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ABSTRACT. Let f : X — Y be a map. [ is a sequence-covering map [25]
if whenever {y,} is a convergent sequence in Y there is a convergent se-
quence {z,} in X with each z, € f~1(yn); f is an I-sequence-covering
map [14] if for each y € Y there is z € f~1(y) such that whenever {y,}
is a sequence converging to y in Y there is a sequence {x,} converging to
x in X with each z, € f~!(yn). In this paper, we mainly discuss the
sequence-covering maps on generalized metric spaces, and give an affirma-
tive answer to a question in [13] and some related questions, which improve
some results in [13, 16, 28], respectively. Moreover, we also prove that open
and closed maps preserve strongly monotonically monolithity, and closed
sequence-covering maps preserve spaces with a o-point-discrete k-network.
Some questions about sequence-covering maps on generalized metric spaces
are posed.

1. INTRODUCTION

A study of images of topological spaces under certain sequence-covering maps
is an important question in general topology [9, 11, 12, 13, 15, 18, 19, 20, 28].
S. Lin and P.F. Yan proved that each sequence-covering and compact map on
metric spaces is an 1-sequence-covering map [18] . Recently, the authors proved
that each sequence-covering and boundary-compact map on metric spaces is an
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1-sequence-covering map [13]. Also, the authors posed the following question in
[13] :

Question 1.1. [13, Question 3.6] Let f : X — Y be a sequence-covering and
boundary-compact map. Is f an 1-sequence-covering map if X is a space with a
point-countable base or a developable space?

In this paper, we shall give an affirmative answer to Question 1.1.

In [16], the second author proved that if X is a metrizable space and f is a
sequence-quotient and compact map, then f is a pseudo-sequence-covering map.
Recently, the authors proved that if X is a metrizable space and f is a sequence-
quotient and boundary-compact map, then f is a pseudo-sequence-covering map
[13]. Hence we have the following Question 1.2.

Question 1.2. Let f : X — Y be a sequence-quotient and boundary-compact
map. Is f a pseudo-sequence-covering map if X is a space with a point-countable
base or a developable space?

On the other hand, P.F. Yan, S. Lin and S.L. Jiang proved that each closed
sequence-covering map on metric spaces is an l-sequence-covering map [28].
Hence we have the following Question 1.3.

Question 1.3. Let f : X — Y be a closed sequence-covering map. Is f an 1-
sequence-covering map if X is a reqular space with a point-countable base or a
developable space?

In this paper, we shall we give an affirmative answer to Question 1.2, which im-
proves some results in [13] and [16], respectively. Moreover, we give an affirmative
answer to Question 1.3 when X has a point-countable base or X is g-metrizable.
In [27], V.V. Tkachuk introduced the strongly monotonically monolithic spaces.
In this paper, we also prove that strongly monotonically monolithities are pre-
served by open and closed maps, and spaces with a o-point-discrete k-network
are preserved by closed sequence-covering maps.

2. DEFINITIONS AND TERMINOLOGY

Let X be a space. For P C X, P is a sequential neighborhood of x in X if
every sequence converging to x is eventually in P.

Definition 1. Let P = (J,.x P. be a cover of a space X such that for each
ze X, (a)if UV € Py, then W C UNV for some W € P,; (b) P, is a network
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of zin X, i.e.,, x € (Ps, and if z € U with U open in X, then P C U for some
PeP,.

(1)P is called an sn-network for X if each element of P, is a sequential
neighborhood of z in X for each x € X. X is called snf-countable [15], if X has
an sn-network P such that each P, is countable.

(2)P is called a weak base [1] for X if G C X is open in X if and only if for
each x € G thereis a P € P, with P C G. X is g-metrizable [26] if X is regular
and has a o-locally finite weak base.

Definition 2. Let f: X — Y be a map.

