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1. Introduction

“A space” in this paper stands for a Tychonoff topological space. A remainder of a space X is the space
bX \ X, where bX is a Hausdorff compactification of X.
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The question when a space X has a Hausdorff compactification with the remainder belonging to a given
class of spaces is important. A famous classical result in this direction is the theorem of M. Henriksen and
J. Isbell [13]:

Theorem 1.1. A space X is of countable type if and only if the remainder in any (in some) compactification
of X is Lindeldf.

Recall that a space X is of countable type if every compact subspace F' of X is contained in a compact
subspace K C X with a countable base of open neighborhoods in X.

Recall that a semitopological group (resp., paratopological group) is a group with a topology such that
the multiplication in the group is separately continuous (resp., jointly continuous). If G is a paratopological
group and the inverse operation of G is continuous, then G is called a topological group. The reader can find
a lot of recent progress about paratopological (or semitopological) groups in the survey article [24].

A series of results on remainders of topological groups have been obtained in [2,4,6,7,17]. They show
that remainders of topological groups are much more sensitive to the topological properties of groups than
the remainders of topological spaces are in general. However, much less is known about remainders of
paratopological (semitopological) groups [24]. The reader can find some recent progress in this direction
in [9,14,18,25-27]. In this paper, we will continue to study how the generalized metrizability of remainders
affects the paratopological (semitopological) groups.

First, we recall some concepts [1,12].

A base B for a space X is said to be uniform if for each injective sequence (B,) C B and every x €
(Mncw Bn, the sequence (B,,) is a base at x.

A base B for a space X is said to be weakly uniform if for each countably infinite family &4/ C B and for
each x € X, if x € U for each U € U, then {z} = NU.

A base B for a space X is said to be sharp if for every x € X and every sequence (U,,) of pairwise distinct
elements of B with € U, for all n € w, the collection {(,.,, U; : n € w} forms a base at x.

Recall that a space X has a base of countable order (BCO) if X has a base B such that whenever z € X
and a strictly decreasing sequence (B,,) of elements of B is such that = € (1, ., Bn, then (B,) is a base at z.

Let (U,) be a sequence of open covers of a space X. Recall that, for every x € X and n, st(z,U,,) =
HU el,, :x e U}.

A sequence of open covers (U,,) of a space X is called:

o A Gs-diagonal sequence, if for every x € X, N, o, st(x,U,) = {x}. A space with a G5-diagonal sequence
is called a space with a Gs-diagonal.

o A weak development, if for every x € X and the sequence (U,,) such that = € U,, € U,, for every n, the
sequence ([);<, U;) is a base at z. A space with a weak development is called a weakly developable space.

e A development, if for every x € X, the sequence (st(x,Uy)) is a base at x. A space with a development
is called a developable space.

The implications of the following diagram have been established in [1, Theorem 3.5].

X has a sharp base

et W

X has a uniform base X is weakly development — X has BCO

X is development

If X is metacompact, then all the five assertions above are equivalent [1, Theorem 3.5].
The question whether a non-locally compact topological group G is separable and metrizable if G has
a BCO remainder is still open [17, Question 14]. Arhangel’skil [6] proved that if the remainder of the
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compactification bG of a non-locally compact topological group G has a point-countable base, then bG
is separable and metrizable. Inspired by this, Lin and Shen [15] asked whether this result can extend to
k-gentle paratopological groups. In 2012, Liu [18] gave a positive answer to this question.

Recall that a map f : X — Y is called k-gentle if for each compact subset F' of X the image f(F)
is also compact. A paratopological group G is called k-gentle [5] if the inverse map x — x~! is k-gentle.
Recently, Wang and He [25] proved that if the remainder of the compactification bG of a non-locally compact
paratopological group G has a point-countable base, then bG is separable and metrizable. Also, they posed
the following question:

Question 1.2. (/25]) Suppose that G is a non-locally compact semitopological group and bG is a compactifi-
cation of G such that Y = bG \ G has a point-countable base. Is bG separable and metrizable?

