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ABSTRACT. Yoshio Tanaka and Chuan Liu posed the following question in
1999: Let f: X — Y be a closed mapping. Under what conditions on X or
Y, does &f~1(y) have some nice properties for every y € Y?

In this paper, the following two related questions are discussed.

(1) When is a closed mapping to be a boundary-compact mapping or
boundary-Lindel6f mapping?

(2) When is a sequence-covering boundary-compact mapping or
boundary-Lindel6f mapping to be a 1-sequence-covering mapping?

The following results on generalized metric spaces are obtained, which
answers a few questions in literature.

(a) Suppose that f: X — Y is a closed mapping, where X is a regular
k-space with a point-countable k-network or a regular sequential space with
a point-countable w-system. If Y contains no closed copy of S, then f is a
boundary-compact mapping.

(b) Suppose that f : X — Y is a closed mapping, where X is a k*-
metrizable k-space. If Y contains no closed copy of Su,, then f is a
boundary-s-mapping.

(c) Suppose that f : X — Y is a sequence-covering boundary-compact
mapping. If X is first-countable, then f is a 1-sequence-covering mapping.

(d) Suppose that f : X — Y is a sequence-covering boundary-Lindelof
mapping, where X is first-countable. Then Y is snf-countable if and only
if f is a 1-sequence-covering mapping.
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1. INTRODUCTION

Mappings are an important tool of investigating topological spaces. Re-
cently, mutual relations among closed mappings, boundary-compact mappings
and sequence-covering mappings have been one of the topics focused by topolo-
gists [3, 16, 21, 22, 29, 40, 41, 42, 49, 50]. Research concerning this topic mainly
originated from the deepening to some mappings theorems on metrizable spaces.

The classic mapping theorem on metrizable spaces is as follows.

Theorem 1.1. [35, 45] Suppose that X is a metrizable space. If f: X =Y is a
closed mapping, then the following are equivalent.

(1) Y is a metrizable space.

(2) Y is a first-countable space.

(3) f is a boundary-compact mapping.

This shows that, under certain conditions, a closed mapping is boundary-
compact and so inductively perfect and compact-covering. Tanaka and Liu [47]
posed the following Question 1.2.

Question 1.2. [47] Let f : X — Y be a closed mapping. Under what conditions
on X orY, does Of (y) have some nice properties for everyy € Y ?

This guides us to discuss following Question 1.3 in this paper.

Question 1.3. When is a closed mapping to be a boundary-compact mapping or
boundary-Lindeldf mapping?

Theorem 1.1 implies that open and closed mappings preserve metrizability,
where openness of mappings can not omitted, but can be weakened from different
stand point. Siwiec [44] introduced sequence-covering mappings and proved that
every open mapping on first-countable spaces is sequence-covering. This shows
that sequence-covering mappings on metrizable spaces are a generalization of open
mappings. Yan, Jiang and Lin [49] further proved that sequence-covering closed
mappings preserve metrizability, where the key is to show that every sequence-
covering compact mapping on metrizable spaces is 1-sequence-covering [25]. Every
open mapping on first-countable spaces is also 1-sequence-covering [17].

These lead to following Question 1.4.

Question 1.4. When is a sequence-covering boundary-compact mapping or
boundary-Lindelsf mapping to be a 1-sequence-covering mapping?

In this paper, we mainly discuss Questions 1.3 and 1.4 on generalized metric
spaces, in particular, affirmatively answer following Questions 1.5.
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Question 1.5. [16, Question 3.1] Is every sequence-covering boundary-compact
mapping on the spaces in which every compact subset has a countable neigh-
bourhood base 1-sequence-covering? More generally, is every sequence-covering
boundary-compact mapping on first-countable spaces 1-sequence-covering?

The paper is organized as follows.

In Sections 2 and 3, around Questions 1.2 and 1.3, we discuss the properties of
closed mappings on the spaces with a point-countable k-network or k*-metrizable
spaces.

In Sections 4 and 5, around Questions 1.4 and 1.5, we mainly discuss the prop-
erties of sequentially quotient or sequence-covering boundary-compact mappings
on the spaces in which every compact subset has a countable sn-network, and
investigate the properties of sequence-covering boundary-compact mappings or
boundary-Lindel6f mappings on first-countable spaces.

In addition, a few questions are also posed.

Recall some concepts relevant to mappings or k-networks.

Definition 1.6. Let f: X — Y be a mapping.

(1) f is called a boundary-compact mapping (resp. boundary-Lindelof mapping,
boundary-s-mapping), if 8f*(y) is compact (resp. Lindeldf, separable) for every y € Y.

(2) f is a compact-covering mapping [30] if for every compact subset K of Y, there
exists a compact subset L of X such that f(L) = K.

(3) f is a sequence-covering mapping [44] if {y»} is a convergent sequence in Y, there
is a convergent sequence {z,} in X with z, € fﬁl(yn) for every n € N.

(4) f is a pseudo-sequence-covering mapping [13, 14] if for every convergent sequence L
including its limit point in Y, there exists a compact subset K of X such that f(K) = L.

(5) f is a subsequence-covering mapping [23] if {y» } is a convergent sequence including
its limit point in Y, there exists a compact subset K of X such that f(K) is a subsequence
of {yn}.

