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1. Introduction

One of the main operations on topological groups is that of taking quotient groups. Many non-trivial
examples and counterexamples arise as quotients of relatively simple and well-known topological groups.
This operation has been the subject of an intensive and thorough study; but there still exists a wealth of
interesting open problems related to the behavior of different topological and algebraic properties under
taking quotients [2].

The following general question is considered in [1]. Let H be a closed subgroup of a topological group G,
and G/H the quotient space. Suppose that both H and G/H belong to some nice class of topological spaces.
When can we conclude that G is in the same class? The group G is called an extension of the group H by
the quotient space G/H [27].

In 1949, J.P. Serre [21] proved that if H is a closed subgroup of a topological group G, and both the spaces
H and G/H are locally compact, then the topological group G is locally compact. This classical result on
the extension of properties from G/H to G induces a study of the above general question. Suppose that H
is a closed subgroup of a topological group G, and G/H is the corresponding quotient space. A (topological,
algebraic, or a mixed nature) property P is said to be a three space property [5] if, for every topological
group G and a closed subgroup H of G, the fact that both spaces H and G/H have P implies that G also
has P. The Serre’s theorem implies that local compactness is a three space property. In fact, compactness,
completeness, pseudocompactness, connectedness and metrizability are three space properties in the class
of topological groups, but countable compactness is not [4].

Recently, A.V. Arhangel’skii, M. Bruguera, M.G. Tkachenko and V.V. Uspenskij [2-5,25] discovered a
series of results on the extensions of topological groups with respect to closed invariant subgroups, locally
compact subgroups or locally compact metrizable subgroups. These results show that finding three space
properties is one of interesting questions in topological groups. Some problems are still open in this direction.

Question 1.1 (/2, Open problem 1.5.1]). Characterize (or find the typical properties) of compact spaces that
can be represented as quotients of topological groups with respect to closed metrizable subgroups.

Question 1.2 (/2, Open problem 9.10.1]). Suppose that H is a closed invariant subgroup of a topological
group G, and all compact subsets of the groups H and G/H are sequentially compact. Does G have the
same property?

Question 1.3 (/2, Open problem 9.10.3]). Let all compact subsets of the groups H and G/H be Fréchet—
Urysohn. Does the same hold for compact subsets of G?

Convergence is a basic research object in general topology. It is natural and quite plausible to expect
that certain convergence properties of topological spaces should become stronger in topological groups [22].
The most obvious example of this phenomena is that first-countability becomes equivalent to metrizability
in topological groups [2]. Some convergence properties in topological groups were introduced in [2]. In this
paper we consider the extensions of some convergence properties in topological groups. In Section 2 the three
space question for sequentially compact sets is discussed related to Question 1.2. It is shown that if H is a
closed subgroup of a topological group G such that all compact subsets of the group H are first-countable,
then all compact subsets of G are Fréchet if so is G/H, which gives a partial answer to Question 1.3. In
Section 3 the quotients with respect to second-countable subgroups of topological groups are considered. It
is proved that if H is a closed second-countable subgroup of a topological group G, then G is a topological
sum of Ng-subspaces if G/H is a local Rg-space. In Section 4 the quotients with respect to locally compact
subgroups of topological groups are studied. It is shown that a topological group G is a sequential space if
H a locally compact metrizable subgroup of G and the quotient space G/H is sequential.
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All spaces in this paper satisfy the Ts-separation axiom. All mappings are continuous and onto. If H is a
closed subgroup of a topological group G, we denote by G/H the set of all left cosets aH of H in G, and endow
it with the quotient topology with respect to the canonical mapping 7 : G — G/H defined by 7(a) = aH,
for each @ € G. Then the mapping 7 is open, and G/H is a homogeneous space [2, Theorem 1.5.1]. If
H is a closed invariant subgroup of a topological group G, then G/H with the quotient topology and
multiplication is a topological group, and the canonical mapping 7 : G — G/H is an open homomorphism
[2, Theorem 1.5.3]. The reader may consult [2,7] for unstated notations and terminology.

2. The three space property for sequentially compact sets

A topological property P is called an inverse fiber property [5] if for any mapping f : X — Y such that
the space Y and the fibers of f have P, the space X also has P. P is called a regular-inverse fiber property
if for any mapping f : X — Y such that the space X is regular, and the space Y and the fibers of f have P,
the space X also has P.

Lemma 2.1 (/5]). Every inverse fiber property is a three space property.

Let P be a topological property. A space X is called P-closed (resp., P-compact) if every subset of X
with property P is closed (resp., compact). A space X is called locally P if for every x € X there exists a
neighborhood U of the point x with property P.

Lemma 2.2. Suppose that P is a topological property preserved by continuous mappings and also inherited
by closed sets. Then the property of being P-closed (resp., P-compact) is a regular-inverse fiber property
(resp., inverse fiber property).

