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1. Introduction and preliminaries

A topological group is a group G with a topology such that the multiplication mapping of G x G to G is
jointly continuous and the inverse mapping of G on itself is also continuous. In 1941, free topological groups
in the sense of A. Markov were introduced [12]. M-equivalence of free topological groups were investigated
in [2,7,13,15,20], etc. Two completely regular spaces X and Y are called M-equivalent (A-equivalent) [13]
if F(X) and F(Y) (A(X) and A(Y)) are topologically isomorphic, where F(X) (A(X)) denotes the free
(Abelian) topological group on X.
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A paratopological group is a group G with a topology such that the multiplication mapping of G x G
to G is jointly continuous. The absence of continuity of inversion, the typical situation in paratopological
groups, makes the study in this area very different from that in topological groups. As a generalization
of free topological groups, in 2002, S. Romaguera, M. Sanchis, and M. Tkachenko [19] introduced free
paratopological groups on arbitrary topological spaces and discussed some of their topological properties.

Definition 1.1. [19] Let X be a subspace of a paratopological group G. Suppose that

(1) the set X generates G algebraically, that is, (X) = G; and

(2) every continuous mapping f : X — H of X to an arbitrary paratopological group H extends to a
continuous homomorphism f :G— H.

Then G is called the Markov free paratopological group (briefly, free paratopological group) on X and is
denoted by FP(X).

If all groups in the above definition are Abelian, we obtain the definition of Markov free Abelian paratopo-
logical group (briefly, free Abelian paratopological group) on X, which is denoted by AP(X).

Our main motivation to do this work arises from [2, Open Problem 7.4.4], posed by A. Arhangel’skii and
M. Tkachenko. This guides us to discuss which important results of free topological groups can be generalized
to free paratopological groups. Around this subject, some publications about free paratopological groups
have emerged, for example, see [3,4,9,10,16,17,19], etc.

In this paper, inspired by the concept M-equivalence of free topological groups, we shall reasonably
introduce the notion of M P-equivalence of the free paratopological group F P(X) on an arbitrary topological
space X.

Definition 1.2. Two topological spaces X and Y are called M P-equivalent if FP(X) and FP(Y') are topo-
logically isomorphic.

Definition 1.3. Two topological spaces X and Y are called AP-equivalent if AP(X) and AP(Y') are topo-
logically isomorphic.

A topological property P is called M P-invariant (AP-invariant) if every topological space Y
M P-equivalent (AP-equivalent) to a topological space X with P also has the property P.

This paper is organized as follows.

At first, we shall show that there exist non-homeomorphic topological spaces X and Y such that FP(X)
and FP(Y) are topologically isomorphic. Secondly, we make the first step towards the study of which
topological properties are M P-invariant. We generalize a few results valid for free topological groups to
free paratopological groups. Namely, we shall prove that pseudocompactness is an A P-invariant property
and, a fortiori, M P-invariant property, and that P is M P-invariant if P is a hereditary, countably additive
topological property. In particular, hereditary Lindelofness, hereditary separability and the property of
being a cosmic space are all M P-invariant. In addition, a few questions about M P-equivalence of free
paratopological groups are posed.

In the paper, F,(X) (A,(X)) denotes the algebraic free group (free Abelian group) on non-empty set
X and e (0) is the identity of F,(X) (A4(X)). The set X is called the free basis of F,(X) (Aq(X)). Here
are some details, for instance, see [2|. Every g € F,(X) distinct from e has the form g = z}' - - - 25", where

Z1,...,xn € X and €y, ...,€, = £1. This expression or word for g is called reduced if it contains no pair of
1 1

consecutive symbols of the form za2~' or 7 2 and we say in this case that the length I(g) of g equals to n.
Every element g € F,(X) distinct from the identity e can be uniquely written in the form g = x}*z5? - - - ln,

where n > 1, r; € Z\ {0}, z; € X and x; # 2,41 for every ¢ = 1,...,n — 1. Such an expression is called the
normal form of g. Similar assertions (with the obvious changes for commutativity) are valid for A,(X).
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Remark 1.4. It has been shown that the topology of FP(X) (AP(X)) is the finest paratopological group
topology on the group F,(X) (A.(X)) which induces the original topology on X [19].

For every non-negative integer n, denote by FP,(X) (AP, (X)) the subspace of the free paratopological
group FP(X) (AP(X)) that consists of all words of reduced length < n with respect to the free basis X.

