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Abstract

The problem when a paratopolgical group (or semitopological group) is a topologi-
cal group is interesting and important. In this paper, we continue to study this problem.
It mainly shows that: (1) Let G be a paratopological group and put 7 = wHs(G); then G
is a topological group if G is a Pr-space; (2) every co-locally countably compact paratopo-
logical group G with wHs(G) £ w is a topological group; (3) every co-locally compact
paratopological group is a topological group; (4) each 2-pseudocompact paratopological
group G with wHs(G) £ w is a topological group. These results improve some results
in [11,13).

1. Introduction

With an algebraic structure, say a group, and a topology on it, one can
require distinct types of relation between them. If, for example, the mul-
tiplication in the group is jointly (separately) continuous, then this object
is called a paratopological (semitopological) group. If in addition the inver-
sion in the paratopological group is continuous, then it is called a topological

group.

2010 Mathematics Subject Classification. Primary 54H11, 54H13, 54H99.

Key words and phrases. Paratopological groups, topological groups, weakly Hausdorff
number, P-spaces, co-locally countably compact paratopological groups, 2-pseudocompact
paratopological groups.

*The project is supported by the Science Foundation for Young Teachers of Wuyi Uni-
versity (No. 2013zk03) and the NSFC (Nos. 11271262, 11201414).

0081-6906/$ 20.00 © 2014 Akadémiai Kiadd, Budapest



THE CONTINUITY OF THE INVERSE IN PARATOPOLOGICAL GROUPS 327

The question of finding topological properties on a topological semigroup
(or paratopological group) which imply that it is in fact a topological group
has many precedents in the literature. By the celebrated theorem of Nu-
makura in [10], every compact Hausdorff topological semigroup with two-
sided cancellation is a topological group. In particular, compact Hausdorff
paratopological groups are topological groups. The latter fact has been con-
siderably generalized by Ellis [7], Grant [8], Brand [6], Bouziad [5], Bokalo
and Guran [4], Romaguera and Sanchis [15], Kenderov et al. [9], and some
others.

The study of automatic continuity in paratopological groups was done
by Reznichenko in [14] where he proved that every completely regular pseu-
docompact paratopological group G is a topological group, i.e., the inversion
in G is continuous. In [2], Arhangel’skil and Reznichenko extended this re-
sult to regular pseudocompact paratopological groups. Some other results
can be found in [1,11,13].

In this paper we continue to study the problem when a paratopological
group is a topological group. It mainly improves some results in [11,13]. The
paper is organized as follows. In Section 2, we define an important cardi-
nal function in a paratopological group G, which is called weakly Hausdorrf
number, denoted by wHs(G). This cardinal function plays an important
role in our study. Some simple results on this cardinal function are es-
tablished and we also show that: Let G be a paratopological group and
put 7 = wHs(G); then G is a topological group if G is a Pr-space (The-
orem 2.7) in this section. In Section 3, we mainly study co-locally count-
ably compact and 2-pseudocompact paratopological groups. It mainly shows
that: (1) Every co-locally countably compact paratopological group G with
wHs(G) £ w is a topological group (Theorem 3.1); (2) every co-locally com-
pact paratopological group G is a topological group (Theorem 3.6); (3) each
2-pseudocompact paratopological group G with wH s(G) < w is a topological
group (Theorem 3.8).

No separation restrictions on the topological spaces considered in this
paper are imposed unless we mention them explicitly. Below #(X), x(X)
and [(X) denote the pseudocharacter, character and Lindel6f number of a
space X, respectively.

2. The weakly Hausdorff number of paratopological groups and
P-spaces

Recall that for a Hausdorff paratopological group G with the identity e
the Hausdorff number [17] of G, denoted by Hs(G), is the minimum cardi-
nal number k such that for every neighborhood U of e in G, there exists a
family ~ of neighborhoods of e such that (), VV~L CU and |y| £ k. This

observation gives rise to the following cardinal invariant.
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For a semitopological group G with the identity e the weakly Hausdorff
number of G, denoted by wH s(G), is the minimum cardinal number x such
that for every neighborhood U of e in G there exists a family v of neighbor-
hoods of e such that (., V-t c U and |y £ k.

It is clear from the definition that GG is a topological group if and only if
G is a paratopological group with wHs(G) = 1. Evidently, wH s(G) is infi-
nite whenever G fails to be a topological group. For example, the Sorgenfrey
line S satisfies wHs(S) = w. The proofs of the following two simple facts
are left to the reader.

PROPOSITION 2.1. wHs(G) < Hs(G), for any Hausdorff paratopological
group G.

