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SPACES HAVING
c-HEREDITARILY CLOSURE-PRESERVING k-NETWORKS

SHOU LIN

Recelved July 10, 1990; revised September 17, 1990

ABSTRACT. In this paper, it is shown that a regular k-space i1s a cs-o-space if it has a
c-hereditarily closure-preserving cs-network.

Throughout, all spaces are assumed to be regular and Hausdorff.

k-networks and cs-networks are two distinct concepts, but under a certain condition
they are equivalent. For example, a space with a o-locally finite k-network is equivalent
to the space with a o-locally finite cs-network [2]. As is well known, a Lasnev space has
a o-hereditarily closure-preserving k-network. A problem is whether a Lasnev space has a
o-hereditarily closure-preserving cs-network. In the first part we give a negative answer to
this problem. Next, we knew that a space having a o-hereditarily closure-preserving base is
equivalent to the space having a o-locally finite base [1], and a natural problem is whether
a space having a o-hereditarily closure-preserving cs-network is a space having a o-locally
finite cs-network. In the second part we give a partial answer to this problem. Finally, we
knew that a Fréchet space having a o-hereditarily closure-preserving k-network is the closed
image of a metric space [3], and an interesting and important problem is whether a space
having a o-hereditarily clousre-preserving k-network is a closed image of an R-space. If its
answer 1s affirmative, then every space having a o-hereditarily closure-preserving k-network
1s the union of an R-space and a o-closed discrete space. In the third part we show that the
last conclusion is true. It improves a result in [9].

First of all, let us recall some definitions. Let P be a family of subsets of a space X. P
1s hereditarily closure-preserving (abbrev. HCP) if, whenever a subset S(P) C P is chosen
for each P € P, the resulting family {S(P) : P € P} is closure-preserving. P is a k-network
for X if whenever K is a compact set of an open set U of X, then K C UP' C U for
some finite P’ C P. P is a cs-network for X if for every convergent sequence Z in X and
neighborhood U of Z, there is a P € P such that Z is eventually in P and P C U. A space
X 18 an R-space (resp. cs-o-space) if X has a o-locally finite k-network (resp. ¢s-network).
An R-space is equivalent to a cs-o-space [2].

Recall that the space S, is the quotient space obtained from the topological sum of
wy non-trivial convergent sequences by identifying all the limit points. S has a o-HCP
k-network because it is a Lasnev space [3].

Theorem 1. S,, has not o-HCP cs-networks.
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Proof. Let X = U{Xy : @ < w1}, where Xq = {0} U {24 : n € N} with each z, ., is
an isolated point in X, and U is an open neighborhood of the point 0 in X if and only if
for each o < wy, there exists m(a) € N such that

U{{0} U {zgn:n>m(a)}:a<w }CU,

then X 1s homeomorphic to S,,.

It X has a o-HCP cs-network. Let U{P, : n € N} be a o-HCP cs-network for X, where
each P, 1s HCP. For each a < wj,n € N, put

kﬂ',2n—1 —L1n

ka,2n = Tan

Ko ={0}U{kon:n € N}

Kon = {0} U {kcr,m rm 2 n}
By transfinite induction, for each o < wj, there are n(a), m(a) € N such that for some
Pa € pn(a):

Kl,m(l) C P C X, I{a,m(a) C Py CX— {.‘I.'ﬁ < a},a > 1
where zg € X N Kg m(s) — {0}. For each k € N, put
Ay = {a < w; :n(a) =k},

then there is a k € N with |Ax] = R;. Let P = {P, : o € A}, then P C Pi. For each
a,3 € A, iIf B < a, then

rp € Pg, and =z, € Py, C X — {z3},

hence P, # Pg, and P is HCP. For a € A;, there exists h(a) € N with X, N Ko ma) =
{0}uU{zy, :n> h(a)}. Foreachi € N, take a; € Az, n; € N with

oy < cr,-+1,h(a:,-) <Ny < Ny

Then z;,, € Py, € P, and {z,,, : i € N} is a discrete closed subspace of X. This
contradicts with sequence {z; ,,} converging to point 0. Therefore S, has not o-:HCP
cs-networks.

By Theorem 1, a space with a o-HCP k-network can not be a space with a o-HCP cs-

network. But, its converse proposition is true by the next Theorem 2. First, we establish a
Lemma which is proved in [4].

Lemma 1. IfP is an HCP collection of X, then {P : P € P} also is an HCP collection
of X.

Theorem 2. If a space X has a o-HCP cs-network, then X has a c-HCP k-network.

Proof. Let U{P, :n € N} be a o-HCP cs-network for X, where each P,, in HCP. We

can assume that P, C P, 41 and each element of P,, is a closed subset of X by Lemma 1.
For a compact set K of an open set U of X, put

P,={P€P,:Z C PCU for some convergent sequence Z }
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F, =uP,,

then K C F,, for some n € N. Otherwise, there exists z,, € K — F,, for each n € N. Thus
{z, : n € N} is an infinite subset of K, and there is a subsequence {z,.} which converges

to some point £ € K because K i1s a compact metric subspace. Hence {z} U {z,, : 1 >
m} C P C U for some m € N and P € P,,, so P C F,,. Take i € N with n; > max{n,m},

then z,, € (K — F,;,) N P = 0, a contradiction. So for some n € N, K C F,, ie., P, is an
HCP closed cover of the compact subset K of X, thus there exists a finite subfamily P of
P,, such that P}, convers K{7], and K C UP!! C U. Hence U{P,, :n € N} also is a o-HCP
k-network for X.

