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1. Introduction

Partial metric spaces were introduced and investigated by S. Matthews in [10] (also see [3]). In the
past years, partial metric spaces had aroused popular attentions and many interesting results are obtained
(for example, see [1,2,6,7,9,11]). It is well known that every metric space has a unique completion in the
classical sense [5]. But, we do not know if there are similar completion theorems for partial metric spaces. In
their paper [8], R. Kopperman, S. Matthews and H. Pajoohesh investigated some notions of completion of
partial metric spaces, including the bicompletion, the Smyth completion, and a new “spherical completion”.
However, completion problem in the classical sense for partial metric spaces is still open. Indeed, it is the
most difference from metric that self-distances of some points in partial metric spaces may not be zero, and
then y € B(z,¢) and = € B(y,€) are not equivalent in general for “ball-neighborhoods” B(z,¢) and B(y, ),
which generates many difficulties in investigating partial metric spaces by metric methods.
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In this paper, we introduce symmetrically dense subsets of partial metric spaces to prove the existence
and uniqueness theorems in the classical sense for completions of partial metric spaces.

Throughout this paper, N and R* denote the set of all natural numbers and the set of all nonnegative
real numbers, respectively.

2. Preliminaries

Definition 1 (/3/). Let X be a non-empty set. A mapping p : X x X — R* is called a partial metric and
(X, p) is called a partial metric space if the following are satisfied for all z,y,z € X.

(1) z =y <= p(z,z) =p(y,y) = p(z,y).
(2) p(z,y) = ply, z).

(3) p(z,z) < p(z,y).

(4) p(z,2) <p(z,y) +py,2) — p(y, y).

Remark 1. Let (X,p) be a partial metric space, x € X and € > 0. Put B(x,¢e) = {y € X : p(z,y) <
p(z,z) + ¢} and put B = {B(z,¢) : © € X and £ > 0}. Then & is a base for some topology 7 on X ([3]).
In this paper, the partial metric space (X, p) is always a topological space (X, 7).

Definition 2 (/3/). Let (X, p) be a partial metric space.

(1) A sequence {x,} in X is called to be a Cauchy sequence if there is r € R* such that
limy, m—soo P(Tn, Tm) = 7

(2) A sequence {z,} in X is called to converge in (X,p) if there is z € X such that p(z,z) =
lim,, s 00 P(2, ) = limy 00 P(Tn, Tn)-

(3) (X,p) is called to be complete if every Cauchy sequence in X converges in (X, p).

Remark 2. Let (X,p) be a partial metric space. In this paper, a convergent sequence {z,} in X always
means that {z,} converges in (X, p), which is different from that {z,} converges in (X, 7). It is also worth
noting that if {z,} converges to = in (X, p), then {z,} converges to = in (X, ), but the other direction
only yields p(x,x) = lim,, 0 p(x, 2,,) and limsup,,_, o p(zn, xn) < p(z, ).

The following two definitions adopt the descriptions on “isometry” and “dense” for metric case in [5],
respectively.

Definition 3. Let (X, p) and (Y, q) be partial metric spaces. A mapping f : X — Y is called to be an
isometry if ¢(f(z), f(2')) = p(x,2’) for all z,2' € X.

Definition 4. Let (X,p) be a partial metric space. A complete partial metric space (X*,p*) is called a
completion of (X, p) if there is an isometry f : X — X* such that f(X) is dense in (X*,p*).

“Sequentially dense” in topological spaces was introduced by S. Davis in [4], we introduce “sequentially
dense” in partial metric spaces as follows.

Definition 5. Let (X, p) be a partial metric space and Y be a subset of X.

(1) Y is called to be sequentially dense in X if for any « € X there is a sequence in Y converging to x.
(2) Y is called to be symmetrically dense in X if for any € X and any € > 0, there is y € Y such that
y € B(x,¢) and = € B(y,¢).
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Remark 3. It is clear that symmetrically dense and dense are equivalent in metric spaces and symmetrically
dense implies dense in partial metric spaces.

Now we give some lemmas for following sections.
Lemma 1. Let (X, p) be a partial metric space.
1) If {z,} is a convergent sequence in X, then {x,} is a Cauchy sequence.
2) If {zy,} is a Cauchy sequence in X and has a convergent subsequence {xy,}, then {x,} converges.