The following questions are posed in [14].

Question 1.3. (/14, Questions 3.3 and 3.4]) Let G be a non-locally compact paratopological group. If the
remainder Y = bG \ G has (locally) a sharp base, are G and bG separable and metrizable?

Question 1.4. (/14, Question 3.6]) Let G be a non-locally compact paratopological group. If the remainder
Y =bG \ G has a weakly uniform base, are G and bG separable and metrizable?

Question 1.5. ([14, Question 4.2]) Let G be a non-locally compact Ry-factorizable paratopological group. If
the remainder Y = bG \ G is a local R-space, are G and bG separable and metrizable?

Recall that a paratopological group G is called R;-factorizable [22] if G is a Ti-space and for every
continuous real-valued function f on G, one can find a continuous homomorphism p : G — K onto a
second-countable paratopological group K satisfying 77 separation axiom, and a continuous real-valued
function g on K such that f = gop. More about R;-factorizable paratopological group one can refer to [28].

In this paper, we give positive answers to Questions 1.2, 1.3 and 1.5. Also, Question 1.4 is answered
partially. The following result was proved by Arhangel’skii [4].

Theorem 1.6. ([/]) If X is a Lindeldf p-space, then any remainder of X is a Lindeldf p-space.
Throughout this paper, all the undefined topological concepts can be found in [10,12].
2. Remainders of semitopological groups

First we give a positive answer to Question 1.2. This also gives answers to [14, Questions 3.5 and 4.3]
and show even more. Lemma 2.1 is easy, so we omit its proof. Lemma 2.2 was proved in [23], which plays
an important role in the proof of Theorem 2.3.

Lemma 2.1. Suppose that Y is dense in X and that Y has a countable w-base. Then X has also a countable
n-base.!

Lemma 2.2. (/25]) Every w-narrow semitopological group of countable ww-character has countable w-base.

1 A 7m-base of a space at a point  of X is a family 4 of non-empty open subsets of X such that every open neighborhood of
z contains at least one element of v. Put wx(z, X) = min{|y| : v is a 7m-base at 2} + w. Then the w-character of X is mx(X) =
sup{mx(z, X) :x € X}.
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Theorem 2.3. Suppose that G is a non-locally compact semitopological group and bG is a compactification
of G such that Y = bG \ G has locally a point-countable base. Then bG is separable and metrizable.

Proof. Since Y has locally a point-countable base, for each y € Y, there exists an open set U in bG such
that y € UNY and that UNY" has a point-countable base.

Claim. G has countable w-character.

Proof of Claim. It is well known that every countably compact space with a point-countable base is compact
and metrizable, and therefore, UNY?Y is not countably compact by G being nowhere locally compact.
Suppose that A = {a, : n € w} is infinitely closed discrete in U NYY. Clearly, there is a cluster point
g € U NG for A. Since UNY is open in Y and U NY is dense in UNYY, one can take a sequence
{U,; :i € w} of open sets in bG such that {U,; N (UNY):i € w} is a local 7-base at a,, in UNY?Y for
each n € w. One can easily check that {U,, ;N (GNU):i,n € w} is a local m-base at g in G. The proof of
Claim is finished.

Since every space with a point-countable base is of countable type, Y is of local countable type. From
[25, Lemma 2.2] it follows that Y is of countable type. Thus, by Theorem 1.1, the group G is Lindelof. As
we all know, every Lindel6f semitopological group is w-narrow. From Claim and Lemma 2.2 it follows that
G has a countable 7-base.