(6) f is a sequentially quotient mapping [4] if {y. } is a convergent sequence in Y, there
exists a convergent sequence {zy} in X such that the sequence { f(zx)} is a subsequence
of the sequence {yn}.

(7) f is a I-sequence-covering mapping [17] if for every y € Y, there exists a point
x € f~'(y) such that whenever a sequence {y,} converges to y in Y, there is a sequence
{zn} converging to = in X with z,, € fﬁl(yn) for every n € N.

The following implications about mappings are evident.

1-sequence-covering — sequence-covering —— sequentially quotient

! '

compact-covering — pseudo-sequence-covering —» subsequence-covering
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Definition 1.7. Let P be a family of subsets of a topological space X and A C X.
The symbol cl; (A) denotes the set consisting of the limits of convergent sequences
of points of A in X.

(1) P is a network [2] for X if for every point € X and any neighbourhood
U of x, there exists a P € P such that t € P C U.

(2) P is a k-network [36] for X if whenever K is a compact subset of an open
set U, there exists a finite subfamily F C P such that K C UF C U.

(3) P is a wes*-network [24] for X if whenever {z,} is a sequence converging
to a point x € U with U open in X, then {z,, : ¢ € N} C P C U for some
subsequence {z,,} of {z,,} and some P € P.

(4) P is a cly-osed k-network [3] (briefly, ki-network) for X if whenever K is a
compact subset of an open set U, there exists a finite subfamily F C P such that
K CUF Cci(UF)CU.

(5) P is a cly-osed cs*-network [3] (briefly, cs}-network) for X if whenever
{zy} is a sequence converging to a point z € U with U open in X, then {z,, :
i€ N} C P Ccli(P) C U for some subsequence {z,,} of {z,} and some P € P.

Obviously, every k-network (resp. wes*-network) in regular spaces is a k-
network (resp. csj-network). The following implications are also evident.

csi-network

™~

k-network

k1-network wes*-network —— network

For an infinite cardinal number &, the fan space S, [46] is the quotient space
obtained by identifying all limit points of the topological sum of x many conver-
gent sequences. We only use S, and S, in the paper.

In what follows, all topological spaces are assumed to be Hausdorff and all
mappings are continuous and surjective. For some terminology unstated here,
readers may refer to [11].

2. BOUNDARY-COMPACT MAPPINGS
The following theorem complements Theorem 1.1.

Theorem 2.1. [46] Let f : X — Y be a closed mapping, where X is a metrizable
space. IfY contains no closed copy of S, then f is a boundary-compact mapping.

In this section, around Question 1.3, we shall discuss which generalized metric
spaces Theorem 2.1 can be generalized to.
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A topological space X is said to be sequentially separable [7], if there exists a
countable subset D C X such that cl; (D) = X, where D is called a sequentially
dense subset of X.

Lemma 2.2. Suppose that X is a sequentially separable space. If X has a point-
countable csi-network, then it has a countable network.

PRrROOF. Let D be a sequentially dense subset of X and P a point-countable cs}-
network. Then F = {cl;(P) : P € P, PN D # (J} is countable. Let z € U with U
open in X. There exists a sequence {z, } of points of D such that {z,} converges
toz in X, and {z,, : i € N} C P C cl4(P) C U for some subsequence {z,,} of
{z,,} and some P € P. Thus cly(P) € F and = € cl13(P) C U. Hence F is a
countable network for X. O

A topological space X is called a sequential space [9] if a set A C X is closed if
and only if together with any sequence it contains its limit. A topological space
X is of countable tightness [32] if whenever z € A in X, then x € C for some
countable C' C A. Every sequential space is of countable tightness [32].

Lemma 2.3. Let f : X — Y be a closed mapping, where X is a sequential space
and Y contains no closed copy of S,,. If every sequentially separable subspace of
X is normal, then Of~1(y) is a countably compact subset of X for everyy €Y.

PROOF. For every y € Y, put A= f~1(y) Ncli (X \ f~(y)).

(3.1) A=0f ().

Obviously, A C 0f~1(y). It is easy to see the set AU(X\ f~1(y)) is sequentially
closed. Since X is sequential, the set U = f~1(y)N (X \ A) is open and 91~ (y)\
ACU,thus A=9f"(y).

Now, we shall show that df~!(y) is a countably compact subset of X for every
yey.

Otherwise, df~!(y) contains an infinite closed discrete subset {z, : n € N}.
For every n € N, by (3.1), z,, € A and there exists a countable subset {z,, ,, : m €
N} C A such that x,, € {2, : m € N}, since X is of countable tightness. For
every n,m € N, there exists a sequence L, ,, of points of X \ f~!(y) converging
to x,,m in X. Let

D =c({zn :n € N}U|[ J{Lnm 1 n,m € N}).

Obviously, {z, : n € N} C D and the subspace D is sequentially separable. By
the hypothesis, D is a normal space. There exists a discrete family {U,, : n € N}
of open subsets in D such that z,, € U, for every n € N. For every n € N, choose
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my € N such that z, ,,, € U,. Since L, ,,, converges to x, ,,, in D, without
loss of generality, we may assume that Ly, ,,, C U, for every n € N. For every
n € N, write P, = Ly, ,,, thus y & f(P,) and the sequence f(P,) converges to y
inY.