PROPOSITION 2.2. Ewvery Ty paratopological group G satisfies the inequal-
ities wHs(G) < ¢(G) < x(G).

PROPOSITION 2.3. Let G be a 11 paratopological group. Then the in-
equality wH s(G) < l(Vfl) holds for every nonempty open set V of G.

PROOF. Since G is a paratopological group, it is enough to show that

the inequality wHs(G) < (V1) holds for every open neighborhood V' of
the identity e in G. Take any open neighborhoods V,U of e and put 7 =

l(V*l). Clearly l(ﬁ\ U) < 7. Since G is a paratopological group, one
can easily find a family v = {W, : a < 7} of open neighborhoods at e and
asubset A= {a,: a <7} CV-L\U such that V-I\U C U,., aaWa and
that e ¢ a,W2 for each a < 7. Put § =y U {V}. One can easily verify that
Niwes W™t C U. Tt implies that wHs(G) < 7 =1(V-1). O

According to Proposition 2.3 the following corollary is obvious, which
was proved independently in [16].

COROLLARY 2.4. The inequality wHs(G) < I(G) is wvalid for any Ty
paratopological group G.

A group G with the identity e is called periodic if for each x € G there ex-
ists an integer n = 1 such that 2™ = e. Recall that a paratopological group G
is called topologically periodic [4] if for each x € G and every neighborhood U
of the identity, there exists an integer n = 1 such that 2™ € U. Clearly, every
periodic paratopological group is topologically periodic.

Indeed, Proposition 2.5 was proved in the proof of [4, Theorem 3|. For
the sake of completeness, we give its proof.

PROPOSITION 2.5. For every topologically periodic paratopological group
G satisfies the inequality wHs(G) £ w.

PRrROOF. Let U be an arbitrary neighborhood of the identity e in G and
{Vi: i € w} a family of neighborhoods of e such that Vo = U and V3, C V;
for each i € w.
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We shall show that F =) {V;_l NS w} C U, which implies that

wHs(G) Lw. Let x € F, then 27! € V; for each i € w. Since G is topologi-
cally periodic, one can choose n € w \ {0} such that z™ € V;. If n = 1, then

x € U is obvious. Thus we can assume that n > 1. Clearly, ($_1)n_1 €
Vi"_l for each 1 € w. Now choose ig € w such that V£_1 C V4. Then

:U:x"(x_l)n_leVECU. O

COROLLARY 2.6. The inequality wHs(G) < w holds for every periodic
paratopological group G.

Let 7 be an infinitely cardinal number. Recall that a space X is a P,-
space if for any family ~ of open neighborhoods such that |y| < 7 the set
ﬂU@ U is open in X. If 7 = w, then X is called a P-space.

THEOREM 2.7. Let G be a paratopological group and put 7 = wHs(G).
Then G s a topological group if G is a Pr-space.

Proor. Take any open neighborhood U of the identity e in G. Hence
there exists a family 7 of open neighborhoods at e such that |y| £ 7 and
Nye, V' C U. It implies that (e, V) =ye, V"' € U. Since G is
P.-space, the set ﬂVe'y V is open in G. Hence G is a topological group. [

COROLLARY 2.8. Every topologically periodic (or periodic) paratopologi-
cal group G, which is a P-space, is a topological group.

PRrROOF. The statement directly follows from Proposition 2.5 and Theo-
rem 2.7. 0

LeEMMA 2.9 ([8]). If V2 C U, where V and U are open neighborhoods of
the identity of a paratopological group, then (V1) v,

COROLLARY 2.10. Let G be a Ti paratopological group and P-space,
which satisfies one of the following conditions. Then G is a topological group.

(1) G is Lindeldf [11, (vii) of Theorem 4];

(2) there exists a nonempty open set V in G such that V' is Lindeldf [11,
(viii) of Theorem 4].

PROOF. According to Proposition 2.3 and Theorem 2.7, it is enough to
prove that there exists an open neighborhood W of the identity e in G such

that W1 is Lindel6f. We can also assume that the open set V' contains e
by the homogeneity of G. Thus, it is enough to take an open neighborhood

W of e such that W2 C V. Then W~1 C V! by Lemma 2.9. Since V! is
Lindelof, so is W1, O
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3. Co-locally countably compact and 2-pseudocompact paratopological
groups

Let P be a topological property and G a paratopological group. We say
that G is co-local P (i.e., conjugate-local P) if there exists a nonempty open

set V in G such that V—! has the property P. The following theorem is one
of our main results.

THEOREM 3.1. Every co-locally countably compact paratopological group
G with wHs(G) < w is a topological group.