From Lemma 2.1 it follows that Y has also a countable m-base, and therefore, U N Y'Y is separable. From
(12, Theorem 7.2] it follows that U N Y'Y has a countable base, since U NYY has a point-countable base.
Therefore, U NYY is a Lindelsf p-space. According to Theorem 1.6 the set UNY*“ NG =0\ UNYY
is a Lindelof p-space. In addition, every Hausdorff semitopological group of countable w-character has a
Gs-diagonal [5, Corollary 2.5], so U N Y?Y NG is separable and metrizable by [12, Corollary 3.8]. Therefore,
G is of local countable type, and G is of countable type by [25, Lemma 2.2]. This implies that Y is Lindelof
by Theorem 1.1. Since we have proved that Y is locally metrizable, Y is separable and metrizable. In
particular, Y is a Lindelof p-space, so G is also a Lindeldf p-space by Theorem 1.6. Hence, G is separable
and metrizable by [12, Corollary 3.8], since G has a Gs-diagonal. Since Y and G are separable and metrizable
and bG =Y UG is compact, one can easily check that bG is separable and metrizable. O

Corollary 2.4. (/6, Theorem 10]) Let G be a non-locally compact topological group and bG a compactification
of G such that the remainder Y = bG \ G has a point-countable base. Then bG is separable and metrizable.

The following result gives a positive answer to Question 1.3.

Corollary 2.5. Let G be a non-locally compact semitopological group, and let bG be a compactification of G
such that the remainder Y = bG \ G has (locally) a sharp base. Then bG is separable and metrizable.

Proof. Since every Tj-space with a sharp base has a point-countable base [3, Theorem 5], the statement
follows from Theorem 2.3. O

The following result improves [18, Theorem 3.2].

Corollary 2.6. Let G be a non-locally compact semitopological group. If the remainder Y = bG \ G has
o-locally countable base, then bG is separable and metrizable.

Recall that a space X is called a g-space [21] if, for every point = € X, there exists a sequence (U,,) of
open neighborhoods of z satisfying that: if x,, € U,, then {x,} has a cluster point. The following gives a
partial answer to Question 1.4.
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Corollary 2.7. Let G be a non-locally compact semitopological group and bG a compactification of G such
that the remainder Y = bG \ G has (locally) a weakly uniform base and is a g-space. Then bG is separable
and metrizable.

Proof. Since G is non-locally compact semitopological group, G is nowhere locally compact. Thus Y = bG\G
is dense in bG. Since bG is a Ti-space, one can easily check that Y has no isolated points. It is well known
that every g-space X such that every point is a Gs-set is first-countable, so Y is first-countable. Since every
weakly uniform base in a first-countable space is point-countable at each nonisolated point [3, Lemma 6],
it follows that bG is separable and metrizable by Theorem 2.3. 0O

In the following, we discuss the cardinal invariants in compactifications of semitopological groups. We
need the following lemma.

Lemma 2.8. Let X be a non-locally compact homogeneous space and the remainder Y = bX \ X has a
Gs-diagonal and countable m-character. Then X has countable w-character.

Proof. It is well known that every countably compact Th-space with a Gs-diagonal is a compact metrizable
space. Since X is a non-locally compact homogeneous space, Y is not countably compact. Therefore, there
exists an infinitely discrete closed set A = {y, : n € w} in Y. Clearly, there is a cluster point b of A such
that b € X. Take countable open sets {U,, ; : i € w} of bX such that {U,; NY} is a locally m-base at y,, for
each n € w. Then one can easily obtain that {U, ;N X : n,i € w} is a locally m-base at b in X. Thus, X has
countable m-character by the homogeneity of X. O

Clearly, every developable space is weakly developable. A space is weakly developable if and only if it is
a p-space with a Gs-diagonal [1, Theorem 2.4]. Thus the following theorem improves [25, Theorem 3.1].

Theorem 2.9. Let G be a non-locally compact semitopological group and bG a compactification of G such that
the remainder Y = bG \ G is weakly developable. If G is a X-space, then nw(G) = rw(G) = mw(Y) = w.