(1) fisa compact (resp. separable) map if each f~1(y) is compact (separable)
in X;

(2) f is a boundary-compact(resp. boundary-separable) map if each df ~1(y)
is compact (separable) in X;

(3) f is a sequence-covering map [25] if whenever {y,} is a convergent
sequence in Y there is a convergent sequence {z,} in X with each
Tn € 7 (yn);

(4) fis an I-sequence-covering map [14] if for each y € Y there is z € f~1(y)
such that whenever {y,} is a sequence converging to y in Y there is a
sequence {z,} converging to x in X with each z,, € f~1(yy);

(5) f is a sequentially quotient map [5] if whenever {y,} is a convergent
sequence in Y there is a convergent sequence {zj} in X with each
2 € f7 (Y );

(6) f is a pseudo-sequence-covering map [9, 10] if for each convergent sequence
L in Y there is a compact subset K in X such that f(K) = L;

It is obvious that

pseudo-sequence-covering maps

/

1-sequence-covering maps —» sequence-covering maps

sequential quotient maps.

Remind readers attention that the sequence-covering maps defined the
above-mentioned are different from the sequence-covering maps defined in [9],
which is called pseudo-sequence-covering maps in this paper.
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Definition 3. [23] Let A be a subset of a space X. We call an open family N
of subsets of X is an external base of A in X if for any € A and open subset U
with z € U thereisa V € N such that z € V C U.

Similarly, we can define an external weak base for a subset A for a space
X.

Throughout this paper all spaces are assumed to be Hausdorff, all maps are
continuous and onto. The letter N will denote the set of positive integer numbers.
Readers may refer to [6, 8, 15] for unstated definitions and terminology.

3. SEQUENCE-COVERING AND BOUNDARY-COMPACT MAPS

Let {2 be the class of all topological spaces such that, for each compact
subset K C X € {2, K is metrizable and also has a countable neighborhood base
in X. Indeed, E.A. Michael and K. Nagami in [23] has proved that X € 2 if and
only if X is the image of some metric space under an open and compact-covering’
map. It is easy to see that if a space X is developable or has a point-countable
base, then X € {2 (see [4] and [27], respectively).

In this paper, when we say an sn f-countable space Y, it is always assumed
that Y has an sn-network P = U{P, : y € Y’} such that P, is countable and
closed under finite intersections for each point y € Y.

Lemma 3.1. Let f: X — Y be a sequence-covering and boundary-compact map,
where Y is snf-countable. For each non-isolated pointy € Y, there exists a point
z, € Of (y) such that whenever U is an open subset with x, € U, there exists a
P e Py satisfying P C f(U)

PROOF. Suppose not, there exists a non-isolated point y € Y such that for every
point z € df ~!(y), there is an open neighborhood U, of x such that P ¢ f(U,) for
every P € P,. Then 0f1(y) C U{U, : x € 3f~(y)}. Since df~!(y) is compact,
there exists a finite subfamily & C {U, : 2 € df~1(y)} such that df~1(y) C UU.
We denote U by {U; : 1 < i < ng}. Assume that Py = {P, : n € N} and W, =
{F, =N_, P, : n € N}. It is obvious that W, C P, and F,,41 C F,, for every
n € N. For each 1 < m < ng,n € N, it follows that there exists 2, m, € Fy,\ f(Un)-
Then denote yi = Ty, m, where k = (n— 1)ng +m. Since Py is a network at point
y and F,11 C F, for every n € N, {yx} is a sequence converging to y in Y.
Because f is a sequence-covering map, {yx} is an image of some sequence {xy}
converging to x € f1(y) in X. From z € df~*(y) C UU it follows that there

et f: X — Y be a map. f is called a compact-covering map [23] if in case L is compact
in Y there is a compact subset K of X such that f(K) = L.
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exists 1 < mg < mg such that x € U,,,. Therefore, {}U{xy : k > ko} C Uy, for
some ko € N. Hence {y} U{yx : &k > ko} C f(U,,). However, we can choose an
n > ko such that k = (n — 1)ng + mo > ko and yx = Xy, m,, which implies that
ZTn,me € f(Umyg)- This contradictions to @y, me € Fi \ f(Umy)- O

The next lemma is obvious.

Lemma 3.2. Let f: X = Y be 1-sequence-covering, where X is snf-countable.
Then'Y is snf-countable.

Theorem 3.3. Let f : X — Y be a sequence-covering and boundary-compact
map, where X 1is first-countable. Then Y is snf-countable if and only if f is an
1-sequence-covering map.