PrOOF. Since G is a paratopological group, by the homogeneity of G
we can assume that there exists an open neighborhood V' of the identity e

in G such that V—1 is countably compact. Take any open neighborhood U
of e. Since wHs(G) £ w, one can find a family {W; : ¢ € w} of open neigh-

borhoods of e such that (7, Wi_1 C U. We can also assume that the family
{W; : i € w} satisfies W2 ; C W; for each i € w. By Lemma 2.9, we have
Nico W =Njew Wit C U. Since V-1\ U is countably compact, there ex-
ists ip € w such that W' N (V-1\U) = 0. Put W = W;,NV. Then it is

obvious that W contains e such that W1 = Wigl NV~! c U, which implies
that GG is a topological group. O

COROLLARY 3.2. Let G be a paratopological group, which satisfies one
of the following conditions. Then G is a topological group.

(1) G is countably compact with wHs(G) £ w;
(2) G isT1 countably compact with ¥(G) < w [11, (iv) of Theorem 4];

(3) G is a Ty-space and there exists a nonempty open set V in G such that
V1 is countably compact with ¢(G) < w [11, (v) of Theorem 4];

(4) G is countably compact and topologically periodic [4, Theorem 3];

(5) G is topologically periodic and there exists a nonempty open set V in G
such that V™1 is countably compact;

(6) G is T1 compact [11, (i) of Theorem 4];

(7) G is a Ty -space and there exists a nonempty open set V in G such that
V=1 is compact [11, (ii) of Theorem 4].

PROOF. It is obvious that (2) = (3), (4) = (5) and (6) = (7).

(1) The statement directly follows from Theorem 3.1.

(3) It follows from Proposition 2.2, Lemma 2.9, and Theorem 3.1.

(5) The statement directly follows from Proposition 2.5, Lemma 2.9 and
Theorem 3.1.
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(7) The statement directly follows from Proposition 2.3, Lemma 2.9 and
Theorem 3.1. Il

Let X be a space and A a subset of X. Recall that countably com-
pact at A of X if each infinite subset B of A has an accumulation point x
in X. X is countably compact if X is countably compact at itself and X
is countably pracompact if X is countably compact at a dense subset of X.
A space X is called pseudocompact if every continuous real-valued function
on X is bounded. For those classes of spaces the following relations are well
known. All reversions of the following do not hold.

countably compact = countably pracompact = pseudocompact.

REMARK 3.3. In view of the (3) of Corollary 3.2, Raghavan and Reilly
[11] asked whether every 77 pseudocompact paratopological group G with
¥(G) £ w is a topological group. Indeed, there exists a Hausdorff first-
countable and countably pracompact paratopological group G but G is not a
topological group [13, Example 3|, which implies that the condition “count-
ably compact” in Theorem 3.1 cannot be replaced by “countably pracom-
pact”.

Indeed, the Tj-separation axiom can be eliminated from the (7) of Corol-
lary 3.2. First we give a simple lemma which was proved in [12, Corollary
1.1].

LEMMA 3.4 ([12, Corollary 1.1]). Let G be a paratopological group, H a
compact subgroup of G and F' a closed subset of G. Then FH and HF are
closed.

Recall that a nonempty subset M of a semigroup S is called right ideal
in S'if MS C M. A right ideal M of a semigroup S is minimal if the equality
M = N holds for any right ideal N in S whenever N C M. The following
result is probably known.

LEMMA 3.5. Every compact semigroup has a minimal closed right ideal.

PROOF. Let S be a compact semigroup. Put Z ={M C S: M is a closed
right ideal in S}. Clearly, S € Z. One can easily verify that ()~ is a right
ideal for any family ~ of right ideals in S such that () # 0. Then applying
the Zorn lemma to the family Z ordered by inverse inclusion one can easily
complete the proof. O

THEOREM 3.6. Ewvery co-locally compact paratopological group G is a
topological group.

PROOF. In this proof, denote by 4¢ all the open neighborhoods of the
identity in the paratopological group G.

By the homogeneity of G one can take an element V' € 4% such that V-1
is compact in G. Put B = ().4#“. Then it is clear that B is a semigroup.
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Put B' = {e} = Nueyc U™t =B71 Clearly, B is a compact semigroup,

since {e} C V1. From Lemma 3.5 it follows that there exists a minimal
closed right ideal H in B’. For an arbitrary element xz € H, we have that
xH C HB' C H. It is also clear that tHB' = x(HB') C «H, i.e., xH is a
right ideal in B’. Since xH is closed in B’ and *H C H, and H is a minimal
right ideal in B’, we conclude that xH = H for each x € H. In particular,
2?H = H for each x € H, whence it follows that 2%y = z for some y € H
and hence 7! =y € H. In its turn, this implies that e € H, H = B’, and
that B’ is a group, In particular, B = B’. Since B = [ .A4¢ we see that
g 'Bg C B for each g € G. Hence B is a normal subgroup.