By Theorem 1 and Theorem 2, it 1s of interest to know whether a space with a o-HCP

cs-network 1s a cs-o-space. One partial answer 1s given by the next Theorem 3.
Let P be a collection of subsets of X, put

D(P)= {z € X : P is not point-finite at z},

FP)={P-D(P): PeP}u{{z}:z € D(P)},
then the following Lemma 2 is proved by Y. Tanaka in [8].

Lemma 2. Suppose X is a k-space. If P 1s an HCP collection of closed subsets of X,
then D(P) is a discrete closed subspace of X. '

Lemma 3. Suppose X is a sequential space. If P is an HCP collection of closed
subsets of X, and any closed subspace of X is not homeomorphic to S, , then F(P) is
point-countable.

Proof. If F(P) is not a point-countable collection of X, then z € N{P — D(P): P € P’}
for some 2 € X and some uncountable P’ C P, so z € NP’, and € D(P). Hence

z € P — {z} for each P € P'. Thus P —{z} is not a closed subset of X. Since P is a closed
subset of sequential space X, there exists a sequence {y,} consisting of distinct points of
P — {z} such that {y,} converges to z. But ({z} U {y, : n € N}) N D(P) is finite because
{z} U{yn : » € N} is compact and D(P) is a discrete closed subspace of X by Lemma 2,
thus {y, : n € N} — D(P) is infinite. Let

{yn : n €N} —-D(P)={z,:n € N},

then sequence {z,} converges to z.

Now, for each P € P’, there exists a sequence {z(P,n)} consisting of distinct points
of P — D(P) such that {z(P,n)} converges to z. P’ is point-finite at z(P,n) because of
z(P,n)€D(P), thus for any countable subfamily P” of P’,

’P’;{QeP':x(P,n)'E Q,P€P"andn € N}

is still uncountable. By transfinite induction, take a subfamily {P, : &« < w;} of P’ such
that £(Pu,n) # 2(Ps m) when a # 3. Put

Y ={z}U {a:(P,_.,,n') a<w;,n €N},

then Y 1s a closed subspace of X because P is HCP and {z} U {z(P,,n):n € N} C P, for
each o < w;. Obviously, Y is homeomorphic to S, , a contradiction.

Theorem 3. If a k-space X has a c-HCP cs-network, then X is a cs-o-space.
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Proof. Since X has a o-HCP c¢s-network, X 1s a o-space. Thus each point of X 1s a
Gs-set of X, and X is a sequential space [6]. By Lemma 1 and Theorem 2, X has a ¢-HCP
closed k-network. Let U{P,, : n € N} be a o-HCP closed k-network, where each P, is an
HCP family of closed subsets of X. We can assume that P, C Pp41. Put

:F'=U{.’F('Pn) :n € N}.

If K is a compact subset and U is an open subset of X with K C U, then K CUP' C U
for some finite P’ C P,,. Put

F' ={P-D(P,): PeP}lu{{z}:z € KnD(P,)},

then F' is a finite subfamily of F because K N D(P,,) is finite by Lemma 2, and K C UF’ C
U. By Theorem 1, Lemma 2 and Lemma 3, F is a o-closure-preserving and point-countable
closed k-network. Hence X is an N-space by the proof of Theorem 2.2 in [5], and X is a
cs-o-space. This completes the proof of Theorem 3.

Corollary. If X is a Lasnev space, then X Is an R-space if and only if X has a o-HCP
cs-network.

The last theorem in this paper i1s on the decomposition of spaces having a ¢-HCH k-
network.

Theorem 4. If X has a o-HCP k-network, then exists an R-space Z of X such that
X — Z 1s a o-closed discrete subspace of X.

Proof. Let U{P, :n € N} be a -HCP k-network of X. We can assume that each P,
1s an HCP family of closed subsets of X and X € P, C Pn41. Foreachn € N,z € X, put

pn,;r:{Pepn rﬂ:GP},
Yﬂ - {.’K € X: rrpn,:: — {:L'}},
then Y, is a closed discrete subspace of X by Lemma 2.5 in [7]. Put

Z=X-U{Y, :n€eN},

then Py, ; is finite for each z € Z. In fact, suppose P,, ; is infinite. For each m € N, Py, ; —

{z} # 0 because z€Y,,. By inductive method we can choose a subset {z; : # > n} of X and
a subfamily {P; : ¢ > n} of P, such that z; € P,N(NP; ) — {z}. Let

V=X-{z;:12>n},
then V 1s an open neighborhood of z in X, hence
t€EPCVCX-{zm}
for some m > n and P € Py, a contradiction with z,, € NP, .. Thus each P,, , is finite

forx € Z,n € N. Put
Fa={PNZ:PeP,},

then U{F,, : n € N} is a o-locally finite k-network of Z. Therefore Z is an N-space.
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