(1)

(2)

(3) If {zn} is a sequence in X converging to both x and y, then x =y.

(4) If {zn} and {yn} are Cauchy sequences in X, then limy, oo p(Tn,Yn) exists.
(5)

5) If{xn} and {yn} are sequences in X converging to x andy respectively, then limy, oo p(n,yn) = p(x,y).

Proof. (1) Let {z,} be a sequence in X converging to x. Then p(z,z) = lim, oo p(x,z,) =
limy, oo p(@n, Tn). For n,m € N, p(zp,zm) < p(Tn,z) + p(x,2m) — plx,x) and p(x,z) < p(z,z,) +
D(Tny Tm) +D(Tims ) — P(Xn, Tn) — P(Tpn, T ). Let n,m — 00. Then p(x, ) < limy, m—oo P(Tn, Tm) < p(z, ).
So limy, ;m—s00 P(Tn, Tm) = p(z, ), and then {z,} is a Cauchy sequence.

(2) Let {x,,} be a Cauchy sequence in X and have a convergent subsequence {z,, }. Then there is z € X
such that p(x, ) = lim; 00 P(x, Zp, ) = lim; 00 P(Tn,, Tn,). Since {z,} is a Cauchy sequence, there is r € R*
such that lim,, ;00 P(@n, Tm) = 7. It is clear that p(x,z) = r. Note that p(x,, z) < p(zn, xn,) +P(@n,, ) —
D(Th,;, Tn,) and p(zn,, ) < p(Tn,;, Tn) +0(Xn, ©) —p(Tpy Tn). SO Py, ) —p(Tny, o) FP(Xny ) < P(X, ) <
P(Tp, Tn, )+P(Tny, ) —D(Tp,, Tn, ). Let ny i — oo, Then p(a, 2)—r+r < limy, oo p(2n, ) < r+p(z, 2)—p(z, ).
It follows that p(z,z) = lim, o p(z, ) = limy, 00 P(20, 25 ). So {z,} converges.

(3) Let the sequence {z,} in X converge to both z and y. Then p(z,z) = lim, . p(z,x,) =
limy, 00 P(Tn, 2n) and p(y,y) = limy, o0 p(y, Tn) = limy, 00 p(Tn, ). So p(z,x) = p(y,y). Since p(x,y) <
p(z,2n) + p(Tn,y) — p(Tn, zn). Let n — oo. Then p(z,y) < p(z,z) + p(y,y) — p(y,y) = p(z,z). Since
(T, Tn) < p(xn, z) + p(z,y) + p(y, x0) — p(x, ) — p(y,y). Let n — oo. Then p(x,x) < p(z,z) + p(z,y) +
p(z,x) — p(z,x) — p(y,y) = p(z,y). It follows that p(z,z) = p(y,y) = p(z,y). So = = y.

(4) Let {z,} and {y,} be Cauchy sequences in X. Then there are r,¢t € R* such that
Uiy, 100 P(Tns Tm) = 7 and limy, m—soo P(Yn, Ym) = t. It suffices to prove that {p(z,,y,)} is a Cauchy
sequence in R. For n,m € N, we have p(@,, yn) < p(Tn, Tm) +0(Tm, Ym) +PYms Yn) — P(@ms Ten) — D(Yims Yim)
and p(Tm,Ym) < P(Tm,Tn) + P(TnsYn) + PUns Ym) — P(Tns Tn) — P(Yn, yn)- 1t follows that p(z,,z,) +
PWn:Yn) = P(@m, @) = P(Yn, Ym) < P(Tn,Yn) = P(@m, Ym) < (T, Tm) + PYms Yn) = P(Tms Tm) = P(Yms Ym)-
Let n,m — oo. Then r + ¢t —r —t < limy moco®@(@n,¥n) — P(@m,ym)) < 7+t —1r — 1. So
limy, m—oo [P(@n, Yn) — P(Tm, Ym)| = 0. This has proved that {p(z,,y,)} is a Cauchy sequences in R.

