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Abstract

This paper gives an internal characterization of the quotient compact images of metric
spaces, which answers a question posed by Arhangel’skii; and an example is constructed
to show that the quotient compact images of metric spaces are not preserved by perfect
maps.

The open compact images of metric spaces can be characterized by the T,-spaces
with uniform bases. A. Arhangel’/skii!!l posed a question to find an internal chara—
cterization of th‘é quotient compact images of métric ;paces. The purpose of the pre-
sent paper is to give a solution to this question in terms of the weak bases introduced
by A. Arhahgel’skii (1.

In this paper, all spaces are assumed to be 7,-topological spaces. Let all maps
be continuous and surjective, and N denote the set of positive integers. Suppose #
is a collection of subsets of a space . & is said to be a weak base for X provided
that &= {J{ P :x€ X} such that (1) x&€ N.#,; () if U,VE F,, then exists W&
F. with WCUNV; @) a subset G of X is open if and only if given x& G, there
exists pc #, with PC(G. The collection &7, is called to be a local weak base at
peint x of X. If each &, is countable, then X is'v»;eakly first countable.

Theorem A topological space X is the quotient compact image of a metric sp-
ace if and only if X Hhas a sequence { %} of point finite covers such that {st(x,
F):ie N} forms a local weak base at x for each xéX.

Proof Necessity. Suppose a space X is an image of a metric space M under a
quotient compact, map f. Since M is metrizable, there is a sequence { & ;} of open
covers for M such that if K[/ with Kk compact and J open in M, then st (K, #,)
CU for some 1€ N2, We can assume that #,,, is a refinement of &, and that
#,; is an open locally finite cover of M for each 1& N because M is a paracompact
space. For each iéN, put

: . ={/(B):BE %},
then &, is a point finite cover of X. If x€V with V open in X, then f-'(x)C
F9(Vv), thus st(f(x), &,)Cf (V) for some {EN, sost(x, #,)CV. On the other
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hand, if a sub<ei ¢ of ' sati-fies that for cach x &G, there Io 1€ N with <t(x, 7))
(¢, then for each z¢ [ (), there iz t& N with st(f(=),.7,) =G, thus st(z, &)
=~ f7(G). hence fU(G) is a neighborhood of =z, and accordingly f~1(G) is open in
M. Therefore, ¢ is open in Y. This <hows that st(x,. 7, )= N forms a loecal
weak base at x for each x< Y. .

Sufficiency. Suppose Y is a space having a sequence - 7, of point finite co-
vers such that ‘st(x, # ):i& N - forms a local weak base at x for each x& Y. First,
notice that if xc p, & #, for each i€ N, then {P,;:i€ N forms a net at x. In fact,
for an open neighborhood {" of x in Y, there is 1€ N such that st(x,. 7 )V, thus

xCp,st(x, ) V.
Fer cach 1€ N\, put
Fi=Pala€A
and we can assume that all 4,’s are disjoint. Each A, is endowed with discrete
topology. Let
M-—'U)=(ﬂ,)eﬂf:\ﬁiEN}l;Pa',} forms a net at some point x(b) € X},
and give M the subspace topology induced from the usual product topology of the
collections | A,:1& N1 of discrete spaces. Then M is a metric space. For each & Af,
x(h) is unique in \ hocause \ isa 7 —space. Define f:A—X by f(b) =x(h). Thus
{x(} =], P, 1€ N, We will show that [ is a continuous, quotient and compact
map from \f onlto N\ -

1. [ is surjective: For cach x& \', 1€ N,there is a;, € A, with x EP“.-' Thus
A(Pa'_“» forms a net-at x. Let b= (a,), then b€ M and f(b) =x.

2. [ is continuous. For each b= (a,)€E M, and a neighborhond V" of f(4) in
X, there exists n<€ N .with Po, TV- Put

W = (c& M:the n-th coordinate of ¢ is a, -,

then 11" is open in M and f(W)":Pa“CZV.