Remark 1.5. If X is a Ty-space, then FP(X) is also Ty, X! is closed and discrete, and the subspaces X
and FP,(X) of FP(X) are all closed in FP(X) for every non-negative integer n [3]. The same is true for
AP(X) [17].

In what follows, the subspace X of FP(X) and AP(X) is assumed to be T in the paper. For some
terminology unstated here, readers may refer to [2,5].

2. Existence of non-homeomorphic topological spaces X and Y such that FP(X) and FP(Y) are
topologically isomorphic

Clearly, two homeomorphic topological spaces are M P-equivalent, but we shall prove in Theorem 2.7
that the converse fails to be true. Let us recall a few related notions. Let P be a cover of a topological
space X. The space X is determined by P [8], or P is generating in X [2] if U C X is open (closed) in
X if and only if U N P is open (closed) in P for every P € P. If a topological space X can be expressed
as be the union of an increasing sequence {X,, : n € N} of its compact subsets X,, and is determined by
{X, : n € N}, then X is called a k-space [6] and X = U{X,, : n € N} is a k,-decomposition of X. It is well
known that if both X and Y are Hausdorff k,-spaces, then X x Y is also a k,-space [11]. It is not difficult
to verify that if U{X, : n € N} is a k,-decomposition of a topological space X and K is a compact subset
of X, then K C X,, for some n.

We need a few technical lemmas. Recall that A topological space X is called functionally Hausdorff if
for any distinct points  and y of X, there exists a continuous function f : X — [0,1] such that f(z) =0
and f(y) = 1. Obviously, every Tychonoff space is functionally Hausdorff and every functionally Hausdorff
space is Hausdorff.

Lemma 2.1. Let U{X,, : n € N} be a ky-decomposition of a functionally Hausdorff countable k,-space X.
Then FP(X) is determined by {FP(X,,X) : n € N}, where every FP(X,,X) denotes the subgroup of
FP(X) generated by X,,.

Proof. We write X = {x, : n € N}. For every n € N, let H, = {2; : i < n} and E,, = {z;' : i < n}.
Obviously, for every n € N, there exists m,, € N such that H, C X, . Without loss of generality, we may

assume m; < m;41 foreveryi e N.Put Y = XUX ! and Y,, = E,,UX,,, for every n € N. The space X !
being discrete by Remark 1.5, the space Y is determined by {Y}, : n € N}. For every n € N, put

K, =t, (Y, U{e})™),

where t,, denotes the multiplication mapping of (FP(X))™ to FP(X). Then K, is compact by the com-
pactness of Y,, and the continuity of the mapping ¢,,. Obviously,

FP(X)=U{K, :neN}

Claim. The space FP(X) is determined by {K, : n € N}.
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Let 7 be the original topology of the free paratopological group FP(X). We define a new topology 7*
on the set F,(X) as follows. A subset O of F,(X) is in 7* if and only if O N K, is open in K, for every
n € N, where every K, carries the topology inherited from (FP(X),7). Clearly, 7 C 7* and 7|k, = 7|k,
for every n € N. We shall show that (F,(X),7*) is a paratopological group, i.e., the multiplication mapping

opa : (Fa(X), %) x (Fu(X),7") = (Fu(X), ")

is continuous. Indeed, suppose C' is an arbitrary compact subset of (Fo(X),7*) x (Fy(X),7*). Then C' C
Cy x C1, where C is some compact subset of (F,(X), 7*). Since (F,(X), 7*) is a k,-space, we have C1 C K,
for some ng, whence

op2(C) C opa(Cr x C1) C opa(Kny X Kny) C Kang-

Since (F,(X), ) is a paratopological group, we have that the mapping
op2l(crxric) (O X Tlo) = (Kang, Tk, )
is continuous. By virtue of the equalities
TXT|le=7"%x1"¢
and
T Koy = T | Koy »

the mapping

op2|(c,rxr+lo) : (C, 7" X T¥|c) — (Kgno,r*|K2n0)

is continuous. Since X is functionally Hausdorff, (FP(X),7) is Hausdorff by [17, Proposition 3.8]. Thus
(Fo(X),7*) x (Fo(X), ") is Hausdorff k,-space. By [5, Theorem 3.3.21], the mapping

op2 : (Fo(X),7*) X (Fo(X),7") = (Fo(X), ")

is continuous.