PROOF. Necessity. Let y be a non-isolated point in Y. Since Y is sn f-countable,
it follows from Lemma 3.1 that there exists a point xz, € 9f~!(y) such that
whenever U is an open neighborhood of z,, there is a P € P, satisfying P C f(U).
Let {B, : n € N} be a countable neighborhood base at point z, such that
B,+1 C B, for each n € N. Suppose that {y,} is a sequence in Y, which
converges to y. Next, we take a sequence {z,} in X as follows.

Since B,, is an open neighborhood of z,, it follows from the Lemma 3.1
that there exists a P, € P, such that P, C f(B,,) for each n € N. Because every
P € P, is a sequential neighborhood, it is easy to see that for each n € N, f(B,,)
is a sequential neighborhood of y in Y. Therefore, for each n € N, there is an
i, € N such that y; € f(B,,) for every ¢ > i,. Suppose that 1 < i, < i, for
every n € N. Hence, for each j € N, we take

€ { f_l(yj)7 lfj<217
TT T W) N By i <5 <linga
We denote S = {z; : j € N}. It is easy to see that S converges to z, in X and

f(S) = {yn}. Therefore, f is an l-sequence-covering map.
Sufficiency. It easy to see that Y is snf-countable by Lemma 3.2. O

We don’t know whether, in Theorem 3.3, f is an 1-sequence-covering map
when X is only first-countable. However, we have the following Theorem 3.6,
which gives an affirmative answer to Question 1.1. Firstly, we give some technique
lemmas.

Lemma 3.4. [23] If X € §2, then every compact subset of X has a countable
external base.
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Lemma 3.5. Let f: X — Y be a sequence-covering and boundary-compact map.
If X € 12, then Y is snf-countable.

PROOF. Let y be a non-isolated point for Y. Then df~!(y) is non-empty and
compact for X. Therefore, f~!(y) has a countable external base & in X by
Lemma 3.4. Let

V = {UF : There is a finite subfamily F C U with 9f~*(y) C UF}.

Obviously, V is countable. We now prove that f(V) is a countable sn-network at
point y.

(1) f(V) is a network at y.

Let y € U. Obviously, df (y) C f~1(U). For each z € df1(y), there
exist an U, € U such that x € U, C f~1(U). Therefore, df 1(y) C UW{U, : z €
df~(y)}. Since df ~1(y) is compact, it follows that there exists a finite subfamily
F C AU, : z € 0f '(y)} such that df ' (y) C UF C f~1(U). It is easy to see
that £ € Vand y € Uf(F) C U.

(2) For any Py, P, € f(V), there exists a P; € f(V) such that P3 C PN Ps.

It is obvious that there exist V1,V € V such that f(V1) = P1, f(Va) = Pa,
respectively. Since df~1(y) C V1 N V4, it follows from the similar proof of (1) that
there exists a V3 € V such that df~1(y) C V3 C V3 N V. Let P3 = f(V3). Hence
P; C f(V1 n VQ) C f(Vl) n f(VQ) =P Nk.

(3) For each P € f(V), P is a sequential neighborhood of y.

Let {yn} be any sequence in Y which converges to y in Y. Since f is a
sequence-covering map, {y,} is the image of some sequence {z,} converging to
r € 9f 1(y) € X. Tt follows from P € f(V) that there exists a V € V such
that P = f(V). Therefore, {z,} is eventually in V', and this implies that {y,} is
eventually in P.

Therefore, f(V) is a countable sn-network at point y. O

Theorem 3.6. Let f : X — Y be a sequence-covering and boundary-compact
map. If X € (2, then f is an 1-sequence-covering map.

PROOF. From Lemma 3.5 it follows that Y is snf-countable. Therefore, f is an
1-sequence-covering map by Theorem 3.3. O

By Theorem 3.6, it easily follows the following Corollary 3.7, which gives
an affirmative answer to Question 1.1.

Corollary 3.7. Let f : X — Y be a sequence-covering and boundary-compact
map. Suppose also that at least one of the following conditions holds:

(1) X has a point-countable base;
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(2) X is a developable space.

Then f is an 1-sequence-covering map.