(5) Let {z,} and {y,} be sequences in (X,p) converging to = and y respectively. Then p(z,z) =
limy, 00 p(x, ©p) = limy—yoo P(Xn, ,) and p(y,y) = lim,— oo P(Y, Yn) = limy—yoo P(Yn, yn). For n € N, we
have p(zy, yn) < p(Tn, ) + (@, y) +p(y, yn) —p(x,2) —p(y,y) and p(x,y) < p(x, Tn) +p(Tn, Yn) +P(Yn, y) —
(T, Tn) — P(Yn, Yn)- Let n — co. Then limy, 00 p(2n, yn) < p(x, 2) + p(z,y) + p(y,y) — p(z,2) — p(y,y) =
p(z,y) and p(z,y) < p(z,z) + limy, oo p(Tn, yn) + p(y,y) — p(x,2) — p(y,y) = limy_oo P(Tn, Yn). SO
limp, o0 (20, yn) = p(z,y). O

Lemma 2. Let f : X — Y be an isometry, where (X, p) and (Y, q) are partial metric spaces. If {x,} is a
sequence in X converging to x, then {f(z,)} is a sequence in'Y converging to f(x).

Proof. Let {x,} be a sequence in X converging to x. Then p(z,z) = lim, oo p(2, ) = limy 00 D(Tp, Tp)-
Since f : X — Y is an isometry, Q(f(x)vf(x)) = limy, o0 q(f(x)vf(xn)) = limy, o0 q(f(xn)af(xn)) So
{f(xn)} converges to f(z). O
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Lemma 3. Let (X, p) be a partial metric space and Y be a subset of X. Then the following are equivalent.

(1) Y is sequentially dense in X.
(2) Y is symmetrically dense in X.

Proof. (1) = (2): Let Y be sequentially dense in X and x € X. Then there is a sequence {z,} in ¥
converges to x, i.e., p(x,z) = lim, o p(x, Zn) = limy, 00 P(@y, ). For any € > 0, there is k € N such that
for all n > k, |p(z,z,) — p(z,z)| < /2 and |p(zy,x,) — p(z,x)| < £/2, hence p(z,z,) < p(z,z) + /2 <
p(z,z) + € and p(x,x,) < p(x,z) + /2 < p(Tn,xn) + /2 +€/2 = p(xn,x,) + €. Pick ng > k and put
Yy =1=xp, €Y. Then y € B(z,¢e) and € B(y,e). So Y is symmetrically dense in X.

(2) = (1): Let Y be symmetrically dense in X and « € X. Then, for each n € N, there is z,, € Y such that
Zn € B(z,1/n)and z € B(zy,1/n), ie, p(x,z,) < p(z,z)+1/nand p(x, x,) < p(zn, x,)+1/n. It suffices to
prove that the sequence {x,} converges to z. Indeed, p(z,z) < p(x,z,) < p(z,z)+ 1/n for each n € N. Let
n — oo. Then lim, o p(x, z,) = p(z,z). On the other hand, p(x, z,) < p(@n, ) + 1/n < p(x, z,) + 1/n.
Let n — oo. Then lim,, oo p(@n, ) = p(x, x). So the sequence {z,} converges to z. O

Lemma 4. Let (X,p) be a partial metric space and'Y be symmetrically dense in X such that every Cauchy
sequence in' Y converges in X. Then (X,p) is complete.

Proof. Let {x,} be a Cauchy sequence in X. Then there is » € R* such that lim,, ;,— o0 p(Zp, Zm) = 7. For
each i € N, there is n; € Nsuch that r—1/i < p(xp, xm) < r+1/i for all n,m > n;. Without loss of generality,
we assume nq < ng < --- < n; < ---. Since Y is symmetrically dense in X, for each ¢ € N, there is y; € Y such
that y; € B(xn,,1/i) and z,, € B(y;,1/1), i.e., p(Tn;, ¥i) < p(Tn;, xn;) +1/1 and p(zy,, v:) < p(yi, yi) + 1/i.
We claim that the sequence {y;} is a Cauchy sequence in Y. In fact, for any € > 0, pick k£ € N such that 1/k <
/3.1t i, > k, then p(yi, yj) < p(Yir Tn,) +P(Tnss Tny) +0(Tn;, Y5) —P(Tnys Ty ) =P (@, Tny) < T43/k <rte.
On the other hand, r — 1/k < p(zn,,n;) < p(Tn,,vi) + pWisys) + W, Tn,) — P, vi) — p(ys,y5) <
p(Yi,y;)+2/k. Sor—3/k < p(yi,y;),i.e., r—e < p(ys, y;). This has proved that lim; j_, p(vs, y;) = r. So {y;}
is a Cauchy sequence in Y. Since every Cauchy sequence in Y converges in X, {y;} converges in X i.e., there
is € X such that p(z,z) = lim;_ e p(2, ;) = lim; o0 p(ys, yi)- It is clear that p(x,z) = r. For each i € N,
p(@, @n,) < P2, ¥i) + P(Yis Tn,) = P(Yis yi) < pla, yi) +1/i and p(z,y:) < p(@, Tn,) +p(@n,, Yi) = P(Tn,, Tn,) <
p(x, Tn,;) + 1/1, so p(z,y;) — 1/i < p(z,zy,) < p(x,y;) + 1/i. Let i — oo. Then lim;_, o p(z, Tn,) = p(z, ).
On the other hand, lim;_, oo p(Zp,, 2pn,) = r = p(x,x). So {z,,} converges. By Lemma 1(2), {z,,} converges.
This has proved that (X, p) is complete. O

