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A STUDY OF PSEUDOBASES

Shou Lin
Department of Mathematics, Ningde Teachers'

College, Ningde, Fujian, CHINA

ABSTRACT. In this paper, we discuss the relation-

ship between pseudobases and k-networks. It 1s
shown that a regular space with a point countable
' pseudobase is an (N -space, and that a regular
space with a 0-hereditarily closure-preserving
( closed ) pseudobase if and only if it either
is an {\,-space or is a G-closed discrete space

which all compact subsets are finite.

All spaces are T1

Let X be a topological space. Acollection
g.) of subsets of X is a pseusobase for X[1] if

whenever K is a compact subset of an open set U
of X, ‘then X PcU for some P e@ . A collection
5) of subsets of X is a k-network for X it

whenever K is a compact subset of an open set U

of X, then K«:U_(P' < U for some finite subcollec-

tion®' of® . In this paper, we discuss the
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relationship between pseudobases and k-networks.
Obviously, a regular space with a countable( G-
Closure-preserving, G-cushioned pair ) pseudobase
ls equivalent to the space with a cduntable(‘G;
Closure-preserving, ¢-cushioned pair ) k-network.
The following question raised: Is a regular space
With a point countéble(G-hereditarilyclosure-
Preserving) pseudobase equivalent to the space
With a point countable(0-hereditarily closure-
preserving) k-network <%

‘We answer this question nagetively by proving
Tthat aregular space with a point countable pseudo-
base. has a countable pseudobase, and that a regular
Space with a 0 -hereditarily closure-preserving

pseudobase has a O'—locally finite k-network.

Theorem 1. A Hausdorff space with a point

Countable pseudabase has a countable pseudobase,

- Proof. Suppose X is a Hausdorff space with

a point countable pseudobase. Let ¢ be a point

countable pseudobase for X. For each xe X, take
y € X-{x]} . Put

3= [X-c1(P) : ye Peccl(P)=Xx-{x], PEP | .
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Then it is a countable family of open subsets of
X, and xe€ 0‘9' . If ze€e X-[x], there exists an open
set V of X such that {z,y] c Vecl(V)c X-{x]}
because X is Hausdroff. Then {(z,y} c Pc V for some
PG@ . So cl(P)éx—{x} and z,y € P. Thus Z¢-09 .
and {x} = ng . Therefore each point of X 1s a
Gg in X. We assert that X is separable. In fact,
take x e X. There exists a countable family

[Vn : ne¢€ N} of open sets of X such that
[x] = ann : nEN}. Let [PESP : X € P] =

{P_ : men]. For each n,meN, if B -V = @, let

an,m=X; if P -V £ @, take a‘n,mer-vn' Put
A = [an,m : n,mé€ NJ D{x}.

Then ¢l1(A) = X. For each open subset G of X, we

can assume that G-{x] # @. Take y€ G-{x}. There '

exists n€ N such that ye€ X~V _. Since {y,x]cVnUG,

{v,x}cP cV UG for some me N. So y€ P -V <G,
and a m € G. Hence X is separable. Now, let

Il,

A=1{x. : ieN}! be a countable dense subset of X.

Put {P’: {PG@ : PNA# ¢ } . The CP' is countable.

For a non-empty compact subset K of an open set



U of X, there exists 1ieé N such fhat xieU. SO
K U {xi] C U. Thus there éxists }?G@ such that

_ o |
KU{x;]CPcU; i.e. PEP and KcPcU. Hence P

is a countable pseudobase for X. This completes

the proof of the theorem.

A regular space with a countable pseudobase
is an ,~space. By Theorem 1, a regular space is
an (\,~space if and only if it has a point coun-
table pseudobase. Since there exists a regular,
non-separable space with a g-locally finite k-
network( for example, a non-separable metric
space ), there exists a regular space with G-
locally finite k-network which has not a point
countable pseudobase. A collectionfg)of subsets
of X is a p-pseudobase for X if whenever K is'a,
compact subset of X-{x1, there exists PEQP such
that Kc Pc X-{x]. Is a regular space with a coun-
table p-pseudobase an §,-space ? Let X be a
regular, countable space which is not an X, space

[1, Example 12.4]. Let X =*(xh : n€ N{. For each

né€N, _.:pu_t Pn = X= {xn}. Thenwan P neE N} 18 a
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countable p-pseudobase.,for X, but X is not an

N ~space.