Lemma 3.8. Let f : X — Y be a sequence-covering map, where Y is snf-
countable and Of~1(y) has a countable external base for each pointy € Y. Then,
for each non-isolated point y € Y, there exists a point x, € df 1 (y) such that
whenever U is an open subset with x, € U, there exists a P € P, satisfying
PcC fU)

PROOF. Suppose not, there exists a non-isolated point y € Y such that for every
point z € df~!(y), there is an open neighborhood U, of x such that P ¢ f(U,) for
every P € P,. Let B be a countable external base for f~!(y). Therefore, for each
x € f1(y), there exists a B, € B such that x € B, C U,. Foreachx € f1(y),
it follows that P ¢ f(B,) whenever P € P,. Assume that P, = {P, : n € N}
and Wy, = {F, = }_, P : n € N}. We denote {B, € B:z € 9f *(y)} by
{Bm : m € N}. For each n,m € N, it follows that there exists z,, m, € F,, \ f(Bm).
For n > m, we denote y, = @y m with k = m+n(n—1)/2. Since P, is a network
at point y and F, 1 C F, for every n € N, {y;} is a sequence converging to y in
Y. Because f is a sequence-covering map, {yi} is an image of some sequence {zy}
converging to x € df *(y) in X. From x € 9f *(y) C U{B,, : m € N} it follows
that there exists a mg € N such that B,,, is an open neighborhood at z. Therefore,
{z}U{zk : k > ko} C By, for some ko € N. Hence {y}U{yx : k > ko} C f(Bimy)-
However, we can choose a k > ko and an n > mg such that y, = z, m,, which
implies that ,, p, € f(Bm,). This is a contradiction to Z, m, € F \ f(Bm,). O

Theorem 3.9. Let f : X — Y be a sequence-covering and boundary-separable
map. If X has a point-countable base and Y is snf-countable, then f is an 1-
sequence-covering map.

PROOF. Obviously, df ~*(y) has a countable external base for each point y € Y.
Therefore, it is easy to see by Lemma 3.8 and the proof of Theorem 3.3. O

Remark We can’t omit the condition “Y is sn f-countable” in Theorem 3.9.
Indeed, the sequence fan? S, is the image of metric spaces under the sequence-
covering s-maps by [15, Corollary 2.4.4]. However, S,, is not snf-countable, and
therefore, S, is not the image of metric spaces under an 1-sequence-covering map.

In this section, we finally give an affirmative answer to Question 1.2.

28, is the space obtained from the topological sum of w many copies of the convergent
sequence by identifying all the limit points to a point.
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Lemma 3.10. [5] Let f : X — Y be a map. If X is a Fréchet space®, then f is
a pseudo-open map* if and only if Y is a Fréchet space and f is a sequentially
quotient map.

Theorem 3.11. Let f : X — Y be a boundary-compact map. If X € (2, then f
is a sequentially quotient map if and only if it is a pseudo-sequence-covering map.

PROOF. First, suppose that f is sequentially quotient. If {y,} is a non-trivial se-
quence converging to yo in Y, put S = {yo} U {yn : n € N}, X; = f~1(S)
and ¢ = f|x,. Thus g is a sequentially quotient, boundary compact map.
So ¢ is a pseudo-open map by Lemma 3.10. Since X € 2, let {U,}nen
be a decreasing neighborhood base of compact subset dg~!(yo) in X;. Thus
{U,, UInt(g~(yo)) }nen is a decreasing neighborhood base of g=!(yo) in X;. Let
V, = U, UlInt(g~!(yo)) for each n € N. Then yo € Int(g(V,,)), thus there exists
an i, € N such that y; € g(V,,) for each i > iy, so g~ 1 (y;) NV, # 0. We can
suppose that 1 < i, < i,41. For each j € N, we take
e D ien
" Hy) NV, ifin < j <ipgr.

Let K = 99~ '(yo) U{z; : j € N}. Clearly, K is a compact subset in X; and
g(K) = S1. Thus f(K) = S;. Therefore, f is a pseudo-sequence-covering map.