(3.2) Upen @n is a closed discrete subset of X, where @, is a finite subset of
P, for every n € N.

Otherwise, since X is a sequential space, there exists a sequence {b} converg-
ing to some point b & |J,,c @n in X such that by € Q,,, C U,, for every k € N
with n; < mg < --+. Thus b € D and {b; : k € N} is not closed in D, which
contradicts the fact that {U,, : k € N} is discrete in D. Hence, |,y @n is
closed, further, is closed discrete in X.

For every n € N, there exist a finite subset F,, of f(P,) and nj € N such that

fP) N f(Pn) CF
m2>ng

Otherwise, there exist a non-trivial sequence {y;} of points of f(P,) and a se-
quence {f(Pg,)} such that y; € f(Pg,) for every i € N. According to (3.2) and
the closedness of f, the set {y; : i € N} is a closed discrete subset of Y. This is
a contradiction. Now, we can assume that n; < ngy1 for each k € N. For every
ke N, let K = f(Ppn,)\ Fn,. Then the sequence K}, converges to y in Y for
every k € N and {K}, : k € N} is a pairwise disjoint family.

Put S = {y} Uy K- Since X is a sequential space and f is closed, Y is also
a sequential space. Using again (3.2) and the closedness of f, we conclude that
S is closed in Y and S is homeomorphic to S,,. This contradicts the hypothesis
that Y contains no closed copy of S,,. In a word, 8f~!(y) is a countably compact
subset of X for every y € Y. O

Lemma 2.4. [24] Suppose that X is a countably compact sequential space with a
point-countable wes* -network. Then X is a compact metrizable space.

Lemma 2.5. [13] Every k-space with a point-countable k-network is a sequential
space.

Theorem 2.6. Suppose that f : X — Y 4s a closed mapping, where X is a
regqular k-space with a point-countable k-network. If Y contains no closed copy of
S., then f is a boundary-compact mapping.

PROOF. Since X is a regular space with a point-countable k-network, X has a
point-countable csj-network. By Lemma 2.2, every sequentially separable sub-
space of X has a countable network, and so is normal. Lemmas 2.3, 2.4 and 2.5
imply together that f is a boundary-compact mapping. O
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Let X be a topological space and x € X. A subset G of X is called a sequential
neighborhood of x in X if any sequence {z,} converging to x is eventually in G,
ie, {zn :n > ko} U{z} C G for some ko € N. Let W be a family of subsets
of a topological space X. W is called a w-system [6] for X, if for every z € X
and every open neighbourhood U of x in X, there exists a subfamily ¥V C W such
that x € NV, UV C U and UV is a sequential neighbourhood of z in X.

Burke [6, Proposition 4.2, Theorem 4.4] obtained the following results.

(1) Quotient s-images of metric spaces are a sequential space with a point-
countable w-system.

(2) Sequential spaces with a point-countable w-system are a D-space’.

Next, we shall discuss Questions 1.2 and 1.3 on sequential spaces with a point-
countable w-system. In order to make better use of w-systems, we introduce a
new notion. Let P be a family of subsets of a topological space X. P is called
a cs'-network for X, if whenever {x,} is a sequence converging to a point x € U
with U open in X, then {z,z,,} C P C U for some m € N and some P € P.

Lemma 2.7. Let P be a family of subsets of a topological space X. Then P is a
cs'-network for X if and only if P is a w-system for X.

PROOF. Necessity. Let P be a cs’-network for X and U be an open neighbourhood
ofapoint zin X. Pt V={PeP:2€ P CU}. ThenzenVandUV CU.
Assume that UV is not a sequential neighbourhood of = in X. Then there exists
a sequence {z,} converging to z such that x,, € UV for every n € N. Since P is
a cs’-network for X, then {z,2,,} C P C U for some m € N and some P € P.
Thus z,, € P C UV. This is a contradiction. Hence P is a w-system for X.
Sufficiency. Let P be a w-system for X and {x,} be a sequence converging
to a point x € U with U open in X. There exists a subfamily V C P such that
x € NV, UV C U and UV is a sequential neighbourhood of z in X. We may
choose m € N and P € V such that z,, € P. Hence {z,2,,} CP CU and P is a
cs’-network for X. O

Theorem 2.8. Suppose that f : X — Y is a closed mapping, where X is a
reqular sequential space with a point-countable w-system. If Y contains no closed
copy of Sy, then f is a boundary-compact mapping.

N neighbourhood assignment of a topological space (X, 7) is a function ¢ : X — 7 satisfying
z € ¢(x) for every x € X. A topological space X is called a D-space [8] if for every neighbour-
hood assignment ¢ of X, there exists a closed discrete subset D of X such that {¢(z) : « € D}
covers X.
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PROOF. Since every sequential space with a point-countable w-system is a D-
space [6, Theorem 4.4] and every countably compact D-space is compact, by
Lemma 2.3, it suffices to show that every sequentially separable subspace of X
has a countable network. Let A be a sequentially separable subspace of X and
D be a sequentially dense subset of A. By Lemma 2.7, X has a point-countable
cs’-network P. Let F ={PNA:PeP,PND #0}. Obviously, F is countable.
Let x € UN A with U open in X. Then there exists a sequence {d,,} of points of
D converging to z in A. So {z,d,,} C P C U for some m € N and some P € P.
Then PNAe F,z € PNACUNA and F is a countable network for A. O

Corollary 2.9. Let f : X — Y be a closed mapping, where X is reqular. If one
of following conditions is satisfied, then f is a compact-covering mappings:

(1) X is a sequential space with a point-countable w-system.