3. [ is compact. For each x& X, 1€ N, put

B,={a€A,:xEP,},

then [J"B,:1€ N is compact in [J{A;:t€N}. To prove that f is compact, it is
sufficient to show that f"Y(x)=[ B, e N'. If b=(a)EN B;:1=N}, then x&
1>u' and a, <& B, for each i€ N, thus {P"i} forms a net at x, so h& M and f(b)
=x. On the other hand, if b=(a,)€ f"'(x), then for each 1.\, x&p
a,€B,, hence bE[I B;:1EN .

t. [ is quotient. Suppose [/ is a subset of X such that f~1(/ ") is open in M.

thus

a .»*
i

We will show that [~ is open in X . For each x&[/, 1< N, put
B,="a€ A, :xEP,,

then f~1(x)=[1 B;:i& N =2f/"(U). Since f-'(x) is compact in \f, for each &N,

there exists an open subset V', of A, such that

1 B, i€ NVTIITY i€ NYOIM =1,
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where V,5£A; for only finitely many i€ N. Thus
UT{B;:i<n}) x UI{A;:i>n) TMCf(U)
for some nc N. For each z¢& N {st(x, #,):i<{n), if i<{n, picking a,C B, makes
zeP, if 1>n, picking a; & A, makes ZE Py, then {P"e} forms a net at z. Let
b=(a;), then z=f(b) and ‘
be (B 1i<<n}) x UI{A;1i>nhH) M AD,

thus z& (/. This is that

(O {st(x, #H)u<n}cU.
Since {st(x, #,):i& N} forms a local weak base at x,[/ is open in X . Therefore,
[ is quotient. This completes the proof of the Theorem.

It is known that the open compact images of metric spaces are preserved by per—
fect maps. It is easy to check that the quotient compact images of metric spaces are
preserved by finite-to—one quotient maps. But, the following example shows that the
quotient compact images of metric spaces are not preserved by perfect maps.

Example The quotient compact images of metric spaces are not preserved by
perfect maps. |

Construction Take X ={0} UNU (N xN). For each n€ N, put

Fan={1,2,,n},
F ={Fa:n€EN}.
(N, N) denotes the set of all correspondences from N.into . For each n,m,kE N,

and fe (N,N), put
V(n,m) ={n}U{(n,k):k=m},

H@, [y ={0}U (U{V(k,f(k)):kEN\F,}).
For each x& X, take
{H(n,f):neN,fEN,N)}, x=0
H =9 {(V(x,m):mec N}, XEN
{{x}}, xENXN,

and
_{ {{0}U(N\Fg)in€N}, x=0
U, *ENUWNXN).
X is endowed with the,,topc;logy generated by the neighborhood system { /" ;:x€X}.
Then %, forms a local weak base at x 3] for each x& X .For each i€}, put
L ={{O}UW\FD}U{V(x, D :xeN}U{x}:xENX N},

then &, is a sequence of point finite covers of X, and for each x€ X,

{0}UN\F ), x=0
V(x,DU{0}U(N\F,), x&N, x>
st(x, ;)= / Vix,1), <t
\ V(x,1), x= (X, %) EN XN, x>t
r\_ {x}, X, <1,

hence {st(x, #,):1€ N} forms a local weak base at x. Consequently, X is the quo-
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tient compact image of a matric space by the Theorem.

Let K= -0}''N,and Y = X/K.Then the natural quotient map ¢: \ -»Y is a perfect
map. It is shown that Y is not weakly first countable in [3], hence Y need not be
the quotient compact image of a metric space, and accordingly -perfect maps cannot

preserve the quotient compact images of metric spaces.

Refetences

[1] A. Apxaureasckun, OTo6pakeuua n npocrpaHcrtsea, Yecnexu Mar. Havk., 271 (4) (1966),
133—184,

[27 F.B. Jones, R.I.. Moore’s axiom |’ and metrizalion, Proc. Amer. Math. Soc., 9 (1958),
487,

[3] Lin Shou (##), On g-metrizable spaces, Chinese 4nn, Math.,13:\ (1992),

96

© 1995-2006 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



