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Abstract

In this paper, we characterize k-semi-stratifiable spaces by semi-continuous functions
and give some applications. Also we give the similar characterizations of MCM spaces and
K-MCM spaces.

1. Introduction

One of the questions in general topology is how to characterize the
generalized metric spaces [3, 6]. Recently, the problem of monotone in-
sertions of generalized metric spaces is studied [5]. Lane, Nyikos and Pan
[8] proved that a topological space X is stratifiable if and only if there is an
order-preserving map 1 : UL(X) — C(X) such that for any (g,h) € UL(X),
g <9((g, 1)) <h and g(z) < ¥((g,h) () < h(z) whenever g(x) < h(z).
Yang and Yan [14] proved that a topological space X is semi-stratifiable if
and only if there is an order-preserving map ¢ : LSC(X) — USC(X) such
that for any h € LSC(X), 0 < ¢(h) < h and 0 < ¢(h)(z) < h(x) whenever
h(z) > 0. It is well-known that stratifiable spaces are k-semi-stratifiable, and
k-semi-stratifiable spaces are semi-stratifiable.
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QUESTION 1.1. How to characterize k-semi-stratifiable spaces by the
monotone insertion functions?

In Section 2, we describe the characterizations of k-semi-stratifiable
spaces similar to that of stratifiable spaces in [8] and semi-stratifiable spaces
n [14]. We then give some applications of this result.

MCM spaces and K-MCM spaces are natural generalizations of semi-
stratifiable spaces and k-semi-stratifiable spaces, respectively. As the com-
plements of our main results, we also characterize them by semi-continuous
functions in Section 3.

All spaces in this paper are assumed to be T1. For a topological space X,
7 denotes the topology on X, and 7¢ = {X — O : O € 7}. We refer the reader
to [1, 6] for undefined terms.

A real-valued function f defined on a space X is lower (upper) semi-con-
tinuous if for each z € X and each real number r with f(z) > r (f(z) <r),
there exists a neighborhood U of z in X such that f(z') >r (f(z') <r)
for every 2/ € U. Equivalently, f is lower (upper) semi-continuous if and
only if {z: f(z) >r} ({&: f(z) <r})is open for each real number r. We
write LSC(X) (USC(X)) for the set of all real-valued lower (upper) semi-
continuous functions on X into I = [0, 1].

Let X be a space, if A C X, we write x4 for the characteristic function
on A, that is, a function x4 : X — [0, 1] defined by

() 1, if x € A,
XA N0, it 2 ¢ A

Then x4 € USC(X) if A is a closed subset of X, and x4 € LSC(X) if A is
an open subset in X.

2. On k-semi-stratifiable spaces

DEFINITION 2.1 (see [10]). A space X is k-semi-stratifiable if and only
if there exists a map p: N x 7 — 7¢ satisfying the following conditions:

(1) U =U,enpn,U) forall U € T;
(2) If U ¢ V with U,V € 7, then p(n,U) C p(n,V) for all n € N;
(3) For each compact subset K C U € 7, K C p(m,U) for some m € N.

In Definition 2.1, we can assume the map p satisfies the following con-
dition: p(n,U) C p(n+1,U) for all U € 7 and all n € N. For a space X, if
there is a map p: N x 7 — 7¢ satisfying the conditions (1) and (2) in Defi-
nition 2.1, X is called a semi-stratifiable space [6].
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First, we give a new characterization of k-semi-stratifiable spaces by par-
tially ordered sets.

LEMMA 2.2. A space X is k-semi-stratifiable if and only if for any par-
tially ordered set (H,<) and any map F : Nx H — 7¢ satisfying the following
conditions (1) and (2):

(1) F(n+1,h) C F(n,h) for allh € H and alln € N,

(2) For any hi,he € H, if h1 < hg, then F(n,hg) C F(n,hy),
there is a map G : Nx H — 7 such that (1) and (2) above hold for G,
F(n,h) C G(n,h) for alln € N, h € H, and (3) hold:
(3) If K is compact and K N F(n,h) =0 for somen € N and h € H, then
KNG(m,h) =0 for some m € N.