(2) X is a k-space with a point-countable k-network [22].

PROOF. Let K be a compact subset of Y. Put L = f~1(K) and g = f|. : L —
K. Since K contains no closed copy of S,, by Theorems 2.8 and 2.6, g is a
boundary-compact mapping. Therefore, there is a closed subspace Z of L such
that g|z : Z — K is a perfect mapping. Then (g|z) ' (K) is a compact subset of
Z and f((g|z) ' (K)) = K. So f is a compact-covering mapping. O

Remark 2.10. (1) [43] There exists a closed mapping f : X — Y such that f is not
compact-covering, where X has a countable base, and Y = {0} U {1/n : n € N}
with the usual topology.

(2) [39] There exists a closed mapping f : X — Y such that f is not compact-
covering, where X is a regular space with a point-countable k-network and a
point-countable w-system, and every compact subset of X is finite.

(3) There exists a paracompact sequential space with a point-countable k-
network, but without a point-countable w-system.

In fact, the fan space S,, is such a space. It is easy to see that S, as a
closed image of a metric space, is a paracompact sequential space with a point-
countable k-network. We shall show that S, does not have a point-countable
w-system or point-countable cs’-network. Indeed, write S, = {s} U, ., Xa;
where X, converges to s for every aw < wj. Assume that S, has a point-countable
cs’'-network P. Write

{PeP:sePl{a<w : XoNP#0} >w|} ={P,:neN}L

By induction, we pick a subset {z, : n € N} of S, such that z, € P, N X,,,
where X, N X,, # 0 for any two distinct 4, j € N. Then the set {z, : n € N} is
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closed in S, . Let

V =8, \{z,:n €N},

F={PeP:PcCV}

H=U{FeF:seF}.
If se Pe F,then P ¢ {P, : n € N} and so P intersects only finitely many
Xy ’s. Thus H intersects only countably many X,’s. We choose < w; such that
XsNH=10. Let VN Xg = {v, : n € N}. Then the sequence {v,} converges to
s € V and so {s,v,,} C P for some m € N and some P € F. Hence v,, € XgNH.
This is a contradiction.

(4) There exists a paracompact sequential space with a point-countable w-
system, but without a point-countable k-network.

Indeed, there exists a non-first-countable, strongly Fréchet, countable and reg-
ular space S [38, Example 2.3]. Obviously, S is a paracompact sequential space.
Since a regular strongly Fréchet space with a point-countable k-network is first-
countable [13, Corollary 3.6], the space S does not have a point-countable k-
network. Write S = {s,, : n € N}. Let P = {{sp,Sm} : n,m € N}. Then P is a
countable ¢s’-network for S. Namely, P is a countable w-system for S by Lemma
2.7.

3. BOUNDARY-LINDELOF MAPPINGS
Tanaka [46] established the following mapping theorem on metrizable spaces.

Theorem 3.1. [46] Let f : X — Y be a closed mapping, where X is a metrizable
space. IfY contains no closed copy of S, , then f is a boundary-Lindeléf mapping.

Much research shows that Theorem 3.1 can be generalized to some generalized
metric spaces [13, 21, 28, 29]. In this section, we mainly discuss the mapping
theorems on k*-metrizable spaces.

Definition 3.2. [3] A topological space is called a k*-metrizable space if there
exist a metric space M and a mapping f : M — X satisfying the following (x).

(*) There exists a subspace Z C M such that f(Z) = X, and if K is precom-
pact? in X, then Z N f~1(K) is precompact in M.

The new class of k*-metrizable spaces, which was also collected in [12] by
Gruenhage, has involved various applications in topological algebra, functional
analysis and measure theory.

2A subset A of a topological space X is precompact in X, if A is a compact subset of X.
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A family P of subsets of a topological space X is said to be compact-finite (resp.
compact-countable), if (P)x = {P € P: PN K # 0} is finite (resp. countable)
for every compact subset K of X.

Lemma 3.3. [3] A topological space X is k*-metrizable if and only if X has a
o-compact-finite ki-network.

A topological X is wi-compact if every uncountable subset of X has an accu-
mulation point.

Lemma 3.4. Let P be a compact-finite family of a k-space X. If A is an wi-
compact subset of X, then (P)a is countable.

PROOF. Suppose (P)4 is not countable. Since P is point-finite, there exist a
subfamily 7 = {P, : @ < w1} C P and a subset B = {2, : @ < w1} C A
satisfying

(1) z4 € P, for every o < wy; and

(2) zo # g and P, # Ps for any two distinct o, § < wy.