Proof. Clearly, Y is first-countable. Since G is a non-locally compact semitopological group, from Lemma 2.8
it follows that G has a countable w-character, i.e., 7w(G) = w. Since G is dense in bG, one can easily
obtain that 7w(Y) = w. Therefore, G has a Gs-diagonal by [5, Corollary 2.5]. Since every X-space with a
Gs-diagonal is a o-space [12, Theorem 4.15], G is a o-space, i.e., G has a o-discrete closed network. Since
Y is weakly developable, Y is a p-space. It is well known that every p-space is of countable type, so G is
Lindelof by Theorem 1.1. Therefore, nw(G) = w. O

3. Remainders of paratopological groups

For a non-locally compact topological group G, if the remainder bG \ G has a Gs-diagonal, then G is
separable and metrizable [6, Theorem 5]. However, this result cannot extend to paratopological groups.
In fact, Alexandorfl’s double-arrow space is a Hausdorff compactification of Sorgenfrey line, its remainder
is still a copy of Sorgenfrey line, so the remainder has a regular Gs-diagonal, but Sorgenfrey line is not
metrizable. This motivated Liu and Lin [19] to pose the following question.

Question 3.1. (/19, Question 5.1]) Let G be a non-locally compact paratopological group. Suppose that the
remainder Y = bG \ G has a regular Gs-diagonal. Does G have a regular Gs-diagonal?

In the same paper, Liu and Lin gave a partial answer to this question, i.e., for a non-locally compact
Abelian paratopological group G in which every compact subset is first-countable, if the remainder ¥ =
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bG \ G has a regular Gs-diagonal, then G has a regular Gs-diagonal [19, Theorem 5.1]. In fact, the condition
‘Abelian’ can be dropped and the condition ‘every compact subset is first-countable’ can be weaken to ‘every
compact subset has countable w-character’.

Theorem 3.2. Let G be a nonlocally compact paratopological group in which every compact subset has
countable w-character. Suppose that the remainder Y = bG \ G has a Gs-diagonal. Then G has a regu-
lar Gs-diagonal.

Proof. Since every space with a Gs-diagonal is Ohio complete,” there exists a Gg-set Z of bG such that
Y C Z and every z € Z\'Y is separated from Y by a Gs-set of bG.

Case 1. Z\'Y # (). Take a point z € Z \ Y. Then there exists a Gs-set F of bG such that z € F and
FNY = 0. One can easily find a sequence {V,, : n € w} such that Vpi1’¢ C V, for each n € w and that

rel =
of bG. Since every compact subset in G has countable m-character,  has a countable m-base in G by

V., C F. Clearly, L is a compact set with a countable local base in G by the compactness

[25, Lemma 2.1]. Thus, G has countable 7-character by the homogeneity of G. From [23, Theorem 2.25] it
follows that G has a regular Gs-diagonal.

Case 2. Z\Y = (). Then Y is a Gs-set of bG. Since every point y € Y is a Gs-set of Y, every point y € Y is
a Gs-set of bG. Therefore, Y is first-countable by the compactness of bG. Therefore, according to Lemma 2.8
G has countable m-character. From [23, Theorem 2.25] it follows that G has a regular Gs-diagonal. 0O

The following result is obvious by Theorem 3.2.

Corollary 3.3. Let G be a non-locally compact paratopological group in which every point is a Gs-set. Suppose
that the remainder Y = bG \ G has a Gs-diagonal. Then G has a regular Gs-diagonal.

Theorem 3.4. Let G be a non-locally compact paratopological group. Suppose that the remainder Y = bG\ G
is a weakly developable space. Then nw(G) = mw(G) = 7w(Y) = w.

Proof. Since Y is weakly developable, Y is a p-space [l, Theorem 2.4]. Thus Y is Ohio complete [4].
Therefore, there exists a Gs-set Z of bG such that Y C Z and every z € Z \ 'Y is separated from Y by a
Gs-set of bG. We split our proof in two cases.