Now, suppose A C Y and A € 7*|y. Then there exists an open subset O of (F,(X),7*) such that
A=0nNnY, whence ANY, =0NYNY,=0nY, € ¥y, =r7ly, by Y¥,, C K,, for every n € N. Hence
A € 7ly and 7*|y = 7|y, and so 7*|x = 7|x. By Remark 1.4, the topology 7 of FP(X) is the finest
paratopological group topology on the group F,(X) which induces the original topology on X, so 7% = 7.
This completes the proof of the claim.

Clearly, K,, C FP(X,,,,X) for every n € N, so the space FP(X) is determined { FP(X,,,,X) : n € N}
by the above claim, equivalently, FP(X) is determined by {FP(X,,X):n€N}. O

Remark 2.2. Lemma 2.1 improves [16, Theorem 2|, one of the main results obtained by N. Pyrch in [16],
which states that FP(X) is a ky-space if X is a functionally Hausdorff countable k,,-space.

The following two lemmas can be easily checked.

Lemma 2.3. Suppose that both (G, 1) and (G,T2) are paratopological groups, Y C G and 11|y = 12|y . Then
for every a € G, Ti|ay = T2lay -
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Lemma 2.4. Let ¢ be a homomorphism of a group G onto a group H. If (G,T) is a paratopological group,
then (H,o) is a paratopological group, where o = {p(V):V € 7}.

We introduce the notion of a topological basis of free paratopological groups, which is very useful for
discussing M P-equivalence of free paratopological groups.

A subspace Y of the free paratopological group FP(X) on a topological space X is called a topological
basis of FP(X) if Y is a free algebraic basis' of FP(X) and the finest paratopological group topology on the
abstract group Fy(X) which induces on Y its original topology coincides with the topology of F'P(X). The
Abelian case can be defined analogously. Especially, by Remark 1.4, the subspace X of FP(X) (AP(X)) is
a topological basis of FP(X) (AP(X)).

Lemma 2.5. If Y is a topological basis of the free paratopological group FP(X) on a topological space X,
then X andY are M P-equivalent. The same is valid for the Abelian case.

Proof. Let i : ¥ — FP(X) be the identity continuous mapping. We can extend the mapping i to a
continuous homomorphism 7 : FP(Y) — FP(X). Since Y is a free algebraic basis of FP(X),4: FP(Y) —
FP(X) is an isomorphism. Let 7 and 7 denote the original topologies of FP(Y) and FP(X) respectively.
We define a new topology o = {i(U) : U € 7} on the abstract group F,(X). It follows from Lemma 2.4 that
(F,(X),0) is a paratopological group. It is easy to see that 2 : (FP(Y),7) = (Fy(X), o) is a homeomorphism.
Further, 7]y = o|y, i.e., o induces on Y its original topology. The space Y being a topological basis of
FP(X), wehave T D o, whence i : (FP(Y),7) = (FP(X),T) is an open mapping. Hence, 7 : (FP(Y),7) —
(FP(X),T) is topologically isomorphic, i.e., X and Y are M P-equivalent. The arguments are valid for the
Abelian case. O

Remark 2.6. Every topological basis Y of the free paratopological group F'P(X) on a topological space X
is closed in FP(X). The same is valid for the Abelian case. Indeed, it follows from Lemma 2.5 that the
continuous identity mapping i : Y — FP(X) can extend to a topological isomorphism i : FP(Y) — FP(X).
By Remark 1.5, Y is closed in FP(Y), whence i(Y) =Y is closed in FP(X). The arguments are valid for
the Abelian case.

Let X = {0} UN2. NN denotes the set of all functions from N to N. For every n,m,k € N, put W (n, m) =
{(n,k) : k > m}. For every x € N2, let B(x) = {{z}}. Let

B(0) = {{o}u |J W(n, f(n)) : f e N"}.

neN

The topological space X, generated by the neighbourhood system {B(z)}.cx, is called countable fan space
and denoted by S, [1].

Theorem 2.7. Let {C; : i € N} be a countable family of pairwise disjoint convergence sequences C; =
{z;} U{z;; : j € N} homeomorphic to the subspace {0} U{L : n € N} of the real line R, where {x; ;}jen
converges to x;. Then the topological sum X = P, y C; and the countable fan space S,, are M P-equivalent.