The space A being wi-compact, let x be an accumulation point of B in A,
whence the set B\ {z} is not closed in X. Since X is a k-space, there is a compact
subset K of X such that (B\ {z}) N K is not closed in K. Then (B\ {z})N K
is infinite, which contradicts the hypothesis that P is compact-finite for X. O

Theorem 3.5. Let f: X — Y be a closed mapping, where X is a k*-metrizable
k-space. If Y contains no closed copy of S,,, then f is a boundary-s-mapping.

PRrOOF. By Lemma 3.3, X has a o-compact-finite ki-network P. By Lemma 2.5,
X is a sequential space. For every y € Y, put A= f~1(y) Ncli (X \ f~(y)).

We shall prove that A is an w;-compact subset of X.

Otherwise, there exists an uncountable closed discrete subset D = {2, : a <
w1} in A. For every a < wy, choose an open neighbourhood V,, of z, in X such
that Vo, N D\ {zo} = 0. Since z, € ANV, there exists a sequence L, of points
of (X \ f~(y)) NV, converging to z, in X. Since P is a kj-network for X,
without loss of generality, we choose P, € P such that L, C P, C cly(P,) C V4,
which implies that z, € cli(Py) C X \ D\ {zo}. Thus P, # P for any two
distinct «, 8 < wi. Since P is o-compact-finite, we may assume that the family
F = {P, : a < wy} is compact-finite. For every o < wy, the compact set
L, intersects only finitely many elements of F, and it can be considered that
Lo N Lg =0 for any two distinct a, 8 < wy.

(5.1) Uq<w, Qa is a closed discrete subset of X, where @, is a finite subset of
L, for every a < wy.
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In fact, for every compact subset K of X, since F is compact-finite, we conclude
that K N Ua<w1 Q. is finite and so is closed in X. The space X being a k-space,
Ua<w, @a is a closed discrete subset of X.

For every a < wy, we have that y & f(L,) and the sequence f(L,) converges
to y in Y. According to (5.1), in a way similar to Lemma 2.3, without loss of
generality, we can prove that for every a < wq, there exists a finite subset F,, of
f(La) such that Y contains a closed copy {y} U, (f(La) \ Fa) of S, . This
is a contradiction. Hence, A is an wi-compact subset of X.

Now, by Lemma 3.4, the space A has a countable k-network, and so is separable.
From the proof of (3.1) in Lemma 2.3, we conclude that A = 9f~*(y) is separable.

O

Banakh, Bogachev and Kolesnikov [3] proved that, under CH, every separable
k*-metrizable regular space has a countable k-network.

Corollary 3.6. Under CH, let f : X — Y be a closed mapping, where X is a
reqular k*-metrizable k-space. If Y contains no closed copy of S,,, then f is a
boundary-Lindelof-mapping.

Question 3.7. Let f : X — Y be a closed mapping, where X is a k-space with a
compact-countable k-network. Is f a boundary-s-mapping if Y contains no closed
copy of Su, ?

In Question 3.7, if X is replaced by a Moore space or a regular space with a
o-locally finite k-network, then the answer is negative [20, Example 3.4.19].

4. PSEUDO-SEQUENCE-COVERING MAPPINGS

Michael [33] proved that there exists a pseudo-sequence-covering quotient and
compact mapping f : X — Y such that f is not compact-covering, where X is
a separable metrizable space and Y is a compact metrizable space. This shows
that there is a vast difference between pseudo-sequence-covering mappings and
compact-covering mappings. However, every sequentially quotient and boundary-
compact mapping on metrizable spaces is pseudo-sequence-covering [15]. In the
other hand, every subsequence-covering mapping on a space in which every com-
pact subset is metrizable is sequentially quotient. In this section, we shall further
prove that every sequentially quotient and boundary-compact mapping on some
generalized metric spaces is pseudo-sequence-covering.

If a topological space X is the open compact image of a metric space, then every
sequentially quotient and boundary-compact mapping on X is pseudo-sequence-
covering [16, Theorem 3.11]. Using outer bases, Michael and Nagami [34] proved
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that a topological space X is the open compact image of a metric space if and
only if every compact subset K of X is metrizable has a countable neighbourhood
base in X. Let us recall the definitions of sn-networks and outer sn-networks.

Let X be a topological space and A C X. A subset G of X is called a sequential
neighborhood of A in X if any sequence converging to some point of A is eventually
in G.

Definition 4.1. Let X be a topological space and = € X.

(1) A family P, of subsets of X is called a network of z in X, if z € NP, and
for z € U with U open in X, P C U for some P € P,.

(2) A family P, of subsets of X is called a sequential neighbourhood network
(briefly, sn-network) of x in X [17], if the following conditions (a)—(c) hold.

(a) P, is a network of z in X;

(b) every element of P, is a sequential neighborhood of x in X; and

(¢)if U,V € Py, then W C U NV for some W € P,,.

Michael [31] made use of outer networks to investigate images of metric spaces.
Outer bases and outer sn-networks are relevant to outer networks.

Definition 4.2. Let A be a non-empty subset of a topological space X.

(1) Uyea Pz is called an outer sn-network [27] (resp. an outer base [34]) of
A in X, where P, is an sn-network (resp. a neighbourhood base) of z in X for
every = € A.