In the second part of this® paper, we

discuss the spaces with ad6-hereditarily closure-
preserving pseudobase. A collection {P of subsets
of a space X is hereditarily closure-preserving

(HCP) if, whenever a subset €(P)c P is chosen for
each P GEP , the resulting collection G=fC(P) ;PG?}

is closure-preserving. A collection‘g) of subsets

of X is weakly hereditarily closure-preserving
(WHCP) if, whenever a point x(P)e P is chosen for
each PG(P , the resulting set {x(P) : Pjé?} is a
closed discrete subspace of X. A space X 18 §-

compact if every closed discrete subspace of X is

countable.

Lemma 1. An {,-compact space with a (-WHCP
k-network has a countable knetwork.
Proof. Suppose X is an (\,<~compact space with

a 0 -WHCP k-network(p . Let @ = U ?n, where
nen

c: @ ..
(?n - and , 1is WHCP. For each né€ N, put
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s, ={xex : § 1is not point countable at x} .
Then {P-An + P G-C'\Z } 18 countable, and An is a

countable closed discrete subspace of X. In fact,

1t P-A : Pé? i1s not countable, there exists
{Pa : a<u),} such that the (Pa—An) 's are distinct
and non-empty. For each a<u,, take a point xaéPa-
An‘ Since @n is WHCP and X is g§{;-compact, {Xa:8<u).}
1s countable. So there exists an uncountable

subset A of w, and x¢ A such that x_=x for each

aeéeA, a contradiction. Hence {P—-An : Pé@nz 18
countable. If 7={z, € A, : he H} with |H|¢¥,, Since
CPH 1s not point countable at point z,, by well-

ordering principle and transfinite induction we

can obtain a subcollection { P, ¢ hE H} of @n

such that 2y € P, and the P, 's are distinct. Since

h h

C?n is WHCP, Z is a closed discrete subsjace of
X. By the K -compactness of X, A 1is a countable

closed discrete subspace 0f X. Therefore
CS)H' = {P-An : P chn} U { {x] : x€ An] is a coun-

table collection. If X is & compact subset of an
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open set U of X, there exists né N and a finite
subcollection C?n* of C_Pn such that Kc U(j)n* c Ue.

since every closed discrete subspace of a compact

space is. finite, K NA,  is finite. So

ijn** = [P—An ¢ P€ (Pn*} U {[x} : XE€ K(‘lAn} '
is a finite subcollection of Cj)n', and KcC @3*c u.

Hence U @ n' is a countable K-network for X.
- néEN

This completes the proof of the Lemma.

Lemma 2. A s8pace with a 0-WHCP pseudobase
either has a countable pseudobase or is the
space which all compact closed subsets are finite.

Proof. Suppose a space X has a (-WHCH

L

pseudobase. lLet @ = U @hi be a ¢-WHCP pseudo-
- neéN

base for X, where: each ?n is WHCP. If X has not

a countable pseudobase, and X has an infinite
compact closed subset K, then X is not an X-
compact space by Lemma 1, and there exists a

non-closed countable subset C = { X, ¢ né€ N-} C K.

Since X is not (N, ~-compact, there exists a closed

discrete subspace AcX such that |[Aj= 3N, - Then
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|A-K| =, because KN A is finite. Let

A-K = { X, a<w,le. For each a<uw,, let Va-—-X—{xb:a
# b<u),}, then v, is an open set of X and

K U{x_ ] cV_: So there exists n(a) e N and pE n(a)
such that R U {xa} cP cV,_. Thus there exists an

uncountable subset /A of &, and me N such that

n(a) = m when a€/l . Since x_€ P < X-{x,} when

a # b, the P_'s are distinct. So {P_ ca€flfis

d

WHCP. Now, by {xn : ne€ N} - ﬂ {Pa’ : aeA} , there

exists mutually distinct ané/\ such that x eP_
n

for each n€ N. Hence C ={ x_ : né€ Nf is closed,

a contradiction. Therefore X either has a coun-
table pseudobase or is a space which all compact
closed subsets are finite. This completes the

proof of the ILemma.

A space X has R-tightness if for each AcX
with xecl(A), there exists Hc A with lHléR, and
x € c1(H).

Corollary, If a space with a 0-WHCP pseudo-

base has (,-tightness, then it either has a
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countable pseudobase or is a (J-closed discrete
space which all compact closed supgets are
finite.

