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Additive k-Metric Spaces are y-spaces
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Abstract In this paper, we prove that additive k-metric spaces are p-spaces. So if an additive k-metric

space is a quasi-Nagata space or a paracompact S-space, it is a metrizable space.
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§éepinf‘3 introducted the notion of k-metrizabﬂity as a generélization of metric spaces. Dra-
niénikov!? defined the additivity of k-metric space and asserted that if an additive k-metric space
is compact, it is metrizable. Isiwatal discussed the metrization problem of additive k-metric
spaces and proved that if an addit_ive k-metric space is a &rM -space or a paracompact f-space, it is
a metrizable space. One can ask the following question . is an additive k-metric space any kind of
generalized metric space? |

Let Rc(X) be the collection of regular closed subsets of a topological space X. (X, d)'is
said to be an additive k-metric space if there exists a mapping d: X X Re(X )-’—--.[0 , 00 ) satisfying
the following conditions.

(i) d(z, C)=0z€C,

. (ii) CCD=>d(z,C)=d(z, D) for each z€ X,

(iii) d(z, C) is continuous with respect to z for every C& Re(X),

(iv) d(z, (U {C.: a€ A}))=inf{d(z, C.): a€ A}.

d is called an additive k-metric on X. -

Throughout this paper, we mean by a space a Tychonoff space. We denote by N the set of
positive integers, and by (z.) the sequence whose n-th element is z.. For a given closéd set F of
an additive k-metric space (X, d) we put R_ci(F) ={C&Rc(X). FCintC}, Rci(z) =Rci
({z}), and define
z(zy, F) = sup{d(z, C).: C & Rci(F)},

{E(H, F) = inf{z(z, F-):L:z: & H}. (1)
Then for each z& H and y&€ F, z(H, F)<z(z, ¥) (see [3]). Aspace (X, T) is a y-space (see
[47]) if there exists a function g: N X X—1 such that z,~p whenever y.E g(n, 2) and z,€ g(n,
Ya) <
Theorem Additive k-metric spacés are p-spaces.

Proof Suppose (X, d) is an additive k-metric space. For cach #nE N, 2€ X, let

Received Dec. 28, 1987.



286 | NORTHEASTLERN MATIH. . VOL. 6

g(n, z) = int{y, z(zx, y) < 1/n}.
If z(z, y)>=1/n, then there exists C(y) € Rci(y) with d(z, C(y))>1/2n. Put C=ci(|J
{C(y): z(z, y)=1/n}). Then d(z, C)==1/2n by (iv). Hence

z € X —C=int(X —C) C {y: «(z, y) < 1/n},

so x&g(n, z). Suppose y.&g(n, p)and z,&cg(n, y.). If pis hot a cluster point of the sequence
(2.) , without loss of generality, we can assume that p& {z.. € N} and hence p&cl({z,, n€E
N })=F. Therefore z(p, F’)=2u>0 by.(1) and (i). Take C&Rci(F) with d(p, C)>q. By
(iii) there exists H &€ Rci(p) with d(h, C)>a for each h& ] ,and hence z(h, F)>u for each k&
H, so z(H, F)>0. But, on the other hand, if {4. =z(p, B)<I/u} L H for cach n&e N, then
there exists a sequence (k,) such that z(p, hL)<l/n and L& X—H. Put Fy=X—int/{. Then
p& Fyand {h.. n€EN}CJd\. By (1), (i) and Cii), z(i,, F,)>0 for some I & Rci(p). This
contradicts 1/n>z(p, h)=2(f,, F1). So there exists m& N such that {III: z(py, 1)</ C
H. Therefore for each n22m, g.€ g(n, pYCqgGn, p)CIH, and z(H, F)<z(n, z.)<l/n, a
“contradiction. Hence p is a cluster point of the sequence (z,). If the sequence (z.) does not con-
verge to p, then there exists a neighborhood W of p and a subscquence (:z:.k) of (x.) such that

:z'.ké W for each k&€ N. Now y, € glm, p)Cglk, )y 2. € gCuy 3. )Tglkyy, ), and so pis a

cluster point of the sequence (z, ). But this is impossible, and so we conclude that (z.) converges
to p and X is a y-space.

A space (X, 7)) is a quasi-Nagata space (see [ 5]) if there exists a function g: ¥N X X—7
such that z& g(n, z), and (y.) has a cluster point whenever z,& g(u,y.) and (z.) is a conver-
gent sequence, wl-spaces are wN-spaces (sce [4]), and wN-spaces are quasi-Nagata sl)acc&s (sce
[50]).

Corollary If an additive k-mctric space is a quasi-Nagata space or a paracompact fi-space,
it 1Is a metrizable space.

Proof A quasi-Nagata, y-space is a metrizable space (sce [5]), and a y, f-space is a de-

velopable space (see [41]).
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