(2) A family P of subsets of X is called an sn-network [27] (vesp. a neighbour-
hood base [34]) of A in X, if every element of P is a sequential neighbourhood
(resp. a neighbourhood) of every point of A in X and for every open subset V' of
X containing A, there exists a P € P such that P C V.

We have the following lemma about the relation between outer sn-networks
and sn-networks.

Lemma 4.3. [27] Let K be a compact subset of a topological space X. Then K is
metrizable and has a countable sn-network in X if and only if K has a countable
outer sn-network H in X satisfying that every element of H is of the form UNV,
where U is open in X and V is a sequential neighbourhood of K in X.

Lemma 4.4. Let f : X — Y be a sequentially quotient mapping. If y € Y
and Of ~Y(y) has a countable sn-network in X, then the point y has a countable
sn-network in'Y .
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PROOF. Let {V,, : n € N} be a countable sn-network of df~!(y) in X, where
Vi1 C V, for every n € N. We shall show that {f(V},) : n € N} is an sn-network
of yinY.

(4.1) {f(V,) : n € N} is a network of y in Y.

Let U be an open neighbourhood of y in Y. Then f~1(U) > df~'(y) and so
there exists an n € N such that V,, ¢ f~Y(U). Thus y € f(V,,) C U.

(4.2) For every n € N, f(V,,) is a sequential neighbourhood of y in Y.

Assume that f(V;,) is not a sequential neighbourhood of y in Y for some n € N.
Then there exists a sequence {y;} converging to y in Y such that y; & f(V;,) for
every ¢ € N. Since f is a sequentially quotient mapping, there exists a sequence
{z} converging to some point x € X in X such that x, € f~!(y;,) for every
k € N. Then x € 9f 1(y) C V,,. Because V, is a sequential neighbourhood
of x in X, {z} is eventually in V,, and {y;, } is eventually in f(V,). This is a
contradiction. d

Theorem 4.5. Suppose that f: X — Y is a sequentially quotient and boundary-
compact mapping. If every compact subset of X is has a countable sn-network in
X, then f is a pseudo-sequence-covering mapping.

PROOF. Suppose that {y,} converges to yo in Y. Let
Si={yo}U{yn :n e N}, X; = f(S) and g = f|x, : X1 = S1.

Then g is also a sequentially quotient and boundary-compact mapping. Let {V}, :
n € N} be a countable sn-network of the compact set dg~1(yo) in X7, where
Vit1 C V, for every n € N. By Lemma 4.4, {g(V,,) : n € N} is an sn-network
of yo in Sy. For every n € N, there exists an 4,, € N such that g~ (y;) NV, # 0
when ¢ > 7,,. Without loss of generality, we assume that 1 < i,, < i,,41 for every
n € N. For every j € N, pick
9:-6{ F w)), j<i1.; .
I Y y) NV, in <j <ingr.

Let K = dg~!(yo)U{z; : j € N}. Since {V,, : n € N} is an sn-network of 99~ (yp)
in X1, the sequence {z;} is eventually in every neighbourhood of dg~!(yo) in X;.
Since dg~*(yo) is a compact subset of X7, K is also compact of X; by [30, Lemma
8.1]. Obviously, f(K) = Si. So f is a pseudo-sequence-covering mapping. O

Corollary 4.6. [16, Corollary 3.12] Suppose that f : X — Y is a sequentially
quotient and boundary-compact mapping. If X satisfies one of the following con-
ditions, then f is a pseudo-sequence-covering mapping.

(1) X has a point-countable base.
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(2) X is a developable space.

PRrROOF. According to Theorem 4.5, it suffices to show that every compact sub-
set of a space X with a point-countable base or a development has a countable
neighbourhood base in X.

Since X is a space with a point-countable base or a developable space, it
follows from [34, Theorem 1.3] or [48, Theorem 1] that X is a compact-covering
open image of a metric space. Thus, by [34, Theorem 1.2], every compact subset
of X has a countable neighborhood base in X. O

Question 4.7. Is every sequentially quotient and boundary-compact mapping on
first-countable spaces pseudo-sequence-covering?

5. 1-SEQUENCE-COVERING MAPPINGS

In this section, we discuss Question 1.4 and give an affirmative answer to
Question 1.5.

Lemma 5.1. Let f : X — Y be a sequence-covering mapping and y € Y. If
{F; : i € N} is a decreasing network of y in Y and 0f(y) is a non-empty
Lindeldof subset of X. Then there exists a point x, € Of ~*(y) such that if U is a
neighbourhood of z,, in X, F; C f(U) for some i € N.