Conversely, suppose that f is a pseudo-sequence-covering map. If {y,} is
a convergent sequence in Y, then there is a compact subset K in X such that
f(K) = {y,}. Foreach n € N, take a point z,, € f~'(y,)NK. Since K is compact
and metrizable, {z,,} has a convergent subsequence {x,, }. So f is sequentially
quotient. O

Corollary 3.12. Let f : X — Y be a boundary-compact map. Suppose also that
at least one of the following conditions holds:

(1) X has a point-countable base;
(2) X is a developable space.

Then f is a sequentially quotient map if and only if it is a pseudo-sequence-
covering map.

Question 3.1. Let f : X — Y be a sequence-covering and boundary-compact (or
compact) map. Is f an 1-sequence-covering map if one of the following conditions
is satisfied?

3X is said to be a Fréchet space [7] if x € P C X, there is a sequence in P converging to
in X.
4f is a pseudo-open map [3] if whenever f~1(y) C U with U open in X, then y € Int(f(U)).



SEQUENCE-COVERING MAPS ON GENERALIZED METRIC SPACES 935

(1) Every compact subset of X is metrizable;
(2) Every compact subset of X has countable character.

Remark If X satisfies the conditions (1) and (2) in Question 3.1, then f
is an 1-sequence-covering map by Theorem 3.6.

4. SEQUENCE-COVERING MAPS ON g-METRIZABLE SPACES

In this section, we mainly discuss sequence-covering maps on spaces with
a special weak base.

Lemma 4.1. Let f : X — Y be a sequence-covering and boundary-compact
map. For each non-isolated point y € Y, there exist a point x € 0f 1 (y) and a
decreasing weak neighborhood base { By;}; at x such that for each n € N, there are
a PePyandie N with PC f(By) if X and Y satisfy the following (1) and
(2):

(1) Y is snf-countable;

(2) Fwvery compact subset of X has a countable external weak base in X .

PROOF. Suppose not, there exists a non-isolated point y € Y such that for every
point z € df!(y) and every decreasing weak neighborhood base {B,;}; of x,
there is an n € N such that P  f(Byy,) for every P € P,. Since 0f~1(y) is com-
pact, it follows that 9f~!(y) has a countable external weak base B of X. Without
loss of generality, we can assume that B is closed under finite intersections. There-
fore, for each x € 9f~1(y), there exists a B, € B such that P ¢ f(B,) for every
P € P,. Next, using the argument from the proof of Lemma 3.8, this leads to a
contradiction. (]

The following Lemma 4.2 is easy to check, and hence we omit it.

Lemma 4.2. Let X have a compact-countable weak base. Then every compact
subset of X has a countable external weak base in X.

Theorem 4.3. Let f : X — Y be a sequence-covering and boundary-compact
map, where X has a compact-countable weak base. Then Y is snf-countable if
and only if f is an 1-sequence-covering map.

PROOF. Necessity. Let y be a non-isolated point in Y. Since X has a compact-
countable weak base, it follows from Lemmas 4.1 and 4.2 that there exists a point
z, € 0f~!(y) and a decreasing countable weak base {B,, : n € N} at point x,
such that for each n € N, there is a P € P, satistying P C f(B,,). Suppose that
{yn} is a sequence in Y, which converges to y. Then we can take a sequence {z,,}
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in X by the similar argument from the proof of Theorem 3.3. Therefore, f is an
1-sequence-covering map.
Sufficiency. By Lemma 3.2, Y is sn f-countable. O

We don’t know whether the condition “compact-countable weak base” on
X can be replaced by “point-countable weak base” in Theorem 4.3,

Corollary 4.4. Let f : X — Y be a sequence-covering and boundary-compact
map, where X is g-metrizable. Then Y is snf-countable if and only if f is an
1-sequence-covering map.

Each closed sequence-covering map on metric spaces is 1-sequence-covering
[28]. Now, we improve the result in the following theorem.

Theorem 4.5. Let f : X — Y be a closed sequence-covering map, where X 1is
g-metrizable. Then f is an 1-sequence-covering map.

PROOF. Since X is g-metrizable and f is a closed sequence-covering map, Y is
g-metrizable [21, Theroem 3.3]. Therefore, f is a boundary-compact map by [21,
Corollary 2.2]. Hence f is an 1-sequence-covering map by Corollary 4.4. O

Question 4.1. Let f : X = Y be a sequence-covering and boundary-compact
map. If X is g-metrizable, then is f an 1-sequence-covering map?

