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Abstract In this paper, it is shown that a T and regular space is a paracompact p-space if and only if
it is a k-space with a rf-countably hereditarily closure-preserving (modK )-base. '
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§ 1. Introduction

Throughout this paper, all spaces are assumed to be at least T, and regular and N denotes the
set of positive integers. ‘ ‘ '

Since metric spaces play an important role in a multitude of fi’elds of mathematics, one of
the main questiohs in studying general topblogy_is to search for a general metrizable condition for
topological spaces. It has been lfruitful in the research of this field since nineteen fifties. Some
1mportant results are that a topological spaée 1S a metrizable space if and only if it satiSfies one of
the following conditions: . _ '

(1) X has a o-locally finite base (Nagata-Smirnov metrization theorem, see [1],{2]);

(2) X has a o-hereditarily closure- preserving base (Burke-Engelking-Lutzer metrization

theorem, see [ 37]); ' ' .
' (3)- X has. countable pseudo-character and has a oé-ljnearly hereditarily closure-preserving
base (Jiang metrization theorem, see [4]). ,

The perfect preimage of a metric space can be portrayed by paracompact p-spaces. Can the
class of paracompact p—sﬁaces be portrayed by open subset collections which have some particular
properties? Michael(5] pbrtrayed the class of paracompact p-spaces by the concept of (modK)-
bases and the concept of locally finite collections. In this paper, we obtain a weaker characteriza-
tion of paracompact p—spaCes in form by the concept of (modK)-bases and the concept of count-
ably hereditarily closure-presérving collections.

Definition 1.1 A collection D={P,. ac A} of subsets of a topological space X is called
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locally finite if every & X has a neighborhood which intersects only finitely many P,& &2 it is
closure-preserving if, for eVery subset 4’ (A4, m: U {P.r a€& A }; it is hereditari-
ly closure-preserving if , for every subset Q. P., {Q.: aE A} is closure-preserving; it is linearly
hereditarily closure-preserving (see [ 4]) if &2 endows with a linear order < such that every
subcollection of &2 having an upper bound with respect to < is hereditarily closure-preservings it
is countably hereditarily closure- preserving (see [ 6 ]) if every its countable subcollection &
hereditarily closure—préserving.

A locally finite (closure-preserving, hereditarily closure-preserving, linearly hereditarily
closure-preserving, cournkably hereditarily closure-preserving) collection of subsets of a spaoce
abbreviated to an LF (CP, HCP, LHCP, CHCP) collection. By Lemma 3.5 of [47], an LHCP
collection is either a o-HCP collection or a CHCP collection, hence

' 7-LF=>0-HCP=>0-LHCP=>0-CHCP.

Definition 1. 2057 A collection & of open subsets of a space X is called a (modK)-base for
X, 1if there is a covering °¢” of X, which is composed of compact subsets and such that, if KC
U with K E%’ and U open in X, then KCCPCU for some PE 2,

§ 2. Auxiliary Propositions

Lemma 2.1 Every space with a o-CP (mhodK )-base is a paracompact space.

Proof Suppose X is a space with a 0-CP (modK)-base. Let &2 be a 0-CP (modK)-base
for. X with respect to 2~ which is a covering 6f X and is composed of compact subsets. We know
that a space is paracompact if and only if every dire:éted open cover of the space has a o-clpsure-

preserving refinement by closed subsets whose interiors cover the space by Theorem 3. 4 of [ 7 .
Suppose ¢ is a directed open cover of X. Then there exist U(K) €%¢ and P(K) € &7 such that
KCP(K)CP(K)CU(K) for each K& 4 by the regularity of X. Obviously., {P(K): K&
%"} is a o-closure-preserving refinemént of % by closed subseté Whose interiors cover X, and

so X is a paracompact space. .

Lemma 2. 2081 If {P.; a& A} is an HCP collection for X, then {P,; a& A} is also an HCP
collection for X.

Lemma 2.3 If Xisa k-space, then a CHCP collection for X is an HCP collection.

Proof Let &2 be a CHCP collection for X. We can assume that &2 is a collection of closed
subsets for X by Lemma 2. 2. Put
Y = {y € X, & is not point finite at 7).

Then K[)Y is finite for each compact subset K of X. In fact, if there exists {7.: R EN}CK[)
Y, by induction principle we can take P;EFZ, P, € FZ—{P;; i<a} such that y. € P, for each
n& N because &2 is not point finite at each .. So {#.: €& N} is an infinite discrete subset of X,
a contradiction. '

Denote &2 by {P.: a€E A}. I &Z is not an HCP collection, then there are A C A4 and a non-



494 NORTHEASTERN MATH. - J. VOL. 7
—_—

empty closed subset Q. of P, for each ¢ & A such that |J{Q.: «E& A"} is not closed in X, and so
KN (U{@a: a& A4 }) is not closed in K for some compact subset K of X because X is a k-space.
For each BC_A', put

R(B) =K () (U {Q: a € 4 — B}).
Then
K (U {Q:a& A})
= (RB) =) U RMB N U &EN WU {Q: a & B})).
If B is a finite subset of 4', then R(I3)—Y is not closed in X, and so it is infinite. Take z &
R(¢)—Y and put
A= {a € Az € Qu}.
Then A, is a non-empty finite subset of 4'. Take z & R(4:) —Y and put
A= {a €& A — A 2 - Qa}

Then A, is a2 non-empty finite subset of A, A,{Y4,=0¢, and z,5%4z,. By induction principle. we
can construct a subset {z.: n & N} of X and a non-empty sequence {4} of finite subsets of A'
with z & [V {Qa: aE A} for each n & N, where A.[) 4n=¢ and z,7z. when n7=m. Take e &
A, for each n & N. Then z.& Q. (P, , and so {zas n& N} is an infinite discrete'.s',ubset of the com-
pact subset K of X for {P, . n& N} is HCP, a contradiction. Therefore & is an HCP collection
of subset of X.