PROOF. Suppose the conclusion is not true. Then, for every x € df~!(y), there
exists an open neighbourhood U, of z in X such that F; ¢ f(U,) for every ¢ € N.
Since {U, : * € 9f1(y)} covers df~1(y), there exists a countable subfamily
U={U,, :jeN}of {U,:x € df~(y)} covers df ~1(y). For every i,j € N, there
exists a point 2; ; € F; \ f(Uy,;). For every i,j € Nand i > j, let yx = z; j, where
k=j+ # Since {F; : i € N} is a decreasing network of y in Y, the sequence
{yr} converges to y in Y. The mapping f being sequence-covering, there exists a
sequence {uy} converging to some point u € 9f~1(y) in X such that f(uy) = yx
for every k € N. Pick jo € N such that u € Uy, . Thus there exists a ko € N such
that {uy : k > ko} C Us,,. Pick ig > jo such that k = jo + 3= > k. Then
Zigjo = Yk = f(uk) € f(Uz,, ). This is a contradiction. O

Lemma 5.2. [17] Let f : X — Y be a mapping, {B, : n € N} be a decreasing
network of some point x in X and {y;} be a sequence converging to f(x) in Y.
If {y;} is eventually in f(B,) for every n € N, then there is a sequence {x,}
converging to x in X such that x,, € f~(yn) for every n € N.

A topological space X is said to be snf-countable [18], if every point of X has
a countable sn-network. Obviously, every first-countable space is sn f-countable.



BOUNDARY-COMPACT MAPPINGS AND SEQUENCE-COVERING MAPPINGS 1073

Theorem 5.3. Suppose that f : X = Y is a sequence-covering boundary-Lindeldf
mapping, where X is first-countable. Then Y is snf-countable if and only if f is
a 1-sequence-covering mapping.

PROOF. Necessity. Let y € Y and {F; : i € N} be a decreasing sn-network of y in
Y. Without loss of generality, we assume that there exists a non-trivial sequence
converging to y in Y. Thus f~!(y) is not open in X and so df (y) # 0. By
Lemma 5.1, there exists a point € df~1(y) such that if U is a neighbourhood of
zin X, then F; C f(U) for some i € N and so f(U) is a sequential neighbourhood
ofyinY. Let {B, : n € N} be a decreasing neighbourhood base of z in X. Then
f(B,) is a sequential neighbourhood of y in Y for every n € N. By Lemma 5.2,
if {y,} is a sequence converging to y in Y, then there exists a sequence {z,}
converging to z in X with z,, € f~!(y,) for every n € N. So f is l-sequence-
covering.

Sufficiency. Every 1-sequence-covering image on first-countable spaces is sn f-
countable [26]. O

Remark 5.4. (1) Theorem 5.3 improves [16, Theorems 3.3 and 3.9].

(2) Let (M, d) be a metric space and (Y, 7) be a topological space. A mapping
f:(M,d) — (Y,7) is called a m-mapping [37], if y € U € 7, then d(f*(y), M \
f~Y(U)) > 0. Every sequentially quotient and m-image of metric spaces is snf-
countable [10]. Theorem 5.3 implies that every sequence-covering s-m-mapping
on metric spaces is 1-sequence-covering, which was established in [1].

(3) There exists a sequence-covering quotient s-mapping f on a metrizable
space such that f is not 1-sequence-covering [17, Example 3.7]. There exists a
sequence-covering quotient m-mapping f on a metrizable space such that f is not
1-sequence-covering [19, Example 2].

Theorem 5.5. Suppose that f : X — Y is a sequence-covering boundary-compact
mapping, where X is first-countable. Then f is a 1-sequence-covering mapping.

PRrOOF. By Theorem 5.3, it suffices to show that Y is snf-countable. Let y € Y.
Without loss of generality, we assume that there exists a non-trivial sequence
converging to y in Y. Thus df~'(y) # 0. Then there exists a point x,, € 9f~*(y)
such that if U is a neighbourhood of z, in X, f(U) is a sequential neighbourhood
of yinY.

Otherwise, for every x € df~1(y), there exists an open neighbourhood U, of
2 in X such that f(U,) is not a sequential neighbourhood of y in Y. Since {U, :
x € df ' (y)} covers df ~!(y), there exists a finite subfamily U = {U,, : j < n}
of {U, : x € 8f(y)} covers df*(y). For every j < n, since f(U,,) is not a
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sequential neighbourhood of y in Y, there exists a sequence {z; j }ien converging
to y in Y such that z; ; € f(U,,) for every i € N. Now, we construct a sequence
{yx} in Y satisfying y = z;j, where k = j+ (i — 1)n,1 < j < nandi € N.
Obviously, the sequence {yy } converges to y in Y. The mapping f being sequence-
covering, there exists a sequence {u} converging to some point u € df~1(y) in
X such that f(ur) = yx for every k € N. Pick jo < n such that u € Uy, .
Thus there exists a kg € N such that {uy : k > ko} C Us,,- Pick ig € N such
that k = jo + (io — 1)n > ko. Then 2, j, = yx = f(ux) € f(Usy,;, ). This is a
contradiction.

Let {B, : n € N} be a decreasing neighbourhood base of x in X. Then
{f(Bn) : n € N} is an sn-network of y in Y. Hence, Y is snf-countable. O

Lemma 5.6. Let f : X — Y be a sequence-covering mapping, y € Y and K =
Of Yy) #0. If y has a countable sn-network in' Y and K has a countable outer
sn-network in X, then there exist a point x € f~(y) and a countable decreasing
network P, of x in X such that f(P;) is an sn-network of y in'Y.