PROOF. Necessity. Suppose that X is a k-semi-stratifiable space and
F: Nx H — 7¢ is a map which satisfies the conditions (1) and (2) of the
lemma. Let p: N x 7 — 7¢ be the map in Definition 2.1, which satisfies
p(n,U) C p(n+1,U) for all U € 7, n € N. We shall show that a map G :
N x H — 7 defined by

G(n,h) =X —p(n,X — F(n,h)), neN, heH

is desired. By the properties of p and F', one can easily verify that (1) and
(2) hold for G. By (1) of Definition 2.1, p(n,U) C U for all U € 7. Thus
p(n,X —F(n,h)) C X — F(n,h), and then F(n,h) C G(n,h) for all n € N
and h € H.

Next, we shall show that (3) hold. Let K be a compact subset of X and
K N F(mg,h) =0 for some my € N and h € H. By Definition 2.1,

X — F(mo, h) = U p(n, X — F(mg,h))
neN

and
K C p(k,X — F(mg,h)) for some ke N.

Let m = max {my, k}, then
K C p(k,X — F(mg,h)) C p(m,X — F(m,h)) =X — G(m,h).

Hence K NG(m, h) = 0.

Sufficiency. Let H = 7 and define a partial order < on H by hy < hy &
hi C hy for each pair hy, ho € H. For each U € 7, we define that F(n,U) =
X — U, then the map F: N x 7 — 7¢ satisfies (1) and (2) of the lemma.
So there exists a map G : N x 7 — 7 such that (1) ~ (3) hold for G, and
F(n,U) C G(n,U) foralln e Nand all U € 7. Let p(n,U) = X — G(n,U),
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then the map p: N x 7 — 7¢ satisfies the conditions (1) and (2) in Definition
2.1. For a compact subset K CU € 7, KNF(n,U) =K —U =), then K C
p(m,U) for some m € N by (3). Hence X is a k-semi-stratifiable space. [

In the necessity of Lemma 2.2, it can be obtained that

() F(n,h) =[] G(n,h) for all h € H.

neN neN

In fact, since F'(n,h) C G(n,h) for all n € N and h € H, (), oy F(n,h) C
MNpen G(n, h). On the other hand, if a point x ¢ (), cy (n, h), then {z} N
0

(ﬂneNF(n, )) = (), thus there exists an m € N such that {z} NG(m, h) =
by (3), i.e., & ,eny G(n, h).
Let (X, <) and (Y, <’) be partially ordered sets. A map ¢p: X — Y is

said to be order-preserving [8] if ¥ (x) <’ ¢ (y) for every pair z,y € X with
r<y.

THEOREM 2.3. A space X is k-semi-stratifiable if and only if there is
an order-preserving map ¢ : LSC(X) — USC(X) satisfying the following
conditions:

(1) For anyh € LSC(X), 0= o(h) £ h and 0 < p(h)(x) < h(x) whenever
h(z) > 0;

(2) If K is a compact subset of X and there exists h € LSC(X) such that
h(z) >0 for allz € K, then ¢(h)(z) > r for allx € K, for somer > 0.

PROOF. Suppose X is k-semi-stratifiable. Define a map F': Nx LSC(X)
— 7¢ by

F(n,h)={x € X: h(z) £1/2" '}, neN, he LSC(X),

Then F satisfies (1) and (2) in Lemma 2.2. By Lemma 2.2, there exists a
map G : N x LSC(X) — 7 such that (1) ~ (3) in Lemma 2.2 hold for G, and
F(n,h) C G(n,h) for each n € N, h € LSC(X). Thus

()G, h) = () F(n,h) = {z € X : h(z) =0}.

neN neN

Let f(n,h) = Xqn,n) for eachn € N, h € LSC(X). Then f(n,h) € LSC(X)
since G(n, h) is open. Thus

Zzinf ) € LSC(X)

n=1
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by Theorem 2.4 in [14]. Let

1
— ZQTLf

n=1

then ¢(h) € USC(X). Suppose that hy < hg with hy,he € LSC(X) and
n €N, then G(n,hg) C G(n,h1), so XG(n,h2) = XG(n,h1)s 1€, f(n, hg) =
f(n,hy). Therefore, p(h1) < ¢(h2) by the definition of ¢. Hence ¢ is order-
preserving.

It remains to show that the map ¢ satisfies the conditions (1) and (2) in
Theorem.