Case 1. Z\'Y # (. Take a point © € Z \ Y. Then there exists a Gs-set F' of bG such that z € F and
FNY = (. One can easily find a sequence {V,, : n € w} such that V41?9 C V, for each n € w and that

rel=)c,
of bG. It is known (see [8, Proposition 4.1]) that if a paratopological group H has a compact subset K of

V., C F. Clearly, L is a compact set with a countable local base in G by the compactness

countable character in H, then H is of countable type; apply this fact to see that G is of countable type, and
therefore, Y is Lindel6f by Theorem 1.1. In addition, Y is a p-space with a Gs-diagonal, so Y is separable
and metrizable. By Theorem 2.3, one can easily obtain that bG is separable and metrizable, and therefore,
nw(GQ) = mw(G) = Tw(Y).

Case 2. Z\'Y = (. Then Y is a Gs-set in bG. Therefore, Y has countable character. By the proof of
Theorem 3.2, we obtain that G has countable w-character. From [23, Theorem 2.25] it follows that G has
a regular Gs-diagonal. Since G is o-compact, G is the union of countable many of separable metrizable
spaces. Thus, nw(G) = w. From Lemma 2.2 it follows that 7w(G) = w. Since G is dense in bG, one can
easily obtain that 7w(Y) =w. O

2 Recall that a space X is Ohio complete [4] if in every compactification bX of X there exists a Gs-subset Z such that X C Z
and every y € Z \ X is separated from X by a Gs-subset of Z.
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We have the following by Theorem 3.4.

Corollary 3.5. (/25, Theorem 3.2]) Let G be a non-locally compact paratopological group, and let bG be a com-
pactification of G such that the remainder Y = bG \ G is developable. Then nw(G) = 7w(G) = 7w(Y) = w.

Recently, Lin, Liu and Xie [14] proved that for a non-locally compact paratopological group G, if the
remainder Y = bG \ G is a developable and meta-Lindelof space, then bG is separable and metrizable. Now
we can weaken the condition ‘developable’ to ‘weakly developable’.

Corollary 3.6. Let G be a non-locally compact paratopological group. Suppose that the remainder Y = bG\ G
is a weakly developable and meta-Lindeldf space. Then bG is separable and metrizable.

Proof. According to Theorem 3.4 we obtain that Y is separable. In addition, Y is meta-Lindel6f space, and
therefore, Y is Lindelof. Since Y is weakly developable, Y is a p-space with a Gs-diagonal [1, Theorem 2.4].
Therefore, Y is separable and metrizable. The statement directly follows from Theorem 2.3. O

Next, we discuss the remainders of k-gentle paratopological groups.

Proposition 3.7. Let G be a non-locally compact k-gentle paratopological group, and bG a compactification
of G such that the remainder Y = bG \ G has a Gs-diagonal. Then either Y is Cech-complete, or bG is
separable and metrizable.

Proof. Since G is a non-locally compact k-gentle paratopological group, the remainder Y = bG \ G is either
pseudocompact or Lindel6f [8, Theorem 4.4].

Case 1. Y is pseudocompact. Since every pseudocompact space with a Gj-diagonal is Cech-complete
3, Lemma 20], Y is Cech-complete.

Case 2. Y is Lindelof. From [8, Corollary 4.5] it follows that G is a topological group, so bG is separable
and metrizable by [6, Theorem 5. O

Theorem 3.8. Let G be a non-locally compact k-gentle paratopological group, and bG a compactification of
G such that the remainder Y = bG \ G has a Gs-diagonal. Then nw(G) = 7w (GQ) = 7w(Y) = w.

Proof. From Proposition 3.7 it follows that either Y is Cech-complete, or bG is separable and metrizable.
Therefore, we suppose that Y is Cech-complete. Then Y is a p-space and G is o-compact. From Lemma 2.8
it follows that G has countable w-character. Therefore, G has a Gs-diagonal by [5, Corollary 2.5]. Since G is a
o-compact, G is the union of countable many of compact metrizable spaces, and therefore, nw(G) = w. From
Lemma 2.2 it follows that 7w(G) = w. Since G is dense in bG, one can easily obtain that 7w(Y) =w. O

Recall that a space (X, 7) is called a k-semistratifiable space [20] if there exists a function S : Nx 7 — 7¢
such that:

(a) foreach U € 7, U = |J{S(n,U) : n € N};

(b) f U,V € 7 and U C V, then S(n,U) C S(n,V) for each n € N;

(c) for each compact subset K of X and open neighborhood U of K, there exists an n € N such that
K CS(n,U).