Proof. First, let f: X — Y be a mapping such that the space X is regular, and the space Y and the fibers
of f are P-closed. Suppose to the contrary that C' is a non-closed subset of X with property P. Then one
can take a point x € C'\ C. The set K = C'N f~'(f(x)) has property P as a closed subset of C' and, since
the fiber f=1(f(z)) is P-closed, K is closed in X. Since X is regular and = ¢ K, we can choose an open
neighborhood U of = in X such that U N K = . Then D = U N C has property P as a closed subset of
C and z € D\ D. It follows from our choice of U that DN K = ) and f(z) € f(D)\ f(D), so f(D) is a
non-closed subset of Y with property P. This contradicts our assumption about Y.

Second, let f : X — Y be a mapping such that the space Y and the fibers of f are P-compact. Let C
be a subset of X with property P. Then the image D = f(C) is a subset of Y with property P, so D is
compact. In addition, if y € D, then C,, = C'N f~1(y) is a subset with property P as a closed subset of C.
Since f~1(y) is P-compact, it follows that C, is compact. So, g = f|¢ : C — D is a mapping with compact
fibers. If K is closed in C, then K is a subset of X with property P, so f(K) = g(K) is a subset with
property P in Y, hence g(K) is compact and g(K) is closed in D. It follows that g is a perfect mapping.
Since D is compact, we conclude that C' is also compact. O

The proof of the following lemma is direct.

Lemma 2.3. Let P be a topological property such that
(1) the disjoint topological sum of spaces with property P has property P;
(2) P is inherited by open sets;

(3) P is preserved by continuous open mappings.

Then a space X is locally P if and only if it has property P.
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Let us recall some concepts related to convergence. Let X be a topological space. A subset A of X is called
sequential closed if no sequence of points of A converges to a point not in A. X is called sequential [9] if each
sequentially closed subset of X is closed. A space X is called Fréchet at a point x € X if for every A C X
with # € A C X there is a sequence {z,}, in A such that {x,}, converges to x in X. A space X is called
Fréchet [9] if it is Fréchet at every point © € X. A space X is called strictly Fréchet at a point x € X (resp.,
strongly Fréchet at a point © € X) if whenever {A,}, is a sequence (resp., decreasing sequence) of subsets
in X and x € ﬂneN A,,, there exists x,, € A, for each n € N such that the sequence {zp}n converges to x.
A space X is called strictly Fréchet [10] (resp., strongly Fréchet [24]) if it is strictly Fréchet (resp., strongly
Fréchet) at every point « € X. Fréchet spaces (resp., strongly Fréchet spaces, strictly Fréchet spaces) are also
called Fréchet—Urysohn spaces (resp., strongly Fréchet—Urysohn spaces, strictly Fréchet—Urysohn spaces).

Lemma 2.3 is applicable to the following properties of spaces [11]: first-countable spaces, strictly Fréchet
spaces, strongly Fréchet spaces, Fréchet spaces, sequential spaces, and k-spaces.

Tt is well-known [20] that

1
2

(1) every first-countable space is a strictly Fréchet space;
(2)
(3) every strongly Fréchet space is a Fréchet space;
(4)
(5)

every strictly Fréchet space is a strongly Fréchet space;

4
)

every Fréchet space is a sequential space;
every sequential space is a k-space.

Lemma 2.4. If all countably compact (resp., sequentially compact) subsets of a topological space X are
sequential, then all countably compact (resp., sequentially compact) subsets of X are closed.

Proof. Suppose that all countably compact (resp., sequentially compact) subsets of the space X are se-
quential. Let A be a countably compact (resp., sequentially compact) subset of X. If the set A is not closed
in X, take a point x € A\ A. Put B = AU {z}. Then B is also countably compact (resp., sequentially
compact) in X, and B is sequential. Since A is not closed in B, then A is not sequentially closed in B, thus
there exists a sequence {x,}, in A such that the sequence {z,}, converges to x in B. Since A is countably
compact (resp., sequentially compact), the sequence {x,}, has an accumulation point in A, then z is the
unique accumulation point and z € A, which is a contradiction. Hence, A is closed in X. This completes
the proof. O

The character of a point x (resp., a subset F) in a topological space X is denoted by x(z,X)
(resp., x(F, X)), where x(z,X) = min{|B| : Bisalocal base at z of X} + w, x(F,X) = min{|B| :
B is a neighborhood base at F' in X} 4+ w. Similarly, the character of a topological space X is denoted
by x(X).

Lemma 2.5. First-countability is an inverse fiber property for sequentially compact sets, i.e., the property
“all sequentially compact sets are first-countable” is an inverse fiber property.

Proof. Let f: X — Y be a mapping. Suppose that all sequentially compact subsets of both the space Y
and of the fibers f~1(y) for each y € Y are first-countable. Let C' be a sequentially compact subspace of X.
Then the image K = f(C) is sequentially compact and, hence, satisfies x(K) < w. Take an arbitrary point
x € C and put y = f(x). Then x(y,K) < w. Let g = f|¢ : C — K. Since the space K is first-countable
and every sequentially compact subset of a first-countable space is closed, g is a closed mapping. The set
Cr = g '(y) = Cn f~1(f(x)) is sequentially compact as a closed subset of C, so x(C,) < w. We have
x(g9(z),K) < w and x(x,C;) < w, whence it follows that x(z,C) < w by [7, 3.7.F]. This proves that
Xx(C) < w, i.e., C is first-countable. O
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A topological space X has a Gs-diagonal [12] if the diagonal A = {(z,z) : 2 € X} of X x X is a Gs-set
in the product space X x X.

