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~ Absttact In this paper the relationship bctwéen'pseudobases and k-networks is discussed. It is shown
that a regular and 7', space with tf—hereditar'ily ¢closure-preserving pscudobases is an ¥}-space, and that
a regular and T, space is a space with o-hereditarily closure-pfeserving closed pseudobases if and only
if it is either an ¥y ¢-space or a o-closed discrete space, of which all compact subsets are finite.
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~ All $paces considered in this paper are regular and 7',. |

Let X be a topological space, and let & be a collection of subsets of X. & is clc;sure—pre-
serving (abbr. CP) if U&= (P: PE P} for each subcollection &' of &. & s locally fi-
nite (abbr. LF) if {F_;_PG.@}}S point-finite and CP. &7 is hereditarily closure-preserving (ab-
br. HCP) if {H(P): P& &} is CP for each H(P)C P& . & is weakly hereditarily closure-
preserving (abbr. WHCP) if {{z(P)}. PE &} is CP for each z(P) € P& &, Obviously, LF
collections are HCP, and HCP coll_ectiéns are CP and WHCP. &7 js a pseudobase (k-network) if
whenever NI is a compact subset of an open.set U of X, then fx’C PCU (KNCU&'CU) for
some P& &7 (finite subfamily &2/ (C &). Spaces with countable pscudobases are 3{¢-spaces.
Spaces with o-LF k-networks are §-spaces.

Let &2 be a k-network for X. Put

. @ = (U &, F is a finite subfamily of P}.

Then &' is a pseudobase for X. But, if &7 is HCP, then £ can not be HCP. *It 1S natural to
raise the following question. What is the relationship between spaces with U-HCP pasudobases
and ¥ -spaces? In this paper it 1S shown that spaces with o-HCP pseudobases are &-—spaces (The-
orem 1), and that a space with o-HCP closed psecudobases if and only if it is either an §§0~space

or a o-closed discrete space, of which all compact subsets are finite ( Theorem 2).

§ 1. Spaces with o-HCP Pscudobases

A space X is ¥},-compact if every closed discrete subspace of X is countable.
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ILemmal An Rl_—compact. space with o-WHCP k-networks is an- ¥ ¢-space.

Proof Suppose X is an ¥ ;-compact space with o-WHCP k—net\&ork D, Let = |J{Z,,
n& N}, where &2 C.@.H and &2, is WHCP For each nGN, put

= {z € X: &, is not point countable at a:}
Then {P—-j A,: PE .93’.} is countable, and 4, is a countable closed discrete subspace of X. In
fact, if {(P—A,. P&EP,} were not countable, then there would exist {P,: a<w,} such that the
(P,— A4 )’s are distinct and non-empty. For each a<<w; ,‘ take a point. z,& P.— A,. Since &, is
WHCP and X is §§1~—compact, {2, a<co1} is countable. So there exist an uncountable subset A
of w, and z & A, such that Ta=2 for each a € 4, a contradiction. Hence {P— A P& .} is
~countable. If Z={z,& A4,; h€ H} with |H| <§~§1, since &, is not point countable at point z,
by well-ordermg, prmg:lple and transfinite induction we can obtain a subcollection {P,. h& H} of
&, such that z,& P, and the Py’ are distinct. Since &, is WHCP, Z is a closed discrete subspace
of X. By the Rl—compactness of X, A, 1S a countable closed discrete subspace of X. Therefore
D.={P—A:PE P} {{z}: z € 4)
is a countable collection. If K is a compact subset of an open set U of X, then there exist n & N
and a finite subcollection &} of &2, such that KC | P* CU. Since every closed discrete sub-
space of a compact space is finite, K{)A. is finite, so
Prr=(P—A:PEP)U{{z):z€ KN A)

is a finite subcollection of &2,, and KC |y & * CU. Hence | {F,. n € N} is a countable k-
network for X. This com.pletes' the proof of the Lemma.

Lemma 2 A space with o-WHCP pseudobases is either an ¥ o-space or the space whose all
compact subsets are finite. . ' o

Proof Suppose the space X has o-WHCP pseudobases. Let (=7 = |} {&Z,: n€& N } be a o-
WHCP pseudobase for X, where each &, is WHCP. If X has an infinite compact subset, we
shall show that X is an Y2 o-space. Let K be an infinite compact subset of X. Then {PNK Pc
&} is a o-WHCP pseudobase for K because & is a o-WHCP pseudobase for X. So K is a com-
pact §~‘§d—'$pace by Lemma 1. Thus K is a compact m.etrizable' subset of X (cf. [1]). Therefore
théré exists m-utuallly distinct x."GI‘{' such that the. seqUence {2,} converges to 2E K — {z,: n€E
N}, If X is not §§1 compact there exists a closed discrete subspace AC X with |4]|=1%¥%,;. Then
' IA —K | = §§1 because K ﬂA is fmlte Let A—K="1{z: a<w, ). For each a<a>1, let

' V., =X — {kb:a#b<w1}.