Corollary 3.9. Let G be a non-locally compact k-gentle paratopological group, and bG a compactification of
G such that the remainder Y = bG \ G is a k-semistratifiable space. Then bG is separable and metrizable.
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Proof. Tt is well known that every k-semistratifiable space is a o-space [11,16]. Hence, Y has a Gs-diagonal
[12] and every point of Y is a Gs-set in Y. We split our proof in the following two cases.

Case 1. Y is first-countable.

Since every first-countable k-semistratifiable space is paracompact [20], Y is a paracompact o-space.
From Theorem 3.8 we know that Y is separable. It is known that every separable paracompact o-space has
a countable network [12, Theorem 4.4]. Thus Y has a countable network. Therefore, bG = Y U G has a
countable network. By the compactness of bGG, bG is separable and metrizable.

Case 2. Y is not first-countable.

Since every point of Y is a Gs-set in Y, there exists a point y € Y and a Gs-set F' of bG such that
FNY ={y} and FFNG # 0. Therefore, one can find a nonempty closed Gs-set I’ of bG such that F’ C F
and F’' C G. By the compactness of bG the set F’ has a countable base of open neighborhoods in bG and
hence in G. Since G is a paratopological group, from [8, Proposition 4.1] it follows that G is of countable
type. Therefore, Y is Lindelof by Theorem 1.1. Thus Y is also a paracompact o-space. The remainder of
the proof is the same as Case 1. O

Finally, we shall give a positive answer to Question 1.5.

Theorem 3.10. Let G be a non-locally compact Ry-factorizable paratopological group. If the remainder Y =
bG \ G is a local N-space, then bG is separable and metrizable.

Proof. Since Y is a local N-space, for every point y € Y there exists an open set U in bG such that
y € V=UNY is an N-space. Since every N-space is a o-space, V is a o-space and have a Gs-diagonal.
Therefore, every point of Y is a Gs-set.

Case 1. Y is first-countable.

Since every first-countable R-space is metrizable [12, Theorem 11.4], Y is a locally metrizable space. Since
every metrizable space has a point countable base, from Theorem 2.3 it follows that bG is separable and
metrizable.

Case 2. Y is not first-countable.

There exists a point yg € Y such that yg is not a Gs-set in bG. One can find a Gs-set F' of bG such that
FNY ={yo} and FNG # ). Therefore, one can find a nonempty closed Gs-set F’ of bG such that F' C F
and F’ C G. By the compactness of bG the set F’ has a countable base of open neighborhoods in bG and
hence in G. Since G is a paratopological group, from [8, Proposition 4.1] it follows that G is of countable
type. Therefore, Y is Lindelof by Theorem 1.1. Since V is a o-space, one can find an open set W in Y
such that y € W C WY C V and WY is a o-space. Therefore, WY has a countable network. This implies
that Y has a countable network, since Y is Lindel6f. Thus G is first-countable from [14, Theorem 2.1].
Since every first-countable R;-factorizable paratopological group is totally w-narrow [22, Proposition 3.5]
and every first-countable totally w-narrow paratopological group has a countable base [24], G is separable
and metrizable. Thus bG = Y U G has a countable network. By the compactness of bG, the space bG is
separable and metrizable. O

Theorem 3.11. Let G be a non-locally compact k-gentle paratopological group. If the remainder Y = bG \ G
s a locally N-space, then bG is separable and metrizable.

Proof. In the proof of Theorem 3.10 we have shown that G is first-countable. Thus G is a k-space. Since G
is k-gentle paratopological group, G is a topological group. It is well known that if a non-locally compact
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topological group H has a Gs-diagonal remainder bH \ H, then bH is separable and metrizable. Thus bG is
separable and metrizable. O
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