Lemma 2.6. Let G be a topological group. If every sequentially compact subspace of G is first-countable, then
every sequentially compact subspace of G is metrizable.

Proof. Suppose that X is a non-empty sequentially compact subset of G. Consider the mapping
j: G x G — G defined by j(z,y) = 2ty for all 2,y € G. Clearly, X x X is sequentially compact and j is
continuous, so the image F' = j(X x X) is a sequentially compact subset of G which contains the identity e
of G. Then F is first-countable by our assumption, so {e} is a Gs-set in F, then (jlxxx) *(e) = A is the
diagonal in X x X, and A is a Gs-set in X x X, i.e., the sequentially compact space X has a Gs-diagonal,
thus X is metrizable [12, Theorem 2.14]. O

The three space problem for compact (resp., countably compact, pseudocompact) sets was discussed
by Bruguera and Tkachenko in [5]. The next theorem gives some results with respect to the three space
property for sequentially compact sets.

Theorem 2.7. Fach of the following is a three space property:

all sequentially compact subsets are closed;

T

all sequentially compact subsets are compact;
all sequentially compact subsets are sequential;

o~
[o VN
PN N

all sequentially compact subsets are first-countable;

—
@

all sequentially compact subsets are metrizable.

Proof. By Lemmas 2.1 and 2.2, (a) and (b) hold.

Suppose that H is a closed subgroup of a topological group G. Suppose also that all sequentially compact
subsets of both the group H and the quotient space G/H are sequential. Then all sequentially compact
subsets of H and G/H are closed by Lemma 2.4. It follows from (a) that all sequentially compact subsets
of G are closed. Let B be a sequentially compact subset of G, and suppose that A is a sequentially closed
subset of B. Then A is also a sequentially compact subset of G, thus A is closed in G, i.e., B is sequential.
Hence, all sequentially compact subsets of G are sequential. Thus, (c) holds.

By Lemmas 2.1 and 2.5, (d) holds. By Lemma 2.6 and (d), (e) holds. O

It is worth noting that metrizability of sequentially compact sets is not an inverse fiber property. Indeed,
the canonical projection ¢ of the Alexandroff double circle [7, Example 3.1.26] X onto the closed unit circle
S! is a two-to-one mapping, so the image S' of X and the fibers of ¢ are sequentially compact and metrizable,
while X is a non-metric sequentially compact space. Hence, Theorem 2.7(e) reflects a special behavior of
sequential compactness in topological groups.

A space X has countable tightness [20] if for each subset A of X and each point & € A, there exists a
countable subset C' of A such that = € C. Countable tightness is a three space property for compact subsets
[5, Theorem 2.16(0)].

Question 2.8. Is countable tightness a three space property for sequentially compact sets, i.e., is the property
“all sequentially compact sets are of countable tightness” a three space property?

In the end of this section we consider Question 1.3.
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Lemma 2.9. If every compact (resp., countably compact, sequentially compact) subspace of a topological
group G is Fréchet, then every compact (resp., countably compact, sequentially compact) subspace of G is
also strongly Fréchet.

Proof. First, every compact (resp., countably compact, sequentially compact) subset of the topological group
G is closed by our assumption and Lemma 2.4. Let A be a compact (resp., countably compact, sequentially
compact) subset of G. Then A is closed and Fréchet. Suppose that {4, }, is a decreasing sequence of subsets
of A with a € ),y
exists a sequence {an}, in A\ {a} converging to a. Put

A,,. We can assume that a is an accumulation point of A. Since A is Fréchet, there

B=a"1'4, and B, =a'4,, b, =a ‘a, foreachn e N.

Then the set B is closed in G. Let e be the neutral element of the group G. Then e € a='A4,, = B,, C B,
b, € B\ {e} for each n € N, and the sequence {b,}, converges to e. There exists a sequence {V,}, of
symmetric open neighborhoods of e in G with b,, ¢ V;2 for each n € N. For each n € N, put C,, = b,,(B,NV,,).
Then b,, € C,, for e € B,, NV, while e ¢ C, since V,, NC,, C V;, Nb,V,, = 0. Put

D:U{CH:TLEN}, and S ={e}U{b,:n e N}

Then D C J,,cn 0nBn C SB.

Next, we shall show that the subspace SB of G is closed and Fréchet. Obviously, S is compact and
sequentially compact. Since the set A is compact (resp., countably compact, sequentially compact), then
B is also compact (resp., sequentially compact, because a Fréchet countably compact space is sequentially
compact), thus the Cartesian product S x B of the spaces S and B is compact (resp., sequentially compact).
Since the multiplication in G is jointly continuous and the subset SB of G is the continuous image of the
subset S x B of G x G under the multiplication mapping, SB is compact (resp., sequentially compact).
Thus SB is closed and Fréchet by our assumption.