Denote by G/B the quotient group of G, and endow it with the quo-
tient topology with respect to the canonical mapping 7 : G — G/B. Since
the set B’ is closed and compact, we see that the quotient group G/B is
a Th-space and 7 is closed by Lemma 3.4. Since every quotient homomor-

phism in the class of paratopological group is open, w(V) € A G/B and such
that (m(V)) = (V1) c w(V-1). Hence the closure of (7(V)) - (take
in G/B) is compact in G/B. From the (7) of Corollary 3.2 it follows that
G/ B is a topological group.

Take any U € A%, Then there exists W; € 4% such that W2 C U.
Since 7 is open and G/ B is a topological group, there exists Wy € A G/B such
that Wy ' € m(W1). Hence (n'(Wa)) " Cn!(x(W1)) = WiB C W C
U. It implies that G is a topological group. O

COROLLARY 3.7 ([18, Proposition 3.2]). A compact paratopological group
18 a topological group.

A sequence {U, : n € w} of subsets of a space X is non-increasing if
U, D Upyq for each n € w. A (not necessarily Ty) paratopological group G
is 2-pseudocompact [13] if [;c,, U; ! # 0 for each non-increasing sequence
{Uy, : n € w} of nonempty open subsets of G. It is obvious that every count-
ably compact paratopological group is 2-pseudocompact. Thus Theorem 3.8
(proved independently in [16]) improves (1) of Corollary 3.2.

THEOREM 3.8. Fach 2-pseudocompact paratopological group (G, T) with
wHs(G) < w is a topological group.

PROOF. In this proof, denote by .#“ all the open neighborhoods of the
identity in a paratopological group G.

Take any U € A4C. Then there exists W € A4¢ such that W2 c U.
By wHs(G) < w, one can find a family v = {V; : i € w} C AY such that
Nicw V[l C W. Without loss of generality, we can assume that Vlil cV
for each 7 € w. Hence we have V:s—ll - V;-*l for each i € w by Lemma 2.9.

Take W' as the closure of W in the paratopological group (G, 7'_1), where
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rl={F1: Fer}. PutV/ =V, '\ W for each i € w. Then we have the
following claim.
Claim: there exists ig € w such that VZ-O_1 C W', which is equivalent to

v =
Assume to the contrary, i.e., there is no ¢ € w such that V/ = (), then
the family {V/: ¢ € w} is a sequence of decreasing nonempty open sets
in (G,77'). We shall prove that the family {V;: i € w} is local finite
in (G, 1), which is a contradiction.
In fact, take any 2 € G. Case 1: x € (G\W). Since ;o V; * € W, there
exists i9p € w such that x ¢ Vio_l. Thus, G\ Vio_1 is an open neighborhood

of z in (G,7) such that (G \ V;, ') NV, = 0 for each n > ig. Case 2: z € W.

Clearly, W is an open neighborhood of z in (G, 7) such that W NV, = for
each n € w. From cases 1 and 2 it follows that the family {V/: i € w} is
local finite in (G, 7). It completes the proof of our claim.

From Lemma 2.9 and our claim it follows that Vzgl C W’ c U, which
implies that (G, 7) is a topological group. O

1EW

COROLLARY 3.9 ([13, Proposition 6]). Each 2-pseudocompact paratopo-
logical group G with ¥(G) £ w is a topological group.

ProOF. This directly follows from Proposition 2.2 and Theorem 3.8. U

COROLLARY 3.10. Fach Hausdorff 2-pseudocompact paratopological
group G with countable w-character is a compact metrizable topological group.

PROOF. Let 2 be a local base at the identity e of G and € = {V,, | n € w}
a local m-base at e. Take any x € G such that x # e. Since G is Haus-
dorff, there exists U € % such that ¢ UU~!. Thus there exists ng € w
such that Vy,, C U, which implies that ¢ UU ! 2 V,,)V,; 1. Hence, {e} =
Mnew VoVt It implies that ¢(G) < w. It follows from Corollary 3.9 that
G is a topological group. It is well known that every topological group with
countable m-character is first countable [3, (a) of Proposition 5.2.6]. Thus G
is metrizable [3, Theorem 3.3.12]. Since every 2-pseudocompact paratopo-
logical group is feebly compact [13, Proposition 2|, G is compact. O
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