Let h € LSC(X). If a point x € X with h(xz) = 0, then for each n € N,
x € G(n,h) and so f(n,h)(x) =1, thus p(h)(z) =0. If h(z) > 0, then x ¢
Mpen G(n,h). Let

m=min{ne€N: z ¢ G(n,h)}.

Then for all n <m, z € G(n,h) and so f(n,h)(z) =1. But =z ¢ G(m,h),
then f(m,h)(z) =0 and so ¢(h)(z) > 0. On the other hand, x ¢ F(m,h)
since F(m,h) C G(m,h), thus h(z) > 1/2™"1. Hence,

m—1

Zginf %f h)(x) + Z %f(n,h)(x)

n=1 =1

3

1 — 1
=10 +T;271f(n,h)(ac).

Consequently, 0 < ¢(h)(z) £ 1/2™~! < h(x) by the definition of ¢.
Let K be a compact subset of X, and suppose that there exists an h €
LSC(X) such that h(x) > 0 for all z € K. Then K N (ﬂneN F(n,h)) =0

by the definition of F(n,h). By (3) of Lemma 2.2, there exists m € N such
that KN G(m,h) = 0. Thus f(m,h)(z) =0forall x € K, so f(n,h)(z) =0
for all n =2 m and all z € K. Take
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Then r > 0 and for each z € K,

m—1

1
n=1
m—l1
n=1

Conversely, suppose that there is an order-preserving map ¢ : LSC(X)
— USC(X) that satisfies the conditions (1) and (2) in Theorem. For any
U e, let hy = xu, then hy € LSC(X) and so ¢(hy) € USC(X). For each
n € N, let

p(n,U) = {2 € X : p(hu)(@) = 1/2"},

then the equality above defines a map p: N x 7 — 7¢. We shall show that
the map p satisfies the conditions (1) ~ (3) in Definition 2.1. It can be easily
checked that the map satisfies (2) in Definition 2.1. We now show that the
map also satisfies (1) and (3) in Definition 2.1.

For each n € N, if x € p(n,U), then 1/2" < o(hy)(z) < hy(z). So

xu(z) = hy(x) 21/2" >0,

thus x € U. This implies that |J,cyp(n,U) CU. On the other hand,
if x € U, then hy(z) = xy(z) =1>0, and so ¢(hy)(x) > 0. There ex-
ists m € N such that ¢(hy)(x) = 1/2™, hence = € p(m,U). Therefore U C
UnEN p(n, U)

Suppose a compact subset K C U € 7 in X, let hy = xy, then hy €
LSC(X) and hy(z) =1 for all z € K. By (2), there exists mg € N such that
o(hy)(x) > 1/mg for all x € K, then K C p(mg,U). Hence p satisfies all
conditions in Definition 2.1, so X is k-semi-stratifiable. O

Another characterization of k-semi-stratifiable spaces by semi-continuous
functions is given in [13].

COROLLARY 2.4. A space X 1is k-semi-stratifiable if and only if for each
pair (A,U) of subsets of X with A closed, U open and A C U, there is fy a €
LSC(X) such that

(1) A= frh(0), X —U = frh(1);
(2) fua 2 fv.p whenever AC B and U C V;

(3) If a compact subset K C U € 7 in X, then fyg(x) < r whenever v € K
for some r < 1.
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PROOF. Suppose X is a k-semi-stratifiable space, there is an order-
preserving map ¢ : LSC(X) — USC(X) that satisfies the conditions of The-
orem 2.3. For each pair (A, U) of subsets of X with A closed, U open and
ACU,let

ga=1-xa and hy = o(xv).
Then g4 € LSC(X) and hy € USC(X). For each z € X, put

_ ga(z)
fU,A(x) - HATU(:U)v

then fy 4 € LSC(X) by Proposition 2.2 in [14]. One can easily check that
the conditions (1) and (2) hold.

Let K be a compact subset of X such that K CU € 7. Then xy €
LSC(X) and xy(x) >0, x € K. Thus ¢(xv)(z) >t whenever x € K for
some t > 0 by (2) in Theorem 2.3. Let r = then » <1 and fyg(z) <r
whenever x € K.