3. The existence

In this section, we give the existence theorem of completions for partial metric spaces, which is proved
by six facts.

Theorem 1. Fvery partial metric space has a completion.
Let (X, p) be a partial metric space. Put
A = {{z,} : {zn} is a Cauchy sequence in (X, p)}.

We define a relation ~ on ¢ as follows: for {z,}, {yn} € A, {0} ~ {yn} = lim,oo p(zp,x,) =

Fact 1. The relation ~ is an equivalent relation.
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Proof. It is clear that the relation ~ satisfies reflexivity and symmetry. It suffices to prove the relation
~ satisfies transitivity. If {z,} ~ {yn} and {y,} ~ {z.}, then lim, o p(Zpn, Tn) = limy—s o0 D(Yn, Yn) =
Hmy, o0 (@0, yn) and limy oo D(Yn, Yn) = limpsoo P(2n,2n) = limy—oo P(Yn, 2n). It follows that
Hmy, s 00 P(@n, ) = limy s 00 P(20, 20 ). Since p(n, 2n) < P(Xny Yn) D Yns 20) =P (Yns Yn )y My 00 P(Xn, 25) <
Hmy, s 00 (P(Xny Yn) + P(Yn, 2n) — P(Un, yn)), and then limy, oo p(2n, 2n) < limyy oo p(Tp, yn). Similarly,
Hmy, s 00 P(@n, Yn) < limy o0 P(Tn, 2n). Thus, img, oo p(@0, Yn) = limy, oo p(Tn, 2, ). This has proved that

lim;, 00 p(fnvfn) = lim, 0 p(Zm Zn) = lim,, 0 P(xm Zn) So {xn} ~ {Zn} O

Let X* be the set of all equivalence classes in & for ~: X* = {[{z,}] : {zn} € H#}. Define p* :
X* x X* — R* as follows: for [{z,}], [{yn}] € X*, p*({xn}], {yn}]) = limn—eo P(Tn, Yn)-

Fact 2. p* is well-defined.

Proof. For {z,},{yn} € A, limy 00 P(@n,yn) exists from Lemma 1(4). In addition, let {z,},{yn}, {z),},
{y,,} € A such that {x,} ~ {z),} and {y,} ~ {y,,}. Then lim, oo p(Tpn,xs) = lim, oo p(x),,z))

hmn—>oop(xn7x%) and hmn—)oop(ynayn) = hmn—)oop(y;uy;) = hmn—mop(ynay;)' Since p(xrnyn) <

p(xn,2h) + (@, yn) + PWnsyn) — p(@5,2%) — P, ¥n), liMnseo (@0, Yn) < limpooo(p(@n, 27,) +
p(h,yn) + 2 yn) — D@7, 27,) — p(Yn,yr)), and then limy, o p(Tn, yn) < limy, o0 p(a),,y;,). Similarly,
limy, 00 p(2), 40) < limy 00 P(@n, Yn)- SO limy, 00 (X0, Yn) = limy, 00 p(2),, yl,). Consequently, p* is well-
defined. O

Fact 3. p* is a partial metric on X*.

Proof. The fact is proved by the following (1) ~ (4).