Since b, € C, for each n € N and b, — e, then e € D C SB, and there is a sequence {dy}, in D
converging to e. For each n € N, since e ¢ C,,, C,, contains only finitely many terms of the sequence {dy}.
There is a subsequence {C,, } of the sequence {Cy}, such that dy € C,, for each k € N. It follows
from C,, C by, Bp, = bnka’lAnk that dp = bnkcflxnk for some z,, € A,, for each k¥ € N. Then
Ty, = a(bnk)_ldk — a whenever k — oo. Take y, = =, when ng_; <n < nyg, then y, € A, foreachn € N
and y, — a. Hence, A is strongly Fréchet. 0O

Lemma 2.10 (/3, Proposition 2.18]). Suppose that X is a regular space, and that f : X — Y is a closed
mapping. Suppose also that b € X is a Gs-point in the space F = f~1(f(b)) (i.e., the singleton {b} is a
Gjs-set in the space F) and F is Fréchet at b. If the space Y is strongly Fréchet, then X is Fréchet at b.

Lemma 2.11. Suppose that X is a regular space, and that f : X —'Y is a closed mapping. Suppose also that
b€ X is a Gs-point in the space F = f~1(f(b)) and F is countably compact and strictly Fréchet at b. If the
space Y is strictly Fréchet at f(b), then X is strictly Fréchet at b.

Proof. Using the regularity of the topological space X, we can construct in a standard way a sequence
{Un}n of open subsets in X such that {b} = F N[, ey Un, and U, 41 C U, for each n € N.

Let {A,}n be a sequence of subsets in X and b € [,y A,. For each n € N, put B, = A, NU,, and
Cn = f(B,). Clearly, b € B,, and, therefore, the continuity of f implies that ¢ = f(b) € C,,. Since Y is
strictly Fréchet at ¢, there exists y,, € C,, for each n € N such that the sequence {y,}, converges to c. For
each n € N, fix x,, € B,, C A4,, with f(x,) = y,. We claim that the sequence {z,}, converges to b, which
implies X is strictly Fréchet at b.
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First, we show that each subsequence of the sequence {x,}, in X has an accumulation point in the
countably compact set F. Let {z,, }x be a subsequence of {z,, },. Then f(z,,) — c. If {f(z,,) : k € N} isa
finite set, we can assume that f(z,,) = c for each k € N. Since F is countably compact, the sequence {x,, }«
in X has an accumulation point in F'. If {f(z,,) : k € N} is an infinite set, then the set {f(z,,) : kK € N} is
not closed discrete in Y. Since f is closed, the sequence {x,, }r has an accumulation point in F'. It follows
that each subsequence of {x,}, has an accumulation point in F. Next, take an arbitrary point z € F
distinct from b. There exists m € N such that z ¢ U,,. Since {x,, : n > m} C Uy, it follows that z cannot
be an accumulation point of any subsequence of {x,},. Thus, b is the unique accumulation point of every
subsequence of {x,, },, which implies that {z,}, converges to b. 0O

Theorem 2.12. Suppose that H is a closed subgroup of a topological group G such that all compact subsets
(resp., countably compact, sequentially compact) of the group H are first-countable. If the quotient space
G/H has one of the following properties, then so does the group G:

(a) all compact (resp., countably compact, sequentially compact) subsets are strongly Fréchet;
(b) all compact (resp., countably compact, sequentially compact) subsets are strictly Fréchet.

In addition, if H is an invariant subgroup of the group G and the quotient group G/H has one of the
following properties, then so does the group G:

(¢) all compact (resp., countably compact, sequentially compact) subsets are Fréchet.

Proof. It is well-known that every T, topological group is regular. Let C' be a compact (resp., countably
compact, sequentially compact) subset of the topological group G. By Lemmas 2.1, 2.2 and 2.4, the set C
is closed in G. Put f = 7|¢ : C — w(C). Then 7(C) is compact (resp., countably compact, sequentially
compact). It follows from Lemma 2.4 that f is a closed mapping, and f~1(f(b)) = 7~} (x(b))NC =bHNC
is first-countable for each b € C. By Lemmas 2.9, 2.10 and 2.11, the required conclusions follows. O

It is also worth noting that the property “all compact sets are Fréchet” is not an inverse fiber property.
Indeed, Simon [23] constructed a compact Fréchet space X such that X2 is not Fréchet. It is easy to see
that the product space X? is compact and sequentially compact.

3. Quotients with respect to second-countable subgroups

In this section we consider extensions of topological groups with certain networks. Being separable and
metrizable is a three space property [2, Corollary 3.3.21]. Every separable metrizable space is a cosmic space,
i.e., a regular space with a countable network. But, being a cosmic space is not a three space property [27].
Under certain additional conditions on a closed subgroup of a topological group we can obtain some new
extension properties of topological groups.

Let P be a family of subsets of a topological space X. P is called a network [7] for X if whenever
x € U with U open in X, then there exists P € P such that x € P C U. P is called a cs-network [14]
for X if, given a sequence {z,}, converging to a point z in X and a neighborhood U of z in X, then
{z}U{z, : n >ng} C P C U for some ny € N and some P € P. A space is an Ng-space if it is a regular
space having a countable cs-network [14].