Conversely, let hy =1 — fy9, U € 7. Then hy € USC(X). It can easily
be verified that hy < hy whenever U C V' € 7, and hy(x) = 0 if and only if
x ¢ U. For each n € N, let

1
I+t

p(n,U) = {x €X: hy(x) 2 1/2”}.

Similar to the proof of the sufficiency in Theorem 2.3, we can prove that p
satisfies the conditions of Definition 2.1. Hence X is k-semi-stratifiable. [J

COROLLARY 2.5. A space X is k-semi-stratifiable if and only if for each
UertinX thereis fy € USC(X) such that

(1) X —U = f(0);
(2) fu = fv whenever U C V;

(3) If a compact subset K C U € 7, then fy(x) > r whenever x € K for
some r > 0.

PROOF. Suppose X is k-semi-stratifiable. For each U € 7, let fy =
1 — fup, where fyg is the function given in Corollary 2.4. Obviously,
fu € USC(X) satisfies the conditions (1) ~ (3). The sufficiency has been
proved in Corollary 2.4. O

Before we go to the next corollary recall that a g-function [9] for a topo-
logical space X is a function g : N x X — 7 such that for each x € X and
eachn e N, z € g(n,x), g(n+ 1,2) C g(n, ).

COROLLARY 2.6 (see [2]). A Hausdorff space X is k-semi-stratifiable if
and only if it has a g-function g such that if x, € g(n,yy) for each n € N
and x, — x, then y, — .
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PROOF. The proof of the sufficiency is given in [2]. We need only to
prove the necessity. Suppose X is k-semi-stratifiable. For each x € X, let

f$:<p(1—x{x}), and g(n,z)={te X : fy(t) <1/n},

where ¢ is the map given in Theorem 2.3. We show that g is the desired
g-function.

Let x,, € g(n,y,) for each n € N and z,, — x. For each U € 7, z € U,
there is an ng € N such that z,, € U for all n = ngy. Since = ¢ X — U, then

<p(1 — X(X,U))(a;) > 0 and so cp(l — X(X,U))(a:) > 1/m; for some m; € N.
Let K = {z}U{z,: n 2 np}. Then K is a compact subset of X and K C U.
Thus (1 — X(X—U))(t) >0 for all t € K. By (2) in Theorem 2.3, there is
an mg € N such that gp(l - X(X—U))(t) > 1/my for all t € K. For each y €
X - U, since X{y} § X(X-U)> we have 1 — X{y} 2 1-— X(X-U)- Then fy =
Lp(l — X{y}) > go(l — X(X—U)) since ¢ is order-preserving. Thus

fo(@t) Z o(1 = x(x—u))(t) > 1/mg

forallt € K. Let m = max{ng,mo}, fy,(zn) < 1/n by z, € g(n,yy) for each
n = m, then y, € U. Therefore y, — . O

3. On MCM spaces and K-MCM spaces

Let {A,} and {B,} be two sequences of subsets of a space X. For con-
venience, we write {A4,} < {B,} if A, C B, for every n € N, LSC*(X) =
{fELSC(X) : f>0}; USCH(X) = {fEUSC(X) : f>0}.

DEFINITION 3.1. A space X is said to be MCM [4] if there is an oper-
ator U assigning to each decreasing sequence {F,} of closed subsets of X
with empty intersection, a sequence {U (n, {Fn})} of open subsets of X
such that

(i) {F.} <{U(n,{F.}) },
(ii) mneN U(n, {Fn}) =0,
(iii) if {F} < {F;,}, then {U(n,{F.}) } < {U(n,{F}}) }.
X is said to be K-MCM [11] if, in addition,

(i)’ for each compact subset K C X, K NU(n,{F,}) =0 for some n € N.

The operation U is called an MCM operator (K-MCM operator) if it satisfies
the respective conditions.
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REMARK 3.2 (see [12]). MCM spaces are equivalent to S-spaces which
are defined in [7]. Every k-semi-stratifiable space is K-MCM, and every K-
MCM space is MCM.

THEOREM 3.3. A space X is MCM if and only if there is an order-
preserving map ¢ : LSCT(X) — USC™(X) satisfying that p(h) < h for each
h e LSCT(X).

