Y. Take a y € ¢l (A)\A. Since Y is first countable,let {U,:sE N} be a
countable base of neighborhoods of y in Y, choose y, € U, (] A such that all z,'s are distinct, then
sequence {y.} converges point . Put B={y.:n€ N}. Then B is not closed in Y. On the other hand,
for eachn € N,y € D(Z¥), there exists a subcollection {H,;n& N} of G¥ with y, € H,,then B is
closed in Y becausse 7 is hereditarily closure-preserving,a contradiction. Hence D(GZ) is discrete in
Y. ' . ,
Secondly , we prove that {H\D(Z¥) :H € &¢} is locally finite in ¥. Otherwise, {H\D(Z¥) :H
€ J€)} is not point-finite because it is closure-preserving. There are a point y €Y and a countable
subcollection {H,:n€ N} of S€ such that y GQN H\D(S?), thusy € (\H,, soy € D(Z¥) and g

s&E N

& () H\{y}. Suppose {V.:n & N} is a countable base of neighborhoods of yin Y ,then V, (Y (H\{y})

1 N

is infinite for each n& N. Choose y, € V, [ (H.\{¥}) such that all g,’' s are distinct. Then sequence
{9.} converges point y,and {y,:n € N} is discrete in Y,a contratiction. This completes the proof of
Lemma. '

Theorem 3 A space Y is developable if and only if ¥ has a pair-network & = |J 92, satisfying

s N
(1) Each &2, is hereditarily closure-preserving collection of closed sets of Y.

(2) Whenever y & UCY with U open,there is some n€& N such that y € st (y,&2,) C U.

Proof It is sufficient to prove sufficiency. Suppose Y has a pair-network &2 = | ] &2, satisfying
- s N

the above condition (1) and (2). By (2),Y is first countable. For each nec N,let

R, = {(P'\D., P"):P € £} U {{y},st(y,P.)):y € D.},
where D, = {y € Y . &2, is not point-finite at y}. By Lemma 2, &4, is a locally finite collection of closed
subsets of Y ,and for each y € Y,st(y,Z&,) = st(y,2,). Hence |J &£, is a pair-network of ¥ ,and it

& N
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satisfies the condition (c) in Theorem 1. Therefore Y is a.developable space.

Theorem 4 A first countable closed image of a developable space is developable.

Proof Suppose f: X—>Y is a closed mapping, where X is a developable space, and Y is a first
countable Space. Then there exists a o-closed discrete subspace Z of Y such that f~'(y) is compact in X
for each y€Y\Z by a Worrell’ s theorem [ 3 ](cf. Corollaryl.lin[z:l_). ‘Denote Z by |J Z., where

sC N

each Z, is discrete in Y. For each y € Z ,Jlet {U(y,n) ;n& N} be a countable base of neighborhoods of y in
Y. Suppose | &2, is a pair-network of developable space X, which satisfies the condition (b) in Theorem

2& N

1. For each n, ;& N,put
R, = {(f(P'),f(P")):P &€ £2,},

| "gfﬁm {({y) yUCy,3)):y € Z.},
then (U Z%,) U ( U &%.;) is a pair-network of Y satisfying the condition (1) in Theorem 3.

s N 'ijGN

Whenever y & U with U open in Y ,if y& Z,then there are n, & N such that y& Z, and U(y, j) CU,thus
g € st(y, ;) T st(y,%,;) =U(y,j) CU. If ycY\Z,then f~!(y) is compact in X,hence £ (y)
Cst(f 1 (y),&2,) C f1U) for somé nEC N,soy € st“(y,gf.) C st(yy A,) C U. By Theorem 3,F
is a developable space.

Corollary 5 An open and closed image of a developable space is developable.
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