(1) Let [{zn}l [{yn}] € X*. Clearly, if {zn}] = [{yn}], then p*([{zn}], {zn}]) = p"({ynl], {un})) =
P ({zn}], {yn}]). Conversely, if p*({zn}],{zn}]) = p"({un}l {yn}]) = p*({zn}], [{yn}]), then
Hmy, s 00 P(@n, ) = My 00 DYy Yn) = limp 00 P(Tny Yn), 80 {Zn}t ~ {yn}, and then [{z,}] = [{yn}]-

(@) Let [{zal), {on}] € X* Then p*([{adl [{pnH) = linnsoo plonstn) = littnsoo plyns 2n) =
P ({yn}], {zn}])-

(3) Let [{zn}],[{yn}] € X*. Then p*({zn}],{zn}]) = limpsoo p(wn, 2n) < limnoo p(an,yn) =
P ({zn ] un}))-

(4) Let [{zn}], {yn}], [{z}] € X*. Then p*({azn}]; [{2n}]) = limn oo p(@n, 2n) < limp oo (pP(2n, yn) +
PUns 2n) = P(Yn,Yn)) = My oo P(Tn, Yn) + My 00 D(Yn, 2n) — My 00 D(Yn, yn) = P ({zn}], {yn}]) +

P ({yn}l {2 ) — " ({yn 3] Hun})). O

*

For each # € X, let 2* be the equivalence classes of the constant sequence {z,z,---,}, i.e., z* =
[{z,z,---}] € X*. Define f: X — X* by f(z) = z*.

Fact 4. f is an isometry from (X, p) into (X*, p*).

Proof. Let z,y € X. Then p*(f(x), f(y)) = p*(z*,y*) = lim, 0o p(x,y) = p(z,y). So f is an isometry from
(X,p) into (X*,p*). O

Fact 5. f(X) is symmetrically dense in X*, and then f(X) is dense in X* from Remark 3.

Proof. Let [{z,}] € X* and ¢ > 0. It suffices to prove that there is * € f(X) such that z* € B([{z,}],¢)
and [{z,}] € B(z*,¢). Since {z, } is a Cauchy sequence, there is r € R* such that lim,, ;—co D(Tn, Tm) = 7.
It follows that there is ng € N such that r—¢/3 < p(xp, y) < r+e/3 for all n,m > ng. Especially, r—¢/3 <
p(Tn,xn) <r+e/3and r—e/3 < p(zn,Tn,) <r+e/3 forall n > ng. Hence, r —e/3 < limy, 00 p(Tn, Tpn) <
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r+e/3, r—e/3 <limy_yoo P(XTn, Tny) < T +e/3 and r — /3 < p(xny, Tn,) < 1+ €/3. Write x = x,,,, then
z* € f(X) C X*. Thus, r —¢/3 < p*({zn}], {zn}]) < r+¢/3, r—¢/3 < p*({zn}],z*) < r+¢/3 and
r—e/3 < p*(x*,z*) < r+e/3. Consequently, p*([{z,}],2*) <r+e/3 =r—c/3+2¢/3 < p*([{zn}], [{zn}])+
2e/3 < p*({zn}], [{zn}])+e and p* ({zn}], 2*) < r+e/3 = r—e/342¢/3 < p*(a*,2*)+2¢/3 < p*(a*, z*)+e.
So z* € B([{zn}],¢) and [{z,}] € B(z*,¢). O

Fact 6. (X*,p*) is complete.

Proof. Let {z}} be a Cauchy sequence in f(X), where = = [{xn,2n, --}]. Then there is r € R* such

that lim,, m—e0 p*(z),2k,) = 7. By Fact 5 and Lemma 4, it suffices to prove that {z}} converges in
(X*,p*). By Fact 4, f is an isometry. So, for n,m € N, p(xn,zm) = p*(f(zn), f(xm)) = p*(ak, z3).

So limy, m—soo P(Tn, Tr,) = UMy, m—eo p*(z), x),) = r, and then {z,} is a Cauchy sequence in X. Write
T = [{xn}] € X*. Then p*(Z,%) = limy m—soo D(Tn,xn) = 7 = lim, 00 p*(z}, x). On the other hand,
for each n € N, p*(z¥,2) = limg_oo (@, 2x). S0 limy, oo p™ (2, Z) = limy, oo (limpyoo p(Tn, 2x)) =

limy, o0 P(Tn, k) = r = p*(Z, Z). This has proved that {z}} converges. So (X*,p*) is complete. O
4. The uniqueness

In this section, we give a uniqueness theorem of completions for partial metric spaces.