It is obvious that [12]:

(1) every separable metric space is an Ng-space;
(2) every Nyp-space is a cosmic space;
(3) every cosmic space is a paracompact, separable space.
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Lemma 3.1 (/2, Theorem 1.5.25]). Suppose that G is a topological group and H is a closed and separable
subgroup of G. If Y is a separable subset of G/H, then m=(Y) is also separable in G.

Lemma 3.2 (/3, Corollary 1.2]). A locally paracompact topological group is paracompact.

A family P of subsets of a topological space X is called star-countable 7] if the collection {P € P :
P N Py # 0} is countable for any Py € P.

Lemma 3.3 (/6, Lemma 3.10]). Every star-countable family P of subsets of a topological space X can be
expressed as P = |J{Pa : o € A} where each subfamily Py, is countable and (|JPa) N (U Ps) = 0 whenever

a # B.

Theorem 3.4. Let H be a closed second-countable subgroup of a topological group G. If the quotient space
G/H is a local Ro-space (resp., locally cosmic space), then G is a topological sum of No-subspaces (resp.,
cosmic subspaces).

Proof. We need only to consider the case of Ny-spaces, the case of cosmic spaces is similar.

Suppose that the quotient space G/H is a local Rg-space. Then there exists an open neighborhood Y of
H in G/H such that Y has a countable cs-network. Put X = 77(Y). Then X is an open neighborhood of
the neutral element e in G. By Lemma 3.1, X is separable. Let B = {b,, : m € N} be a countable dense
subset of X.

Since the subspace H of the topological group G is first-countable at the neutral element e of G, there
is a countable family {U,, : n € N} of open symmetric neighborhoods of e in G such that U3, , C U, C X
for each n € N and the family {U, N H : n € N} is a local base at e for H. Choose a countable cs-network
{Py : k € N} for the Ny-space Y.

Claim 1: X is an Ny-space.

Put F = {n~1(Py) N by U, : k,m,n € N}. Then F is a countable family of subsets of X. Let {z;}; be a
sequence converging to a point x in X and U be a neighborhood of x in X. Then U is also a neighborhood
of z in G. Take an open neighborhood V of e in G such that V2 C U. Since {U,, N H : n € N} is a local
base at e for H, there exists n € N such that U, " H C V N H. Since B is dense in X, and zU,,;1 N X is
non-empty and open in X, then b,, € zU,+1 for some m € N. Since 7 : G — G/H is an open mapping
[2, Theorem 1.5.1], then 7(zUp4+1 NzV) is an open neighborhood of 7(z) in the space Y and the sequence
{m(x;)}; converges to 7(x) in Y, thus {m(z)} U {n(x;) : ¢ > ip} C Pr C w(xU,y1 NaV) for some i, k € N.
We claim that 7= (P) N b,, U,y C U.

Indeed, take any z € 7 1(P) N by Upy1. Then w(2) € Py C w(2U,q1 NaV), thus 2z € (zU,11 NaV)H =
2(Un41 NV)H. Since z € by, Upy1 and by, € 2U, 41, then z € U2 . Hence, 271z € (U1 NV)H]NUZ ;.
There exist a € Up41 NV, h € H and u € U, such that 27z = ah = u?, then h = a 'u? € U2, C U,,
soz7tz € (Ups1 NV)(U, N H). Tt follows that 2z € 2(U,y 1 NV)(U, NH) C2V2 CU.

Further, it follows from b,, € 2U, 1 that x € b,,,U,,+1, then there is i; > iy such that x; € b,,U,4+1 when
i > i1, thus {a} U {x; : i > i1} C 77 5(Py) N by Uyy1. Hence, F is a countable cs-network for X, and this
completes the proof of Claim 1.

By the homogeneity of the topological group G and Claim 1, G is also a local Rg-space. Then G is a
locally paracompact space, so G is a paracompact space by Lemma 3.2. Let A be an open cover of G by
No-subspaces. Since the property of being an Ng-space is hereditary, we can assume that A is locally finite
in G by the paracompactness of G. Since every point-countable family of open subsets in a separable space
is countable, the family A is star-countable. It follows from Lemma 3.3 that A = (J{B, : a € A}, where
each subfamily B,, is countable and (|JB,) N (IUBs) = @ whenever a # . Put X, = |J B, for each a € A.
Then G = P, cp Xa-
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Claim 2: X, is an Nyp-subspace for each o € A.

Put B, = {Ba,n : n € N}, where each B, is an open Ng-subspace of G. Put P, = UneN Pa,n, where
Pa,n is a countable cs-network for the Ro-space B, ,, for each n € N. It is easy to see that P, is a countable
cs-network for X, . Hence, X, is an Ny-space.

It follows from Claim 2 that G is a topological sum of Ry-subspaces. O

Corollary 3.5. Let H be a closed second-countable subgroup of a topological group G. If the quotient space
G/H is an Ng-space (resp., cosmic space), then G is also an Ng-space (resp., cosmic space [2, Prob-
lems 4.6.CJ).

