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Throughout this paper, all spaces are assumed to

be at least T1 and regular.

1 Spaces with G-HCP (modX)-bases
Since metric spaces play an important role in a

multitude of the fields of mathematics, one of ques-
tions for study of general topology is to search for
a general metrizable condition for topological spaces.
Where some important results are following: A space X
is a metrizable space if and only if it satisfies any
of the following: .

(1) X has a p-discrete base(Bing metrization theorem).
(2) X has a 0~locally finite base(Nagata-Smirnov
metrization theorem).

(3) X has a 6Zhereditarily closure-preserving base
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(Burke-Engelking-Lutzer metrization theorem).

The perfect preimage of metric spaces can be char-

acterized by paracompact p-spaces. Can the class of

- paracompact p-spaces be characterized by open subset
families which has some particular properties?

E. Michaell5] characterized the class of paracompact
p-spaces by the that of spaces with a ¢~locally finite
(modK)-base. It suggests the following question: Is a
space with a o0~hereditarily closure-preserving (modk)-
base a paracompact p-space? Inf4], we1proved that if
condition of k-space was added, its answer is affir-
mative. In this section, we prove that condition of

k-space can be omitted.

Definition 1.1 Call a collection P= {P, :qea
of subsets of a space X hereditarily closure-preserv-~
ing(abbre. HCP) if, for every subset Q cP,,

{Qd : €A} is closure-preserving.

Definition 1.2 Call a collectiongD of open sub-
sets of a space X a (modK)-base for X, if there is a
covering ff of X by compact subsets such that, when-
ever Kc U with KEK and U open in X, then ﬁc PcU for
some P G:P o
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Theorem l.3 The following properties of a space
are equivalent:
(1) X is a paracompact p-space.
(2) X has a o6~discrete (modK)-base.
(3) X has a ¢0-locally finite (modK)-base.
(4) X has a 0~HCP (modK)-base.

Proof. (1)=>(2). Suppose X is a paracompact p-
spéce, then there are a metric space Y and a perfect
mapping f from X onto Y. Y has a 0-discrete base .’B N
Put

ﬂ = {f'(y) : yeY},

P = {£(B) : BEBI,
then.f) is a ¢-discrete (modK)-base of X with respect
to 1{ .

(2)=(3) and (3)=(4) are obvious.

(4)=>(1). Suppose X is a space with a ¢-HCP
(modK )-base. Let §> be a (-HCP (modK)-base of X with
respect to fﬁ which 1s a covering of X by compact sub-
sets. It is sufficient to show that X is a k-space
because a k-space with a 0-HCP (modK)-base is a para-
compact p-space by [4, Theorem 3.1l1 .

For each K¢/ , we prove that K has countable

character in X. Suppose K is not an open subset in X.
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Let q:X—~X/K be a natural quotient mapping. Put
rF
P'= ilpe? : xePl,

B = $q(P) : PEP},

then 73 is a (-HCP base of neighborhood of point q(K)
in X/K, so A is countable by [2, Theorem 6], and fy

is countable; i.e., K has countable character in X.
Hence X is a space of pointwise countable type. This

implies that X is a k-space. This completes the proof

of the theorem.

Corollary 1.4 A space X is metrizable if and

only if it has a ¢"-HCP base.

Proof. That every metric space has a ¢-HCP base
follows directly from the Nagata-Smirnov metrization
theorem. If a space X has a 6-HCP base, X is a para-
compact p-space by Theorem 1l.3. Since X is a 0-space,

it has a Gg—diagonal, hence X is metrizable.

2 kR-SPaces with star-countable compact-k-networks

Definition 2.1 Call a collection §) of subsets

of a space X star-countable 1f for any P € f() the

collection {Q é_(f) : QNP £ @ ] is countable. §> is

said to be a k-network for X, if K<U with K compact

. O’ .
and U open in X, then KclUP < U for some finite
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g) - (f) . Call j) a compact-k-network for X, if ?D is
a k-network for X and every element of_(/i> 1s compact

in X.

Definition 2.2 A topological space X is called a

kR-Space[6]'if it is completely regular and if every

f: X—>R, whose restriction to every compact KX is

continuous, is continuous on X.

Clearly every completely regular k-space is a

k,~-space. The converse is falsel[6l. E. Michaellé6]l

-space with countable compact-k-

proved that a kR

networks is a k-space.