Proof. The space X is a metrizable countable k,-space with the k,-decomposition X = U{D,, : n € N},
where D,, = J,,, C; for every n € N. By Lemma 2.1, FP(X) is determined by {FP(D,, X) : n € N}. Put

1Y is a free algebraic basis of FP(X) if Y generates F,(X) algebraically and there are no algebraic relations in F,(X) between
elements of the set Y.
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Y ={z;:ieN}U U xlxi_lCi.
€N
Clearly, Y is also a free algebraic basis of FP(X) since X is a free algebraic basis of FP(X). We shall

show that Y is a topological basis of FP(X). Let 7 be the finest paratopological group topology on
the abstract group F,(X) which induces on Y its original topology. Clearly, 7’ is finer than the original

ieN Ci,
idx : (X,7|x) = (X,7|x) is continuous, which implies 7'|x = 7|x. By Remark 1.4, 7/ = 7, i.e,, Y is a

topology 7 of FP(X) and 7’|y = 7]y. By Lemma 2.3, 7’|¢, = 7|¢, for every i € N. Since X =

topological basis of FP(X). It follows from Lemma 2.5 that X and Y are M P-equivalent. It remains to
verify that Y is homeomorphic to S,,.
For every i € N, let L; = xlleCi. Put

YO:ULi.

i€N
Since FP(X) is a paratopological group, L; converges to x; for every i € N. Clearly
LinL; ={z}
for any distinct 4, j € N. Since X is functionally Hausdorff, F'P(X) is Hausdorff [17, Proposition 3.8]. Hence

YoNFP(D,,X) = U L;

i<n

is compact and so closed in FP(X) for every n € N. Then Yy is closed in FP(X) because FP(X) is
determined by {FP(D,, X) : n € N}. Also, it follows that the space Yy is determined by {lJ,.,, L; : n € N}.
So the space Y is homeomorphic to S,,. N

By Remark 1.5, (X \ {z1,; : j € N})NY = {a; : i € N} is closed in Y. Obviously,

YoN{z;:ie N} ={x1}.
Since the subspace D = {x; : i € N} of the space X is a discrete space, we have
Y=Yy®{z;:i>2}.
Therefore, the space Y is homeomorphic to S,,. O

Remark 2.8. It is easy to verify that the space S, is neither locally compact nor first-countable. Therefore,
M P-equivalence does not preserve local compactness, first-countability or metrizability.

3. M P-invariance of free paratopological groups

In the section, we shall mainly investigate M P-invariance of pseudocompactness, hereditary Lindel6fness,
hereditary separability and the property of being a cosmic space.
First of all, we shall show that M P-equivalent topological spaces are always AP-equivalent.

Lemma 3.1. /2, Proposition 1.5.12] Let G and H be paratopological groups, let p : G — H be a topological
isomorphism. If Gy is an invariant subgroup of G and Hy = p(Gy), then the quotient groups G/Gy and
H/H, are topologically isomorphic.
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Lemma 3.2. [2, Theorem 1.5.13] Let G and H be paratopological groups, p: G — H be an open continuous
surjective homomorphism and N be the kernel of the homomorphism p. Then the mapping ¢ : G/N — H
which assigns to a coset xN the element p(x) is a topological isomorphism.

Theorem 3.3. M P-equivalent topological spaces X and Y are AP-equivalent.

Proof. Suppose there exists a topological isomorphism h : FP(X) — FP(Y). Denote by Kx and Ky the
derived subgroup” of FP(X) and FP(Y), respectively. Obviously h(Kx) = Ky. Thus, by Lemma 3.1,
the quotient groups FP(X)/Kx and FP(Y)/Ky are topologically isomorphic. Now, in order to prove this
theorem, it suffices to show the following claim.

Claim. AP(X) is topologically isomorphic to the quotient group FP(X)/Kx.

Indeed, let idx : X — X be identity mapping, and then we extend the mapping idx to the continuous
surjective homomorphism ¢ : FP(X) — AP(X). Clearly, the kernel of the homomorphism ¢ coincides with
Kx. We shall show that ¢ is an open mapping. According to Lemma 2.4, we define a new paratopological

group topology
o={pU):Uis open in FP(X)}

on the set A,(X). Since ¢ : FP(X) — AP(X) is continuous, o is finer than the original topology 7 of
AP(X). Let U be an open subset of FP(X) and assume that 2 € o(U)NX. Pick z € U such that p(z) = z.
Then W = X Nxz~1U is an open neighbourhood of z in X and W = o(W) C »(U)N X. Hence, (U)NX is
open in X, and so ¢ induces on X its original topology. Further, by Remark 1.4, ¢ = 7, and then ¢ is an open
mapping. Thus the quotient group FP(X)/Kx is topologically isomorphic to AP(X) by Lemma 3.2. 0O

However, we do not know the answer to the following question.
Question 3.4. Is it true that AP-equivalence does not imply M P-equivalence?