Remark 3.6. The condition “H is second-countable” is essential in Theorem 3.4 and Corollary 3.5, it cannot
be replaced by the condition “H has a countable network”, since there is a non-cosmic, Abelian topological
group G with a closed cosmic subgroup Hy such that the quotient group Go/Hj is separable metric [27].

Next, we consider the spaces with a star-countable cs-network and similar networks. We recall some
concepts related to networks for a topological space. Let P be a family of subsets of a topological space X.
P is called a k-network [13] for X if whenever K C U with K compact and U open in X, there exists a
finite family P’ C P such that K C P’ C U. P is called a wes*-network [17] for X if, given a sequence
{zn}n converging to a point x in X and a neighborhood U of z in X, there exists a subsequence {xy,}; of
the sequence {x,}, such that {x,, : i € N} C P C U for some P € P.

Every base is a k-network and a cs-network for a topological space, and every k-network or every
cs-network is a wes*-network for a topological space, but the converse does not hold [16]. It is easy to
verify that the following are equivalent for a space X: (1) X has a countable cs-network; (2) X has a
countable k-network; (3) X has a countable wes*-network.

Lemma 3.7 ([15, Lemma 2.1.6]). Let P be a point-countable family of subsets of a space X. Then P is a
k-network for X if and only if it is a wes*-network for X and each compact subset of X is first-countable
(or sequential).

Theorem 3.8. Let H be a closed second-countable subgroup of a topological group G. If the quotient space
G/H has a star-countable cs-network (resp., wes*-network, k-network), then G has also a star-countable
cs-networks (resp., wes*-network, k-network).

Proof. Since the subspace H of the topological group G is first-countable at the neutral element e of G, there
exists a countable family {U,, : n € N} of open symmetric neighborhoods of e in G such that U3, C U,
for each n € N and the family {U, N H : n € N} is a local base at e for H.

(1) Suppose that G/H has a star-countable cs-network (resp., wes*-network).

Let P = {P, : a € A} be a star-countable cs-network (resp., wes*-network) for the space G/H. For each
a € A, the family {P, NP3 : 8 € A} is a countable wes*-network for P,, thus P, is a cosmic space, and P,
is separable. By Lemma 3.1, the set 7~!(P,) is separable. Let By = {ba.m : m € N} be a countable dense
subset of 771(P,).

Put

F = {ﬂfl(Pa) NbamUn € Ajand m,n € N}.
Then F is a star-countable family of G. We shall show that F is a cs-network (resp., wes*-network) for G.

Let {x;}; be a sequence converging to a point z in G and U be a neighborhood of z in G. Take an open
neighborhood V' at e in G such that 2V? C U.
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Case 1. P is a cs-network.

Since {U, N H : n € N} is a local base at e for H, there exists n € N such that U, N H C VN H.
Since 7 : G — G/H is an open mapping, then {n(z)} U {n(z;) : i > io} C P, C w(xU,y1 N2aV) for some
iop € N and some «a € A. Since x € 7~ (P,), then 2U,, 1 N7~ !(P,) is non-empty and open in the subspace
71 (P,). And since B, is dense in 7~!(P,), it follows that b, ., € zU, 41 for some m € N.

Claim: 7= *(Py) Nba,mUns1 C U.

Indeed, take any z € 7~ 1(P,) N ba,mUnt+1. Then 7m(2) € Py C w(xU,q1 NaV), thus 2z € 2(Uyp1 NV)H.
Since z € bo,mUn+1 and by € 22U, 41, then 2z € xUﬁH. As in Claim 1 of the proof of Theorem 3.4, it
follows that 2z € 2(U,41 N V) (U, N H) C2VZ C U.

Further, it follows from bg ., € U, 41 that @ € by mUpy1, then there is i1 > i such that z; € by, mUnt1
whenever i > iy, thus {z} U{x; : i > i1} C 7 1(Py) Nba,mUnt1-

Hence, G has a star-countable cs-network.

Case 2. P is a wes*-network.

Since {U, N H : n € N} is a local base at e for H, there exists n € N such that U,.1 N H C VN H.
Since P is a wes*-network for G/H, there is a subsequence {7 (z;,)}; of the sequence {7(z;)}; such that
{m(xi;) : j € N} C Py C w(xUpy1 NaV) for some o € A. We can assume that x;; € 2Uy, o for each j € N
because the sequence {z;}; converges x. Since x;, € 7~ *(P,), then x;, U, o N7 1(P,) is non-empty and
open in the subspace 77! (P,). And since B, is dense in m~!(P,), it follows that by ., € i, Upia C xU,%H
for some m € N.

As in Case 1, we have the inclusion 7=(P,) N ba.mUnt+1 C U (see Claim).

Hence, G has a star-countable wecs*-network.

(2) Suppose that G/H has a star-countable k-network.

G has a star-countable wes*-network by Case 2. It follows from Lemma 3.7 that each compact subset
of G/H is first-countable. Since the property “each compact subset is first-countable” is a three space
property [2, Lemma 3.3.23 and Theorem 3.3.24], then each compact subset of G is first-countable, thus G
has a star-countable k-network by Lemma 3.7. O

Question 3.9. Let H be a closed second-countable subgroup of a topological group G. If the quotient space
G/H has a point-countable (resp., compact-countable) cs-network, does G have a point-countable (resp.,

compact-countable) cs-networks?
A partial answer to Question 3.9 will be given in Theorem 3.11.