5. CLOSED SEQUENCE-COVERING MAPS

Say that a Tychonoff space X is strongly monotonically monolithic [27] if,
for any A C X we can assign an external base O(A) to the set A in such a way
that the following conditions are satisfied:

(a) |O(4)] < max{|A],w};

(b) if A C B C X then O(A4) C O(B);

(c) if o is an ordinal and we have a family {Ag : < a} of subsets of X
such that 8 < ' < o implies Ag C Ap then O(Ug<aAg) = UgcaO(Ap).

From [27, Proposition 2.5] it follows that a Tychonoff space with a point-
countable base is strongly monotonically monolithic. Moreover, if X is a strongly
monotonically monolithic space, then it is easy to see that X € §2 by [27, Theorem
2.7].

Lemma 5.1. Let f : X — Y be a closed sequence-covering map, where X is a
strongly monotonically monolithic space. Then Y contains no closed copy of S, .

PROOF. Suppose that Y contains a closed copy of S, and that {y} U {y;(n) :
i,n € N} is a closed copy of S, in Y, here y;(n) — y as i — oo. For every k € N,
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put Ly = J,,<p{vi(n) : i € N}. Hence Ly, is a sequence converging to y. Let My,
be a sequence of X converging to ug € f~(y) such that f(Mj) = Ly. We rewrite
My, = U, <i{zi(n, k) : i € N} with each f(z;(n,k)) = yi(n).

Case 1: {uy, : k € N} is finite.

There are a kg € N and an infinite subset Ny C N such that M, — wug,
for every k € Nj, then X contains a closed copy of S,. Hence X is not first
countable. This is a contradiction.

Case 2: {uy : k € N} has a non-trivial convergent sequence in X.

Without loss of generality, we suppose that up — u as k — oo. Since
X is first-countable, let {U,,} be a decreasing open neighborhood base of X at
point u with U1 € Up. Then N, oy Um = {u}. Fix n, pick z;,, (n,kn) €
U N {zi(n, km)}i. We can suppose that iy, < imq1. Then {f(z;,, (0, kn))}m is
a subsequence of {y;(n)}. Since f is closed, {z;, (n,km)}m is not discrete in X.
Then there is a subsequence of {z;  (n, k) }m, converging to a point b € X because
X is a first-countable space. It is easy to see that b = u by xz;,_ (n, k) € Uy, for
every m € N. Hence z;  (n,kmn) — u as m — oco. Then {u} U{z; (n,ky) :
n,m € N} is a closed copy of S, in X. Thus, X is not first countable. This is a
contradiction.

Case 3: {uy : k € N} is discrete in X.

Let B = {ur : k € N} U{M;, : k € N}. Since X is strongly mono-
tonically monolithic, B is metrizable. Hence there exists a discrete family
{Vi}xen consisting of open subsets of B with u; € Vj for each k € N. Pick
2, (1, k) € Vi N {z;(1, k) }; such that {f(z;, (1,k))} is a subsequence of {y;(n)}.
Since {x;, (1,k)}x is discrete in B, {f(x; (1,k))}x is discrete in Y. This is a
contradiction.

In a word, Y contains no closed copy of S,,. O

Lemma 5.2. Let f : X — Y be a closed sequence-covering map, where X is a
strongly monotonically monolithic space. Then Of~*(y) is compact for each point
yey.

PRrOOF. From Lemma 5.1 it follows that Y contains no closed copy S,,. Since X
is a strongly monotonically monolithic space, every closed separable subset of X
is metrizable, and hence is normal. Therefore, f~!(y) is countable compact for
each point y € Y by [21, Theorem 2.6]. From [27, Theorem 2.7] it easily follows
that every countable compact subset of X is compact. O

Theorem 5.3. Let f: X — Y be a closed sequence-covering map, where X is a
strongly monotonically monolithic space. Then f is an I1-sequence-covering map.



938 FUCAI LIN AND SHOU LIN

PROOF. It is easy to see by Lemma 5.2 and Theorem 3.6. O

Corollary 5.4. Let f : X — Y be a closed sequence-covering map, where X 1is
a Tychonoff space with a point-countable base. Then f is an 1-sequence-covering
map.