Corollary 2. 4 A space is a metrizable space if and only if it is a k-space with a o-CHCP
base.

Proof Necessity comes from the classic Nagata-Smirnov metrization theorem. By Lemma

2. 3 and Burke-Engelking-Lutzer metrization theorem, sufficiency is obvious.

§ 3. Characterizations of Paracompact p-spaces

Theorem 3.1 The following properties of a space are equivalent
(1) X is a paracompact p-space;
(2) X is a space with a o-LF (modK )-base;
(3) X is a k-space and it satisfies any of the following conditions;
(a) X has a ¢-HCP (modK )-base;
(b) X has a o-LHCP (modK)-base;
(¢) X has a o-CHCP (modK)-base.
Proof In [5] Michael related that conditions (1) and (2) are equivalent, but he did not
give proof.
(1)=(2). Suppose X is a paracompact p-space. Then there are a metric space Y and a
perfect mapping f; X—Y. Y has a o-LF base & for Y is a metric space. Put
A= {f(p.yE€Y},
L= {f(B), B& FH}.
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Then 5% is a covering of X and is composed of compact subsets, and & is a ¢-LF collection of
open subsets of X. If £~ ()CU with yE€Y and U open in X, then y€ ¥ — f(X—U), and so y &
BCY —f(X—U) for some BEZ, hence f~'(y)Cf(B)U. ‘Thus & is a (modK )-base of
X with respect to 07" ' ‘

(2)=(3): Suppose X has a o-LF (modK)-base. It is sufficient to show that X is a k-
space. Let &2 be a o-LF (mod K)-base of X with respect to 2% which is a covering of X and is
composed of compact subsets. For each z € X, there exists K& % such that z& K. Put

P(K)={P&c X, KCP}.
Then &2(K) is countable. If KCU with U open in X, then KCPCU for some PEXZ; i.e. ,
KCPCU for some PES(K). So K has countable character. Thus we have shown that if €
X, there exists a compact subset K of X such that z & K and K has countable character in X;
i.e. , X is of pointwise countable type. Therefore X is a k-space by 3. 3.1 of [9].

(3)=(1): By Lemma 2. 3, it is sufficient to show that if X is a k-space with a 0=HCP
(modK' )-base, then X is a paracompact p-space. Since paracompact p-spaces are equivalent to
paracompact wA-spaces by [ 1071, it is sufficient to show that X is a wd-space by Lemma 2. 1;
i.e. , X has a sequence {%.} of open covers such that if z.€ st(z,%/.) for each n € N, then the
sequence {z.} has a cluster point in X. '

Let & be a ¢-HCP (modK)-base of X with respect to .2¢” which is a covering of X and is
composed of compact subsets. Denote &2 by | J{Z,. nE N}, where each &7, is an HCP collec-
tion of open subsets of X. We can assume that X € &2, for each n& N. For each m&N, PE &2,
put

Fa(P) =U {@: @ € Fn, QT P}.

Then F.(P) is closed in X and F.(P)CP. For each m,k& N, put

Fnr = {Fa(P). P € P},

Ry = {Ruap(z): ¢ € X},
where

Rna(z) ==ﬂ {P € &; 2z € F.(P)}

— U {Fa(P): P € Ly, 2 & Fu(P)}.
Then & n,:is a CP collection of closed subsets of X, &%, is a covering of open subsets of X, and
if PEP, and 2E Fa(P), then st(z, Fn,)CP. In fact, it is obvious that . , is a CP collec-
tion of closed subsets of X. Since X is a k-space, the intersection of an -HCP collection of open
subsets of X is still open in X by Proposition 7 of [ 3]. Cleatly 2€ Bn:(2). So PZa,: is an open
covering of X. Suppose PE€ 2, and z€F,(P). If 2ER.:(y), then yE F..(P) (otherwise, zE&
R, (y) ﬂFm(P)C(X —Fn(P)) [(\Fn(P)=¢, a contradiction), and so Ru:(y) P, (2, PRnt )
CP.

Now, for each n& N, put

D= N\ {PRBnr: myk<n}.

Then {%/.} is a sequence of open coverings of X. Suppose . € t(z,%.) for each n& N, and
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the sequence {z.} has no cluster point in X. Then {z.; n & N} is a closed discrete subset of X.
Take K €27 with 2€ K. Thus K[}{z.; nE€ N} is finite, and so there is 1€ N such that K[
{Ta: n=1) =05 i.e. y KCX—{za; n—1}. Hence there exist k& N and P € & such that KCP
CX—{z.s n=>i} because X— {z.: n=>1) is open in X. Since X is a regular space, KCQCQC
P for some m& N and Q& <2, and so € KCF.(P). Take j—=max{k,m,t}. Then

z; € st(x,2 ;) C st(xyRmp) TP C X — {2a; n =1},
a contradiction. Therefore the sequence {z.} has a cluster point in X, and X is a w4-space. This

completes the proof of the Theorem.
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