Proof. Suppose a space X with a G-WHCP

pseudobase has M ~tightness. Let @= U (Pn be a
neN

0-WHCP pseudobase for X, where each ?n 18 WHCP.
We can assume that X has not countable pseudo-
base. Then for each x¢€ X, (P is not point coun-
table at x. In fact, suppose @ is point coun-
table at x for some xe€ X. Since X has not a coun-
table pseudobase, X is-not an {,-compact space

by Lemma 1. There exists.a closed discrete sub-

space {xa : a<w,} c X-{x]. For each a<w,, put

V, = X~ {xb . afb<w,| . Then Va is an open subset '
of X and {x,xa}c V. So {xx}c P cV, for some
P GCP . Hence the P 's are distinct, and X € P
for each a<«), a contradiction. Therefore @ 1s

not point countable at each X € X.

For each né& N, put

_ Xn = [x € X : Cpn is not point countable at x} .
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Then X = U X . We will show that each X 1is8 a
neN 1 I

- closed discrete subspace of X; i.e. if A cX ,

then A is closed in X. Since X has 's\(,—rtightness,

it is sufficient to show that each subset A of Xn

with |Al¢§, is closed discrete in X. We can

assume that A = {x_ : a <¢J,'}. By transfinite

cl

induction, we can obtain a subcollection fPa:aw).}
: . 4

of @n such that X, € Pa- and the Pa s are distinct.

Since @n is WHCP, A is closed discrete 1n X.

Hence eaéh Xn is a closed discrete subspace of X.

According to Lemma 2, all compact.subsets of X

are finPte. This completes the proof of the

Corollary.

A.collection g) of subsets of a space X 1s
a (modk)-network for X if there exists a covering
% of X by compact sets suck that, whenever KcU
with KGK and U open in X, then K CPCU for some
PG@ . A space with a ¢-locally finite closed
(mog l{)-ne‘twork is called a strong " -space. A space

(X,'L‘) 1s a ﬂ—space if there is a. function g:NxX->T[
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such that (1) xeg(n,x); (2) if x (—g(n,xn), then
the set {xn : n€ N} has a cluster point in X.

Obviously,. -spaces are strong § -spaces, and
stroﬁg 2, —8paces are p-spaces.

Lemma 3. Suppose X is a space which all
compact subsets are finite. Then X is a O0-closed
discrete space if it satisfies any one of the
following: '

(a) X is a strong £ -space.
(b) X is a regular [f-space which each point is
a Gg in X.

Proof. (a) Suppose a space X is a strong J.-

' space'which-all compact subsets are finite. Let

Cj) = U .(P‘n be a 6-locally finite closed (modk) -
neN '

network for X with respect to a covering 7'{, of X

by non-empty compact sets, Where each @n 1s a

locally finite family of closed subsets of X. We

can assume that @ is closed under finite inter-

sections. For a KG}O , Let @(K)={P€§) : KCP.} .
Then ~@-(K) is countable. 5o 'O(K)--:{Pi: 1€ N} ’

and put K = in P;. Then KcX € (JD(K). We assert

91



that there exists ne N such that K, is I inite. In
fact, if each K, is infinite, then there exists

a subset A,={x_ : neNJcX-K such that x ek -k

1771

and X, 1€ Kpyq X U(x1 yXor e c 9 Xp | ~ because K is

finite. If cl(A)NK = ¢, there exists P, € @(K)

such that K ¢ P,c X-cl (A). So X;€K, © P, X- (Xi] ’y

a contradiction. Thus (cl(A)-A)(N1 K = cl(A)NK#P.
Take x€ (c1(A)-A) NK. Since X is finite, there
exist open sets V,U of X such that x e V,kK-{x]cU

and VAU = @. There exists a subsequence (x ]} of
. ng

{Xn} such that {xn : ie N} cV because x is a
$ | N

cluster point of {xn}. For an open neighbourhood

G of x.in X, since Kc (VNG) UU, there exists
P € P(x) such that ke K <P c(VAG) UU. So

X K. ANVCK NVceG when i2 m. This proves
B S . ‘ o

that the sequence {x ]} converges to x. Hence
i -

{x{ U {Xn. :ie N } is an infinite.compact subset
5 - _ _

of X, a contradiction. Therefore there exists
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neN such that Kn is finite.

For each n €N, put

‘;n = {P G@n : P is finite ]

{{xa 19X, 200" ’Xa,n(a)l . ac€ AI;].