Proposition 1. Let (X*,p) and (Y*,q) are two complete partial metric spaces, X and Y be symmetrically
dense subsets of X* and Y™ respectively. If h : X — Y is an isometry, then there is a unique isometry
extension f: X* — Y™, which is an extension of h.

Proof. Let h : X — Y be an isometry. By Lemma 3, for each € X*, there is a sequence {z,} in X
converging to x. By Lemma 1(1), {z,} is a Cauchy sequence in X, so lim,, ,n— oo D(Zn, Tm) = p(z, ). Since
h: X — Y is an isometry, limy, oo ¢(A(2y), M(Tm)) = limy, 0o D(Zn, Tm) = p(x,x), hence {h(z,)} is
a Cauchy sequence in Y*. By the completeness of Y*, {h(z,)} converges to some y € Y*. Put f(z) = y.
Thus, we have defined f : X* — Y™*. We complete the proof the proposition by the following four claims.

Claim 1. f is well defined.

Let {z,} and {a},} are sequences in X converging to z. Then p(z,z) = lim,,.p(z,x,) =
lmy, 00 P(@n, 2p) and p(x, x) = limy, o0 p(x, 2,) = lim,, o p(2,, ). Similar to discussion on the above,
there are y,y’ € Y* such that {h(z,)} and {h(z],)} converge y and y’ in Y* respectively. Thus, ¢(y,y) =
lmy, m—oo ¢(h(2n), h(xn)) = limy oo D(Tn, zn) = plz,z) and ¢y, y") = limy, mooo q(h(x)), h(z),)) =
limy,, 00 p(,, 2) = p(z,2). On the other hand, by Lemma 1(5), ¢(y,y’) = limy m—oo ¢(h(xn), h(z))) =

lim,, 00 p(@n, 21) = p(z,z). So q(y,y) = q(v', ') = q(y,v’). It follows that y = y’. This has proved that f
is well defined.

Claim 2. f is an extension of h.
It is clear.
Claim 3. f is an isometry.

Let z,2’ € X*. Then there is sequences {z,} and {z]} in X converging to = and z’ respec-

tively. For n € N, q(f(2), f(2')) < q(f(2), f(zn)) + a(f(2n), f(27,)) + q(f(2y,), f(@) — a(f(2n), f(20)) —
q(f(z)), f(21)) and p(z,z') < p(x,x,) + p(xn, z)) + p(),,2") — p(Tn, xn) — p(x), z),). Let n — oo. Then
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q(f(2), f(2") < limposoo q(f(zn), f(27)) = limneo q(h(zn), h(27)) = limp—o0 p(zn, 27,) = p(z,2’) and
p(@, @) < limy o0 p(@n, 27,) = limn o0 g(h(2n), h(27,)) = 1m0 g(f(2n), f(27,)) = q(f(2), f(2)). Tt fol-
lows that ¢(f(x), f(2")) = p(z,2’). So f is an isometry.

Claim 4. Let g : X* — Y™ is an isometry, which is an extension of h. Then f = g.

Let © € X*. Then there is a sequence {z,} in X converging to z. By Lemma 2, {g(x,)} converges to
g(x), i.e., {h(x,)} converges to g(x). Since {h(x,)} converges to f(z). By Lemma 1(3), f(x) = g(x). This
has proved that f =g. O

Theorem 2. The completion of a partial metric space (X,p) is unique with respect to isometry under sym-
metrical denseness. More precisely, if (X5,pt) and (X3,p5) are two completions of (X, p), then there is a
unique subjective isometry f : X{ — X5 such that ffi = fo, where f1: X — X7 and fo: X — X3 are
isometries, f1(X) and fo(X) symmetrically dense in X7 and X3 respectively.