Next, we shall show that pseudocompactness is an A P-invariant property and, a fortiori, M P-invariant

property.
The following lemma can be directly checked according to the definition of a topological basis.

Lemma 3.5. Let X and Y be topological spaces. If ¢ : FP(X) — FP(Y) is a topological isomorphism, then
o 1Y) is a topological basis for FP(X). The same is valid for the Abelian case.

Recall that a completely regular space X is called pseudocompact [5] if every continuous real-valued
function defined on X is bounded.

Theorem 3.6. Suppose two completely reqular spaces X and Y are AP-equivalent, more generally,
M P-equivalent. If Y is pseudocompact, then so is X.

Proof. Let ¢ : AP(X) — AP(Y) be a topological isomorphism. Then ¢~ !(Y) is a topological basis for
AP(X) by Lemma 3.5. For the sake of brevity, without loss of generality, we assume that Y is a topological
basis for AP(X). Suppose that X is not pseudocompact. Then it is easy to check that X contains a discrete
family {U; : i € w} of non-empty open subsets of X. For every i € w, pick a point z; € Us.

1

2 The derived subgroup G’ [18] of an abstract group G is the subgroup of G generated by all commutators =~ 'y~ 'zy, where

z,y € G. The derived subgroup G’ of G is an invariant subgroup of G.
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For g € AP(X) and = € X, denote by c(x,g) the coefficient k that stands at x in the normal form of
g with respect to the free basis X. In other words, if g = kz + kiz1 + -+ - + kpxy, where z, 24, ..., 2, are
pairwise distinct elements of X and k, k1, ..., k,, € Z, then ¢(x,g) = k. In particular, ¢(z, g) = 0 if and only
if x does not appear in the normal form of g.

Since Y is a free algebraic basis for AP(X), there exists y; € Y such that c(x;,y;) # 0 for every i € w.
Let t;1,...,tin, € X be all letters distinct from z; which appear in the normal form of y; (possibly, n; = 0).
Without loss of generality, we can assume that ¢(x;,y;) = 0 whenever i < j.

By induction on n € w, we define continuous real-valued functions f, on X as follows. Put f
Suppose that for some n > 1, we have defined the functions fy, ..., fr—1. Put g, = Z?;OI fi. Let

0.

F, = (X \ Un) U {ti,j 1 < n,j < ni,ti,j c Un}

Clearly, F, is closed in X, and z,, ¢ F,, by c¢(z;,y;) = 0 whenever i < j. Since X is completely regular,
there exists a continuous real-valued function f,, on X such that f,(F,) C {0} and

fn(zn) =n+ Z |c(tn,js Yn)gn(tns)-

J€{j: tn,;€UQU---UU,_1}

This completes our construction. Since {U; : i € w} is discrete in X, the function f =3 _  fn is continuous
by [5, Corollary 2.1.12]. It is easy to check that the following hold.

(1) For every n € w, f(zn) = fo(xn).

(2) For every i > 1 and j < n;, f(t; ;) =0 whenever ¢, ; ¢ UgU---UU;_1.

(3) For every i > 1 and j < n;, f(t; ;) = gi(ti ;) whenever t; ; € Uy U---UU;_1.

Now, we extend f to a continuous homomorphism ¢ : AP(X) — R. For every i > 1, since

yi = (@i, yi)wi + c(tin, yi)tin + - 4 (i, Yi)tin,

we have
(i)l = le(@s, yi) f(s) + c(tan, ya) f(tin) + -+ c(ting, i) f(Ein,)
= le(@i, i) (i + > i gl) + > Tijl
j€{j: ti ;€U0U---UU; _1} j€{j: ti; €UQU---UU; _1}
> 1,
where

rij = c(tij, ¥i)9i(tiz)-
Because {y; : 7 > 1} C Y, the space Y is not pseudocompact. This is a contradiction. O

The following questions arise naturally from our investigations.

Question 3.7. Suppose two completely reqular spaces X and Y are AP-equivalent or M P-equivalent. Is' Y
compact if X is compact?