In fact, we can replace “Tychonoftf” by “regular” in Corollary 5.4, and
hence we have the following result.

Corollary 5.5. Let f : X = Y be a closed sequence-covering map, where X is a
regular space with a point-countable base. Then f is an 1-sequence-covering map.

PROOF. Since X has a point-countable base and f is a closed sequence-covering
map, Y has a point-countable base by [21, Theorem 3.1]. Therefore, f is a
boundary-compact map by [22, Lemma 3.2]. Hence f is an 1-sequence-covering
map by Corollary 3.7. O

We don’t know whether, in Corollary 5.5, the condition “X has a point-
countable base” can be replaced by “X € 2”. So we have the following question.

Question 5.1. Let f : X — Y be a closed sequence-covering map. If X € 2
(and X is regular), then is f an 1-sequence-covering map?

Corollary 5.6. Let f : X — Y be a closed sequence-covering map, where X is a
strongly monotonically monolithic space. Then f is an almost-open map®.

PROOF. f is an 1-sequence-covering map by Theorem 5.3. For each point y € Y,
there exists a point z,, € f~!(y) satisfying the Definition 2.2(4). Let U be an
open neighborhood of z,. Then f(U) is a sequential neighborhood of y. Indeed,
for each sequence {y,} C Y converging to y, there exists a sequence {z,} C X
such that {z,} converges to z, and x, € f~!(y,) for each n € N. Obviously,
{zy} is eventually in U, and therefore, {y,} is eventually in f(U). Hence f(U) is
a sequential neighborhood of y. Since X is first-countable, Y is a Fréchet space.
Then f(U) is a neighborhood of y. Otherwise, suppose y € Y \ int(f(U)), and
therefore, y € Y\ f(U). Since Y is Fréchet, there exists a sequence {y,} C
Y \ f(U) converging to y. This is a contradiction with f(U) is a sequential
neighborhood of y. Therefore, f is an almost-open map. O

5f is an almost-open map [2] if there exists a point zy € f~1(y) for each y € Y such that
for each open neighborhood U of z, f(U) is a neighborhood of y in Y.
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Remark In [27], V.V. Tkachuk has proved that closed maps don’t pre-
serve strongly monotonically monolithic spaces. However, if perfect maps® pre-
serve strongly monotonically monolithic spaces, then it is easy to see that
closed sequence-covering maps preserve strongly monotonically monolithity by
Lemma 5.2. So we have the following two questions.

Question 5.2. Do closed sequence-covering maps (or an almost open and closed
maps) preserve strongly monotonically monolithity?

Question 5.3. Do perfect maps preserve strongly monotonically monolithity?

In [27], V. V. Tkachuk has also proved that open and separable maps
preserve strongly monotonically monolithity. However, we have the following
result.

Theorem 5.7. Let f : X — Y be an open and closed map, where X is a strongly
monotonically monolithic space. Then Y is a strongly monotonically monolithic
space.

PrOOF. From [21, Theorem 3.4] it follows that f is a sequence-covering map.
Therefore, df ~*(y) is compact for each point y € Y by Lemma 5.2. Then df ~!(y)
is metrizable by [27, Theorem 2.7], and hence it is separable, for each point y € Y.
For each point y € Y, if y is a non-isolated point, let A, be a countable dense
set in the subspace df1(y); if y is an isolated point, then we choose a point
zy € f~(y) and let A, = {z,}.

Let BCY. Put Ap =U{A, :y € B} and N(B) = {f(W): W € O(4p)}.
It is easy to see that N(B) satisfies the conditions (a)-(c) of the definition of
strongly monotonically monolithity. Therefore, we only need to prove that A (B)
is an external base for B. For each point y € B, let U be open subset in Y with
yeU.

Case 1: y is a non-isolated point in Y.

Since f is an open map, () # f~!(y) € f~1(B), and hence df~(y) C
f~1(B). Take any point # € df '(y). Then x € Ag. Therefore, there exists a
V € O(Ap) such that z € V. C f~1(U). SoW = f(V) e N(B) and y € W C U.