Lemma 3.10 (/19, Theorem 3.6]). Let G be a sequential topological group with a point-countable k-network.
Then G is a metrizable space or a topological sum of cosmic spaces.

Theorem 3.11. Suppose that H is a closed, second-countable and invariant subgroup of a topological group G.
If the quotient group G/H is a sequential space with a point-countable cs-network (resp., k-network,
wes*-network), then G has a point-countable cs-network (resp., k-network, wes*-network).

Proof. Since the space G/H is sequential, it has a point-countable k-network by Lemma 3.7. It follows
from Lemma 3.10 that the quotient group G/H is a metrizable space or a topological sum of cosmic
spaces. If G/H is metrizable, then the group G is metrizable [2, Corollary 1.5.21]. We can assume that
G/H is a topological sum of cosmic spaces. Then G/H has a point-countable cs-network (resp., k-network,
wes*-network) P = {P, : a € A} such that P, is a cosmic subset for each o € A. Since each 7=1(P,)
is separable by Lemma 3.1, it can be shown that the space G has a point-countable cs-network (resp.,
k-network, wes*-network) by a method similar to the one in the proof of Theorem 3.8. O
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4. Quotients with respect to locally compact metrizable subgroups

There exists a closed second-countable and invariant subgroup H of a topological group G such that the
quotient group G/H is compact, but G is not a k-space.

Example 4.1 ([1, Theorem 2.19]). (2¥* = 2¢) There exists an Abelian topological group G with a closed
second-countable subgroup H such that the quotient group G/H (= {0,1}*!) is compact, and G has a
Gs-diagonal, but G is not a p-space.

In the above Arhangel’skii’s example, the group G is not a k-space. In fact, if G is a k-space, then G is
also a sequential space [20, Theorem 7.3]. Since sequentiality is preserved by a quotient mapping [9], then
the quotient group G/H is a sequential space, a contradiction.

Arhangel’skil [1] established some extension theorems in topological groups in which he considered quo-
tients with respect to locally compact subgroups or locally compact metrizable subgroups. The following
facts are obtained in [1,3]. Let G be a topological group and H a subgroup of G.

(a) If the quotient space G/H is a Cech-complete space (resp., X-space, strong Y-space, p-space, k-space,
paracompact space), then so is the group G provided H is locally compact.

(b) If the quotient space G/H is a Fréchet space (resp., strongly Fréchet space, or has countable tightness),
then so is the group G provided H is locally compact and metrizable.

In this section we continue to consider the extensions of topological groups with respect to locally compact
metrizable subgroups. The following lemma about quotients with respect to locally compact subgroups was
proved by Arhangel’skil [1].

Lemma 4.2 (/2, Theorem 3.2.2]). Suppose that G is a topological group, H is a locally compact subgroup
of G, and m : G — G/H is the natural quotient mapping of G onto the quotient space G/H. Then there

exists an open neighborhood U of the neutral element e such that w(U) is closed in G/H and the restriction
i U — w(U) is a perfect mapping, thus 7 is an open locally perfect mapping.

Theorem 4.3. Suppose that H is a locally compact metrizable subgroup of a topological group G. If the
quotient space G/H is sequential, then G is also sequential.

Proof. By Lemma 4.2, there exists an open neighborhood U of the neutral element e in G such that
7|z : U — w(U) is a perfect mapping and 7(U) is closed in G/H.

Claim 1: Suppose that {z,}, is a sequence in U such that {m(z,)}, is a convergent sequence in 7(U).
If 2 is an accumulation point of the sequence {x,},, there exists a subsequence of {z,},, which converges
to .

Since 7|y is perfect, each subsequence of the sequence {z,}, has an accumulation point in U. Set
F =na"Y(n(x))NU. Since 7~ (n(x)) = xH is metrizable and G is regular, there is a sequence {Uy }x of open
subsets in G such that Uy, C Uy, for each k € N and {2} = F N(,cy Ur. Take a subsequence {z,, }5 of
{n}n such that z,, € Uy for each k € N. Let p be an accumulation point of a subsequence of the sequence
{n, }- Then m(p) = 7(z) and p € ey Uk, thus p = z. It follows that x is the unique accumulation point
of every subsequence of {z,, }«, then z,, — z.

Take an open neighborhood V of e in G such that V c U.

Claim 2: If C' is sequentially closed in V, then 7(C) is closed in 7 (V).

Let {yn}n be a sequence in 7(C) such that y,, — y in 7(V). We shall show that y € 7(C). Take x,, € C
with 7(x,,) = y, for each n € N. Since each subsequence of the sequence {z,}, has an accumulation point,
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by Claim 1, there are a point # € 7—!(y) and a subsequence {z,, }x of {x,}, such that x,, — z. Since
C is sequentially closed, then x € C, and y € 7(C). This shows that m(C) is sequentially closed in 7(V).
Since 7|z : U — w(U) is a closed mapping and 7(U) is closed in G/H, (V) is closed in G/H. Since G/H

is sequential, then 7(V') is also sequential, so 7(C) is closed in 7(V).