Then V, is an open subset of X and K |J {z.} CV.. So there exist n(a) € N and Pae .@.(,) such
that K {J {z.} CP.CV,. Thus there exist an uncountable subset A of w; and m GN such that n(a)
=m when a& 4, i. e. , P, 693’ For distinct a, bE A, the P are distinct because z,,GP CX—
{z}. So {P.: a€ A} is WHCP. Now, by the uncountability of A and {z.: aE N}C N {P.: a &
A}, {2.: nE€ N} is a closed discrete subspace of X, a contradwtlon Therefore X is an 3 ,-com-
pact space, and so X is an ¥¢-space by Lemma 1. This completes the proof of the Lemma.

By Lemma 2, we have the following Theorem.
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Theorem 1 Spaces with o-HCP pseudobases are {{-spaces.

Q 2. Spaces with o-HCP Closed Pseudobases

In this séction we give a characterization of spaces with o-HCP closed pseudobases.

Theorem 2 A space X has a .O'—HCP closed pseudobase if and only if it is either an YX,-
space or a a—-cl'osed discrete space, of which all compact subsets are finite.

Proof Necessity. Suppose X is a space with o-HCP closed pse'udobases. By Lemma 2, X is
either an ¥}o-space or a space whose all compact subspaces are finite. Now, suppose X is a space
whose all compact subspaces are finité. We shall prove that X is a o-closed discrete spa(:e. Let &
= J (D, nE N} be a o-HCP closed pseudobase for X, where each &2, is an HCP collection of
Closed subsets of X. We can assume that X& &2, C 42, . ,. For éach n&E N, :::GX s put

(). = {PE€ D, z € P},
Y= {zxec X;: () (&,). = {z} for some n &€ N}.

The proof of necessity can be'icc)mpleted by the following two steps.

I. . Y is a o-closed discrete subspace for X.

I. X—Y is countable.

First, we prove 1. For each n& N, put _

Y,={z € X: | (£, = {z}}.
Then Y= U {Y.: n€ N} and each ¥, is a closed discrete subspace for X. In fact, for each z €& X,
put
U=X—U (P E P, « & P).
Then U is an open neighborhood of z, because 2, is a CP collection of closed subsets of X. If Y
€ U(1Y., then ) (&2.).C[) (&2,),. Otherwise there would exists z& [) (£,).— N (£,),.
Since z & [ (&£7,),, there exists P! € &, such that y € P and z& P'. By the fact that 2z €
N(2L,),, 2&P'. Hence ' ' '
yEUNNE@))CTX—-P)NP =9,

a contradiction. Thus _ - -
zeN (&).CN (&), = {y)
by y& Y., and z=y. This means that the open neighborhood U of z contains at most one point of
Y.y s0 Y, is a closed discrete subspace of X, and Y is a cr-élosed discrete subspace of X, which
completes the proof of 1. _

For the proof of I , we prove X—Y is an {Q¢-space. We assert that each &2, is point finite
at X-?-Y,_ i. e.' ,» (&72,), is finite 'for each z &€ X—Y. Otherwise (&Z;), is infinite for some t& N
and z& X—Y. Since &Y, N(L;).— {z}#4¢ for each jEN. Take z.€ ((L).— {z) and P;
& (,‘}3‘;), with z,& P;,. For each m_>1u, if , when :<j<Cm, we have chosen :z:jé X—{z) and P;&
(Pi);— {Pi,+,P;_,} with z,E€ P;, then take

' Zusr € | (Pui)): — {2} TN (D),
and
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Puyy € (&) — {(Piyy Py
with 7,+,€ P,+,. Thus we obtain a sequence {z;};> of X— {z} and a subfamily {P;: j=i} of
(), with z;E P; (N (&2,).). Now, {z;: j==i} is closed because &, is HCP, so there exist m
—=1 and P€ &2, such that , . '

t € PCX— {2;: j=i) CX— {zu}> -
which contradicts z.€ () (&.).CP. Therefore every (2.), is finite, and {P—Y P&} isa
point countable pseudobase for subspace X —Y of X. Since spaces with point coiumab.le pscu-
dobases are ¥o-spaces (cf. [2]), X—Y is an &oeSpace. Now, there exist a separable metriz-
“able space M and a continuous, surjective mapping (cf. [1]) f: M—>X—Y. Take z(z) €
f~1(z) for each x& X—Y, and put I

Z={z(x):. 2 € X —Y)}.

Then Z is a separable metrizable subspace of M, and flz: Z—X—Y is one-to-one and surjec-
tive. Since X—Y is a space whose all compact subscts are finite, so is Z. In addition, Z is first
countable, so Z is a separable discrete space. Hence Z is countable. Thus X —1 is countabie,
which completes the proof of I . |

Sufficiency. If X is an ¥¢-space, then X has- a 0-HCP closed pseudobase. Suppose X is a
o-closed discrete space, of which all compact subspaces are finite. Let X = |} { .X.; ne& N},
where each X, is a closed discrete subspace of X. For each n& N, put

LD, = {PCU {(Xi: 1 < n} : |P| < n}.

Then &2, is an HCP collection of _ciosed subsets of X beéause U {X:. ¢t n} is a closed discrete
subspace of X. Since all compact subspaces of X are finite, U{L,: n& N} is a o-HCP cloéed
pseudobase of X. This completes the proof of Theorem. 2 '

- Question  Does a space with o-HCP pseudobases have a o-HCP closed pseudobase?

Recently , we have obtained an affirmative answer to the above question (cf. L3 D).
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