Case 2: y is an isolated point in Y.

It is easy to see that {y} € N(B), and therefore, y € {y} C U.

In a word, NV/(B) is an external base for B. O

6A map f is called perfect if f is a closed and compact map
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Let B = {B, : @« € H} be a family of subsets of a space X. B is point-
discrete (or weakly hereditarily closure-preserving) if {x, : o € H} is closed dis-
crete in X, whenever z, € B, for each o € H.

It is well-known that metrizability, g-metrizability, N-spaces, and spaces
with a point-countable base are preserved by closed sequence-covering maps, see
[21, 28]. Next, we shall consider spaces with a o-point-discrete k-network, and
shall prove that spaces with o-point-discrete k-network are preserved by closed
sequence-covering maps. Firstly, we give some technique lemmas.

Lemma 5.8. Let X be an Ny-compact space’ with a o-point-discrete network.
Then X has a countable network.

PROOF. Let P = |, ey
is a point-discrete family for each n € N. For each n € N, let

B,={z€ X :|(Pn)z| >w}

Claim 1: {P\ B,, : P € P,} is countable.

Suppose not, there exist an uncountable subset {P, : a < w1} C P, and
{z4 : @ <wi} C X such that z, € P, \ B,. Since P, is a point-discrete family
and X is Nj-compact, {z, : @ < w;} is countable. Without loss of generality,
we can assume that there exists © € X \ B, such that each z, = x. Therefore,
x € B, a contradiction.

Claim 2: For each n € N, B,, is a countable and closed discrete subspace
for X.

For each Z C B,, with |Z| <wj. Let Z = {z, : @« € A}. By the definition
of B, and Well-ordering Theorem, it is easy to obtain by transfinite induction
that {P, : « € A} C P, such that z, € P, and P, # P for each o # .
Therefore, Z is a countable and closed discrete subspace for X. Hence B, is a
countable and closed discrete subspace.

For each n € N, let P/, = {P\ B,,: P € P,}U{{z}:z € B,}. Then P} is
a countable family.

Obviously, |

P, be a o-point-discrete network for X, where each P,

nen Py, is a countable network for X. O

The proof of the following lemma is an easy exercise.
Lemma 5.9. Let {F, }aca be a point-discrete family for X and countably compact

subset K C |Jyea Fa- Then there exists a finite family F C {Fa}aca such that
K CUF.

A space X is called Ry-compact if each subset of X with a cardinality of X; has a cluster
point.
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Lemma 5.10. Let P be a family of subsets of a space X. Then P is a o-point-
discrete wes* -network® for X if and only if P is a o-point-discrete k-network® for
X.

PRrOOF. Sufficiency. It is obvious. Hence we only need to prove the necessity.

Necessity. Let P = |J,,cny Pn be a o-point-discrete wes*-network, where
each P, is a point-discrete family for each n € N. Suppose that K is compact
and K C U with U open in X. For each n € N, let

P, ={Pe?P,:PCU}F,=UP..

Then there exists m € N such that K C (J,.,, Fr- Suppose not, there is a
sequence {z,} C K with z, € K —J,.,, Fi. By Lemma 5.8, it is easy to see
that K is metrizable. Therefore, K is sequentially compact. It follows that there
exists a convergent subsequence of {z,}. Without loss of generality, we assume
that xz,, — x. Since P is a wes™-network, there exist a P € P, and a subsequence
{zy,} of {xy,} such that {z,, : i € N} C P C U. Therefore, there exists [ € N
such that P € P;. Choose i > [, since P C Fy, x,, € F}, a contradiction. Hence
there exists m € N such that K C |J,,, Fr- By Lemma 5.9, there is a finite
family P” C |J,.,, P! such that K C UP” C U. Therefore, P is a k-network. [

i<m

Theorem 5.11. Closed sequence-covering maps preserve spaces with a o-point-
discrete k-network.

PROOF. It is easy to see that closed sequence-covering maps preserve spaces with
a o-point-discrete wes*-network. Hence closed sequence-covering maps preserve
spaces with a o-point-discrete k-network by Lemma 5.10. O

Question 5.4. Do closed maps preserve spaces with a o-point-discrete k-network?
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