Then U ? is a ¢-locally finite (modk)-

neN
network for X. So X = U ( U ?) For each
né N
n,m € N, put Mn,m = {xa,m : a€ An] - Then Mn m LS

a closed discrete subspace of X, and X = LJ M
n, meN

Hence X is a 0-closed discrete space.
(b) Suppose a regular space (X,T) is a f?-
space which all compact subsets are finite, and

whieh each point is a Gg in X. Then there exists

a function g:Nx X-»T such that
(1) xe g(n+1,x) ccl(g(n+1,x)) cg(n,x);
(2) () g(n,x) = {x];

nenN

(3) if x € g(n,xn) , the seguence {xn] has a

cluster point in X.

For each ne N, put Xn = { xeX @ X€ () (X-g(n,z))
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Thus
{y} ,» if yeX
g(n,y)NX =
g, if yeX

SO Xh is a closed discrete subspace of X. We will

show that X = U Xn.. If X- U Xn £ @, take
néeN nexN

X € X~ U X . For each ne N, there exists x_#Xx,
neN - - =

such that x € g(n,xn) because x ¢ Xn. If { xn:né— N}

is finite, there exists a subsequence {xn} of
i

[xn]‘ such that .xni=§cn1 for each 1€ N. 5ince

eli,x, ), x¢ (N g(i,x, ),

X € g.("_l_li..xn ) Cg(i’xn ) 1 1€ N 1

1 i

i.e. x = X, 5 & contradiction. Thus [xn : n€ N}

is infinite. We can assume that the xn's are

distinct. Let g be a cluster point of {xn}in X.
Then there exists a subsequence {xn } of{xn] such
B |

that x_ ¢ g(i,q) for each i€ N. Put

F = cl(xn_ i n] , then 0 cg(n,q). Since
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x € g(i,x, ), the sequence {x_ ] has a cluster
S U N

point in X. So @ # (1 F_<cfq]; i.e. q is a unique
- néN

cluster point of{xn } in X._And since every
1

1 has a cluster point in X,

subsequence of {x

Il

the sequence fxni converges to q. Hence
i

{xh :iéN}\){q] is an infinite compact subset of
1

X, a contradiction. Therefore X = lJ Xn’ and X
ne N

is a 0-closed discrete space. This completes the

proof of the Lemma.

 Theorem 2. The following are equivalent for

alregular_space X:

(a) X is a space with a 0-HCP closed pseudobase.

(b) X is a space with a O0-HCP pseudobase.

(c) X is an (,-space, or a O0-closed discrete
space which éll compact subspaces are finite.

proof. (a)=y(b) is obvious. If X is a regular

space with a 0-HCP pseudobase, then X has a 0-

closure-preserving net. So X is a O -space. By
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Lemma 2 and Lemma %, (c¢) holds. If X is an N4
space, then X has a 0-HCP closed pseudobase. If
X is a 0-closed discrete space which all compact

subsets are finite, let X = L) Xh, where each
neN

X, is a closed discrete subspace of X. For each
n EN, PutCPn = {PC U .Xi : lPlén}‘.

_ isn _
Then CEL_is a HCP family of closed subsets of X.

Since all compact subsets of X are finite, Lﬁ?g
' ney -

is a 0-HCP closed pseudobase for X. (a) holds.

Aregular space with a ¢=locally finite k-
network is called ang-space.

Corollary. A regulary space with a O0-HCP
pseudobase is an \\ -space.

Let X be a non—séparable'metric space.'Then
7z =[0,1] ® X 1is an (\'-space, but it hasnot a ¢-

HCP pseudobase by Lemma 2.

- Example. There exists a regular space X
with a closure-preserving (modk)-network such

that all compact subsets of X are finite. But
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X has not a 0-WHCP k-network.
Prcof. Let X ={p] U {x, : a<w.}, where
Pgix, : a<w] We define the topology for X as

follows: a subset V of X is open if and only if

X-V either is countable or includes p. Then we

can easily see that X is a regular, Hausdorff

space. Put Cp = {{p,xa] : a<w,}. Then @ 18 a

closure-preserving closed cover of X because any
subset of X missing p is open. Thusép is a
closure-preserving (modk)-network for X with
respect to the covering (:P of X by compact sets.
If K is an infinite subset of X, put F = K-{[pl.
Then {X~-F} U {{x]‘: X & F} is an open cover o1 K
which has not any’ finite subcover of K. So all
compact subsets of X are finite.Since X 1S

ILindeldf, X has not s 0-WHCP k-network by Lemma 1.
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