Question 3.8. Suppose two completely reqular spaces X and Y are AP-equivalent or M P-equivalent. Is' Y
countably compact if X is countably compact?

However, we shall prove that another covering property, hereditary Lindel6fness, is M P-invariant. Indeed,
we can obtain a more general theorem.
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Lemma 3.9. [10, Proposition 6.3] Let X be a topological space and i, denote the continuous multiplication
mapping of X™ onto FP,(X) for everyn € N, where X = X@{e}®X 1. Put C\,(X) = FP,(X)\FP,_1(X)
and C}(X) =i 1(Cn (X)) for n > 1. Then the mapping i, homeomorphically maps C(X) onto Cp,(X) for
every n € N.

The following fact about general topology is evident.

Lemma 3.10. Let both f : X1 — Y7 and g : Yo — Xo be continuous mappings between topological spaces,
where X1 C Xo andYy CYa. If F ={x € X1 : g(f(z)) =2} # 0, then f|p : F — f(F) is a homeomorphism.

Lemma 3.11. If X and Y are M P-equivalent topological spaces, then Y can be represented as the union of
countably many subspaces each of which is homeomorphic to a subspace of X.

Proof. Let ¢ : FP(X) — FP(Y) be a topological isomorphism. Then ¢~!(Y) is a topological basis for
FP(X) by Lemma 3.5. For the sake of brevity, without loss of generality, we assume that Y is a topological
basis for FP(X). For g € FP(X), denote by ly(g) the reduced length of g with the respect to the free
algebraic basis Y. For n € N and v = (my, ..., m,) € N, put

Cn(Y) ={g € FP(X) : ly(9) = n},

and

Y, =Y NC(X)N(XNCp, (V) (X NCpp, (Y))),

where X = Xofeld X tand Cp(X) = FP,(X)\ FP,_1(X). Clearly, Y = U,z Yo, where E = |, oy N".

Let n € N and v = (mq,...,m,) € N" be arbitrary. For every i = 1,...,n, denote by ¢; the mapping
from Y, to X assigning to g € Y, the point of X that appears at the i-th place in the reduced form of g
with respect to the free algebraic basis X. Analogously, for every j = 1,...,m;, denote by 1; ; the mapping
from Cy,,(Y) to Y assigning to an element h € C,,,(Y) the point of Y that appears at the j-th place in the
reduced form of h with respect to the free algebraic basis Y. By Lemma 3.9, the mappings ¢; and v; ; are
continuous. Let

iy ={w €Yy : i ;(pi(w)) = w}.
Then Lemma 3.10 implies that every F}’; is homeomorphic to a subspace of X. It remains to verify that
Y=U{F;:v=(mi,..my) eN"neNi=1,..,nj=1,.,m}
Indeed, suppose that y € Y,,, where v = (my,...,m,) € N”. Then we can write

En
n o

— p€1
y_‘rl ...x

and for every 1 =1, ..., n,

_ 57;,1 6'i,7n7;
LTi=Y;1 " Yim, »
where z; € X, g, = £1, y;; € Y and 6; ; = £1. Thus
_ 61,1 61,1111 € 6n,1 671,,7nn En
Y= 1a Y ) W Ynim )
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Since Y is a free algebraic basis for F/P(X), there exist some ¢ and j such that y = y; ;. This implies that
Vi (pi(y)) = i (@) = vi; = v,
and so y € F}/;. This completes the proof. O
A topological property P is said to countably additive if every space X, which can be expressed as the
union of a countable family of its subspaces X,, with the property P, has also P. Lemma 3.11 immediately

implies the following theorem.

Theorem 3.12. Assume that P is a hereditary, countably additive topological property. Let X and Y be
M P-equivalent topological spaces. If X has the property P, then so does Y. Namely, P is M P-invariant.

A topological space X is called a cosmic space [14] if X has a countable network. Theorem 3.12 leads to
the following corollary.

Corollary 3.13. Let X and Y be M P-equivalent topological spaces. Then the following hold.
(1) If X is hereditarily Lindeldf, then so is Y.

(2) If X is hereditarily separable, then so is'Y .
(8) If X is a cosmic space, then so isY .

Question 3.14. Is valid Corollary 3.13 for the AP-equivalent case?
Question 3.15. Is Lindeldfness M P-invariant or AP-invariant?
Question 3.16. Is separability M P-invariant or AP-invariant?
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