PROOF. Necessity. Let U be an MCM operator on X. For each
h € LSCH(X), put Fy(h)={z: h(z) £1/(n—1)} for each n>1 and
Fi(h) = X. Then {F,(h)} is a decreasing sequence of closed sets with
empty intersection. Define ¢(h): X — R™ as ¢(h)(z) = 1/n whenever x €
U(n,{Fa(h)}) = U(n+1,{Fu(h)}). Then p(h) € USCT(X). Indeed, for
each real number r > 0, there is an n € N such that {z : ¢(h)(z) <r} = {=:
o(h)(z) £1/n} = U(n, {Fn(h)}) is an open set.

Now suppose that h, i’ € LSCT(X) with h < I/. Since h/(z) £1/(n — 1)
implies that h(z) £1/(n—1), we have F,(h') C F,(h) for each n € N.
Then U(n, {Fn(h’)}) C U(n, {Fn(h)}) for each n € N. For each x € X,
pick n € N such that z € U(n, {Fn(h’)}) — U(n +1,{F.(W)} ) Then = €
U(n, {Fn(h)} ), which implies that ¢(h)(z) £ 1/n = p(h')(z). So p(h) <
(k). Tt implies that ¢ is order-preserving.

For each x € X, there is an n € N such that x € U( A Fa(h )}) (n+
1, {Fn(h)}) since ﬂneNU(n, {Fn(h)}) (). Then ¢(h)(z) =1/n and = ¢
Fn41(h), thus h(z) > 1/n. Therefore ¢(h) < h.

Sufficiency. Assume {F,} is a decreasing sequence of closed subsets

of X with empty intersection. Without loss of generality, we may as-
sume that I} = X. Define hyp,y: X — [0,1] as hyp,}(7) = 1/n whenever

x € Fy — Fpy1. Then hyp y € LSCT(X). Put

U(n, {F.}) = {x : go(h{pn})(x) < 1/n}

It is sufficient to show U is an MCM operator on X.
Obviously, each U(n, {Fn}) is open. Since x € F, if and only if hyf, y ()

< 1/n, then F, C U(n, {Fn}) for each n € N. For each v € X, pick n € N
such that cp(h{pn})(a:) >1/n. Then z ¢ U(n,{F,}), which shows that
Nuen U (0, {Fn}) = 0.

Now assume that {F},} and {F} are two decreasing sequences of closed
subsets of X with empty intersections and {F,} < {F}}. Then hypy <

hipry. Consequently, go(h{Fn}) < Sﬁ(h{F,’L})a which implies that U(n, {Fn})
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C U(n,{F}}) for each n € N. Therefore, U is an MCM operator on X. O

THEOREM 3.4. A space X is K-MCM if and only if there is an order-
preserving map ¢ : LSCT(X) — USCT(X) satisfying the following condi-
tions:

(1) ¢(h) < h for each h € LSC*(X);

(2) For any compact subset K of X, there is a real number r > 0 such that
w(h)(x) >r forallx € K.

PROOF. Necessity. Let U be a K-MCM operator on X. For each
h € LSCH(X), put Fu(h) ={x: h(z) £1/(n—1)} for each n>1 and
Fi(h)=X. Then {F,(h)} is a decreasing sequence of closed sets with
empty intersection. Define ¢(h): X — R as p(h)(xz) =1/n whenever
x € U(n, {Fn(h)}) - U(n +1,{ Fy(h)} ) By the proof of Theorem 3.3,
we know that ¢ : LSCT(X) — USC*(X) is an order-preserving map and
satisfies the condition (1).

Now let K be a compact subset of X. Then K N U(n, {Fn(h)}) = () for
some n € N. Put r = 1/n, by the definition of ¢(h), we have p(h)(z) > r for
all z € K.

Sufficiency. Assume {F,} is a decreasing sequence of closed subsets

of X with empty intersection. Without loss of generality, we may as-
sume that I} = X. Define hyp,y : X —[0,1] as hyp(z) = 1/n whenever

x € Fy — Foy1. Then hyp y € LSCT(X). Put

U(n,{F.}) = {:U : cp(h{pn})(a:) < 1/n}

By the proof of Theorem 3.3, U is an MCM operator on X.
Suppose K is a compact subset of X, there is a r > 0 such that
ap(h{Fn})(x) >r for all x € K. Pick n €N such that 1/n <r. Then

KnU(n,{F,}) =0. O
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