PROOF. Let P = (J,cx P» be a countable outer sn-network of K in X, where
P is a decreasing sn-network of x in X for every x € K. Suppose {F; : i € N} is
a decreasing sn-network of y in Y. Assume the conclusion is not true. Then, for
every x € Of ~1(y), there exists P, € P, such that F; ¢ f(P,) for every i € N.
Then P’ = {P, : x € K} is a countable cover of K. Write P’ = {U; : j € N}. For
every i, j € N, there exists a point z; ; € F; \ f(U;). For every ¢,j € Nand i > j,
let yx, = 2 ;, where k = j + @ Since {F; : i € N} is a decreasing network of
y in Y, the sequence {y;} converges to y in Y. The mapping f being sequence-
covering, there exists a sequence {u} converging to some point u € df~!(y) in
X such that f(ug) = yi for every k € N. Pick jo € N such that P, = U;,. Thus
Uj, is a sequential neighbourhood of v in X and there exists a kg € N such that
{u, : k > ko} C Uj,. Pick ig > jo such that k = jo + 28=D > k. Then
Zig.jo = Yk = f(ux) € f(Uj,). This is a contradiction. O

Theorem 5.7. Suppose that f : X — Y is a sequence-covering boundary-compact
mapping, where every compact subset of X is metrizable and has a countable sn-
network in X. Then [ is a 1-sequence-covering mapping.

PRrROOF. Let y € Y. Without loss of generality, we assume that there exists a
non-trivial sequence converging to y in Y. Thus f~!(y) # (. By Lemma 4.4,
y has a countable sn-network in Y. By Lemma 4.3, every compact subset of X
has a countable outer sn-network. Lemma 5.6 implies that there exist a point
x € f~1(y) and a countable decreasing network P, of z in X such that f(P,) is
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an sn-network of y in Y. By Lemma 5.2, if {y,} is a sequence converging to y in
Y, then there exists a sequence {z,} converging to z in X with x,, € f~1(y,) for
every n € N. So f is 1-sequence-covering. O

Definition 5.8. [27] Let f : X — Y be a mapping.

(1) f is a I-scc-mapping if for every compact subset K of Y, there exists a
compact subset L of X such that f(L) = K, and for every y € K, there exists
a point € L such that whenever {y,} converges to y in Y, there is a sequence
{x,} converging to = in X with 2,, € f~*(y,) for every n € N.

(2) f is an scc-mapping if for every compact subset K of Y, there exists a
compact subset L of X such that f(L) = K, and whenever {y,} converges to
some point of K in Y, there is a sequence {x,} converging to some point of L in
X with @, € f~1(y,) for every n € N.

Obviously, every 1-scc-mapping is 1-sequence-covering and compact-covering,
and every scc-mapping is sequence-covering and compact-covering. Every
compact-covering open mapping on first-countable spaces is a 1-scc-mapping [27].

Theorem 5.9. Suppose that f : X — Y is an scc-mapping, where X 1is first-
countable. Then f is a 1-sequence-covering mapping.

PROOF. Let K be a compact subset of Y. There exists a compact subset L of
X such that f(L) = K, and whenever {t,} converges to some point of K in Y,
there is a sequence {s,} converging to some point of L in X with s,, € f=1(t,)
for every n € N. Let y € K. Then there exists a point z, € df!(y) N L such
that if U is a neighbourhood of z, in X, f(U) is a sequential neighbourhood of y
inY.

Otherwise, for every € df~!(y) N L, there exists an open neighbourhood
U, of  in X such that f(U,) is not a sequential neighbourhood of y in Y.
Since {U, : x € 9f~(y) N L} covers df ~1(y) N L, there exists a finite subfamily
U=A{U,, :j<n}of {U,:x€df ' (y)NL} covers df ~'(y)N L. For every j < n,
since f(U,;) is not a sequential neighbourhood of y in Y, there exists a sequence
21, %25, - - - converging to y in Y such that z; ; & f(U,,) for every i € N. Now,we
construct a sequence {yx} in Y satisfying y, = z; j, where k = j + (i — 1)n,1 <
j < nandi € N. Obviously, {yr} converges to y € K in Y. The mapping f
being sequence-covering, there exists a sequence {uy} converging to some point
u € df t(y)N L in X such that f(ux) = yi for every k € N. Pick jo < n such
that u € Uy, . Thus there exists a ko € N such that {uy : k > ko} C Uy, . Pick
io € N such that k = jo + (io — 1)n > ko. Then z;, j, = yx = f(ur) € f(Us,,)-
This is a contradiction.



1076 SHOU LIN AND ZHANGYONG CAI

Let {Uy,, : n € N} be a decreasing neighbourhood base of z, in X. Then
{f(Uyn) : n € N} is an sn-network of y in Y. By Lemma 5.2, if {y,} is a
sequence converging to y in Y, then there exists a sequence {z,} converging to
T, in X with z,, € f~(y,) for every n € N. So f is 1-sequence-covering. O

We still do not know whether every scc-mapping on compact spaces is a 1-
sequence-covering mapping or not [27].

Question 5.10. Suppose that f : X — Y is a sequence-covering boundary-
compact mapping. Is f a 1-sequence-covering mapping if X satisfies one of the
following conditions?

(1) Every compact subset of X has a countable sn-network in X.

(2) Every compact subset of X has a countable outer sn-network in X.

(8) X has a compact-countable sn-network.
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