Claim 3: V is a sequential subspace.

Suppose that there exists a non-closed, sequentially closed subset A of V. Take a point z € cly(A) \ A.
Clearly, cli>(A) = A. Let f = | : V — 7(V). The set B = AN f~1(f(x)) is sequentially closed as a closed
subset of A and, since the fiber f~1(f(z)) = (7 ~!7(z))NV is sequential, B is closed in V. Since = ¢ B, there
is an open neighborhood W of z in V' such that W N B = (). Then C = W N A is also sequentially closed as
a closed subset of A and x € C'\ C. It follows that C' N f~1(f(x)) = W N B = 0, then f(z) € f(C)\ f(C),

so f(C) =m(C) is not closed in w(V), a contradiction with Claim 2.
By Claim 3 and the homogeneity of G, G is a locally sequential space. Hence, G is a sequential space. O

Remark 4.4. There exist two Fréchet topological groups G and H such that the product space G x H is not
of countable tightness (see [22, Theorem 6.6] or [26]). Put H = {e} x H, where e is the neutral element
in G. Then H' is a closed invariant subgroup of G x H, and the quotient group (G x H)/H' is isomorphic
to G. Thus, H' and (G x H)/H' is sequential, but G x H is not sequential. Therefore, sequentiality is not
a three space property.

In view of Theorems 3.11 and 4.3 the following corollary is immediate.

Corollary 4.5. Suppose that H is a locally compact, second-countable and invariant subgroup of a topolog-
ical group G. If the quotient group G/H is a sequential space with a point-countable cs-network (resp.,
k-network, wcs*-network), then G is also a sequential space with a point-countable cs-network (resp.,
k-network, wes*-network).

Theorem 4.6. Suppose that H is a locally compact metrizable subgroup of a topological group G. If the
quotient space G /H is strictly Fréchet, then G is also strictly Fréchet.

Proof. By Lemma 4.2, there exists an open neighborhood U of the neutral element e in the topological group
G such that 7|z : U — 7(U) is a perfect mapping and 7(U) is closed in G/H. Put f =n|gz : U — n(U).

It is obvious that f(U) = m(U) is strictly Fréchet, and f~1(f(b)) = 7= 1(x(b)) N U = bH N U is compact
and metrizable for each b € U. By Lemma 2.10, U is strictly Fréchet. Thus, G is locally strictly Fréchet,

and G is strictly Fréchet. O

A subset A of a topological space X is called sequentially open [9] if X \ A is sequentially closed. A space
X is called sequentially connected [8] if X cannot be represented as the union of two non-empty disjoint
and sequentially open subsets of X. Every sequentially connected space is connected, and every connected
and sequential space is sequentially connected. It is known that connectedness is a three space property [2,
Exercises 1.5.¢].

Theorem 4.7. Suppose that H is a locally compact metrizable connected and invariant subgroup of a topo-
logical group G. If the quotient group G/H is sequentially connected, then G is also sequentially connected.

Proof. If the topological group G is not sequentially connected, there are two non-empty, disjoint and
sequentially open subsets A and B of G such that G = AUB. If y € G/H, then 7(x) = y for some = € G,
so 71 (y) = xH is sequentially connected, thus 7~ !(y) C A or 7~ !(y) C B. It follows that there exist two
non-empty disjoint subsets C' and D of G/H such that G/H = CUD, n=(C) = A and 7—1(D) = B.
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Next, we shall show that C, D are sequentially open in G/H. This gives a contradiction since G/H is
sequentially connected.

If C is not sequentially open in G/H, there is a sequence {y,}, in G/H such that y, — y € C with
yn ¢ C for each n € N. Then y,y~! — ¢’ € Cy~! in G/H, where ¢’ is the neutral element in G/H. Let U
be the open neighborhood of e in G as the proof of Theorem 4.3, where e is the neutral element in G. Since
7(U) is open, we can assume that y,y~! € 7(U) for each n € N. By Claim 1 in the proof of Theorem 4.3,
there exists a convergent sequence {xy} in U such that z;, — x for some z € G and 7(zg) = yn, vy "
for each k € N, here {y,, }x is a subsequence of {y,}, with n; — oco. Then 7(z) = ¢ € Cy~1, so
rer HCy™t) =7 1(C)n L (y~ ). Since 771(C) = A is sequentially open in G, 7=1(C)r~1(y~!) is also
sequentially open in G, then 7, € 7=1(C)m~(y~!) for some k € N, s0 y,,, ¥y~ ! = 7(xx) € Cy~ !, and y,, € C,
a contradiction. Hence, C is sequentially open. By the same reason, D is also sequentially open. O

Question 4.8. Suppose that H is a locally compact and sequentially connected subgroup of a topological
group G. Is G sequentially connected if the quotient space G/H is sequentially connected?

Addendum

The answer to Question 4.8 is “yes”. The following result is obtained in [18, Theorem 3.5]: Let H be a
closed, sequentially connected, feathered subgroup of a Hausdorff topological group G. If the quotient space
G/H is sequentially connected, then so is G.
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