In[3], we studied characterization of theima-
ges:of locally compact metric spaces under R-quotient,

ss-mappings, and obtained the following result.

Theorem 2.3 (1) A space X is a kp-space with a

locally countable compact-k-network if and only if X
is the image of_a'locally compact}metric space under
a (compact-covering) R-quotient, ss-mapping.

(2) A space X is a k-space with a locally countable

compact-k-network if and only if X 1s the image of a

— 231 —



locally compact metric space under a (compact-cover-
ing) quotient, ss-mapping.

Here a continuous mapping f:X—Y of X onto Y is called
an R-quotient mapping if for every mapping g:¥Y—R the
continuity of gf implies the continuity of g. A conti-
nuous mapping f:X—=>Y of X onto Y is called a ss-mapping
1f for every y €Y, there is & neighborhood V of y in Y

such that fq(V) is a separable subspace of X.

In view of the above theorem, the following ques-

tion is posed inl3]: Is a kp—space with a locally

countable compact-k-network a k-space? In this section,
this question is answered affirmatively by the follo-

wing theorem.

Theorem 2.4 If kR-space X has a star-countable
compaci-k-network, then X isla k-space with a locally
countable compact-k-network and a ¢-discrete compact-
k-network.

Proof. Suppose ¥ is a star-countable compact-

k-network for X, where X is a kR-space. By L1, Lemma

3.10], ? can be expressed as = ( {_(P : acAf

where each subcollection fP; is countable and

( U (j)a) /) ( U?b) = #§ whenever a # b. For each ace¢A,
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put X = ()fPa . We assert that Xa 1s open and closed
in X. In fact, let f:X—R with f(X_ ) = {0f , f(XN\X,)

= {1} . For arbitrary non-empty compact subset K of
X, there is a finite (P’C 73 with KC_U_(P, . For each

b €A, put

S
|

PnP.

RN
{bea Kbpéﬂ}.

>
I

Then Kb 1s compact in X, A' is finite and*Kc:U[Kb :

b €A'} . By the definition of f, flg_ 1is a constant
b

mapping, so0 f is continuous on (}be : beEA'} "

Consequently f is continuous on K. Hence f is conti-

nuous on X because X is a kR-space. Thus Xa 1S open
and closed in X, and X = @[X_ : ac A} . As {Xa : a€Af

is an open cover in X, and ipais countable, jD is a

locally countable compact-k-network ang a o¢-discrete

compact-k-network for X. Since X is =a kR—space, its
open and closed subspace Xa is a kR—space. By the
construction of Xa ’ ?% is a countable compact-k-

network of Xa, then Xa 1s a k-space because a kR-SPace
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with a countable k-network if it is 0<compact, then it

is a k-spacel6l., And X is a k-space.

By Theorem 2.3 and Theorem 2.4, we obtain an

interesting corollary as follows.

Corollary 2.5 The following properties of a
space are equivalent:
(1) X is an image of a locally compact metric space
under a (compact-covering) R-quotient, ss-mapping.
(2) X is an image of a locally compact metric space
under a (compact-covering) quotient, ss-mapping.
(3) X is a k-space or a ko~space satisfying any of
the following:
(a) X has a 6¢~discrete compact-k-network.
(b) X has a 0-locally finite compact-k-network.
(d) X has a locally countable compact-k-network.
(d) X has a 6=locally countable compact-k-network.

(e) X has a star-countable compact-k-network.

The author thanks to Professor Y. Tanaka for
his following result related with Theorem 2.4.
Result. The following are equivalent.

(1) X is = kp-space having a star-countable cover

:ﬁ’of compact subsets, where for each compact subset
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| 7
K of X, KCU?} for some f:'i.ni‘teJDCgD "
ok .
(2) X is the topological sum k,-spaces,here a
space Z is k, if 72 is the union of countably many

compact subsets Zn such that a subset Fcz 1is closed

in 2 whenever Ff\Zn is closed in Zn .

Proof. (2)=>(1) is obvious. Suppose that (1)
holds. Then, in view of the proof of Theorem 2.4, X is

the topological sum of kR—spaces Xa’ a €A, where each

X_ has a countable cover jDa of compact subsets such

that each compact subset of X5 is contained in a

finite union of elements of 993 . (Such a space Xa 1S
sometimes called hemicompact). Then each X_ is k-

space by a comment (p. 76) after the proof of Theorem

5e2.1 inl7]. Thus X is the topological sum of k_,~spaces.
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