Proof. Since f; is an isometry, f; is 1-1. Thus f; ' : fi(X) — X is a subjective isometry. Since fo :
X — f(X) is a surjective isometry, fof; ' : f1(X) — fo(X) is a surjective isometry. Put h = fofy ' Tt
is clear that hfi = fo : X — X3. By Proposition 1, there is a unique isometry f : X7 — X3, which
is an extension of h. For each z € X, ffi(z) = f(fi(z)) = hfi(z) = fa(x), and then ff1 = fa. Similarly,
there is a unique isometry g : X5 — X7 such that gfy = f1. It follows that (gf)f1 = g(ff1) = gfo = f1
and (fg)fe = f(gf2) = ffi = fa. Therefore gf restricting on f1(X) and fg restricting on fo(X) are
identical mappings. Since f1(X) and f2(X) symmetrically dense in X7 and X respectively, gf and fg are
identical mappings on X; and X3 respectively by Proposition 1, and then f = g~!. This has proved that
f: X7 — X is a unique subjective isometry such that ff1 = fo. O

5. Conclusion

Let (X, p) be a partial metric space. The proof of Theorem 1 constructs a completion of (X, p) in which
(X,p) is not only dense but also symmetrically dense. On the other hand, Theorem 2 gives a uniqueness
theorem for the completion of partial metric spaces with respect to isometry under symmetrical denseness.
However, we do not know whenever there exists a completion of (X, p) in which (X,p) is dense, but not
symmetrically dense. So the following question is worthy to be considered.

Question 1. For a partial metric space (X, p), can one construct a completion in which (X, p) is dense, but
not symmetrically dense?

Acknowledgement

The authors wish to thank the reviewer for reviewing this paper and offering many valuable comments
and suggestions.

This Project is supported by the National Natural Science Foundation of China (Nos. 11471153, 11301367,
61472469, 11461005), Doctoral Fund of Ministry of Education of China (No. 20123201120001), China
Postdoctoral Science Foundation (Nos. 2013M541710, 2014T70537), Jiangsu Province Natural Science Foun-
dation (No. BK20140583), Jiangsu Province Postdoctoral Science Foundation (No. 1302156C) and the
Priority Academic Program Development of Jiangsu Higher Education Institutions.

References

[1] H. Aydi, M. Abbas, C. Vetro, Partial Hausdorff metric and Nadler’s fixed point theorem on partial metric spaces, Topol.

Appl. 159 (2012) 3234-3242.


http://refhub.elsevier.com/S0166-8641(14)00464-7/bib414156s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib414156s1

X. Ge, S. Lin / Topology and its Applications 182 (2015) 16-23 23

[2] T. Abdeljawad, E. Karapinar, Kenan Tas, A generalized contraction principle with control functions on partial metric
spaces, Comput. Math. Appl. 63 (2012) 716-719.
3] M. Bukatin, R. Kopperman, S. Matthews, H. Pajoohesh, Partial metric spaces, Am. Math. Mon. 116 (2009) 708-718.
4] S. Davis, More on Cauchy conditions, Topol. Proc. 9 (1984) 31-36.
5] R. Engelking, General Topology, revised and completed edition, Heldermann, Berlin, 1989.
6] D. Ilic, V. Pavlovic, V. Rakocevic, Extensions of the Zamfirescu theorem to partial metric spaces, Math. Comput. Model.
55 (2012) 801-809.
[7] E. Karapinar, I. Erhan, Fixed point theorems for operators on partial metric spaces, Appl. Math. Lett. 24 (2011) 1894-1899.
[8] R. Kopperman, S. Matthews, H. Pajoohesh, Completions of partial metrics into value lattices, Topol. Appl. 156 (2009)
1534-1544.
[9] H.P. Kiinzi, H. Pajoohesh, M. Schellekens, Partial quasi-metrics, Theor. Comput. Sci. 365 (2006) 237-246.
[10] S. Matthews, Partial metric topology, in: General Topology and Applications: Eighth Summer Conference at Queens
College, in: G. Itzkowitz, et al. (Eds.), Ann. N.Y. Acad. Sci., vol. 728, 1994, pp. 183-197.
[11] S. Shukla, Partial b-metric spaces and fixed point theorems, Mediterr. J. Math. 11 (2014) 703-711.


http://refhub.elsevier.com/S0166-8641(14)00464-7/bib414B54s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib414B54s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib424B4D50s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib44s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib45s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib495052s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib495052s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib4B45s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib4B4D50s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib4B4D50s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib4B5053s1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib4Ds1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib4Ds1
http://refhub.elsevier.com/S0166-8641(14)00464-7/bib53s1

	Completions of partial metric spaces
	1 Introduction
	2 Preliminaries
	3 The existence
	4 The uniqueness
	5 Conclusion
	Acknowledgement
	References


