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This paper discusses closed images of some generalized countably compact
spaces and obtaines the following results: '

1) The image of a 3-space under a closed mapping is a 8-space.

2) The image of a Wo-space under a closed mapping is a Wa-space.

3) The image, which is a g-space, of a WN-space under a closed mapping is
a WN-space.

In 1962, R.W.Heath [1] introduced the map g. Let (X, ) be a topological
space, and N the set of natural numbers. Map g satisfies that for each z € X,
z € [Jpen 9(n,2); g(n+ 1,2) C g(n,z). Later, in [2], Heath and Hodel used this
kind of map to characterize a large number of generalized metric spaces. These
maps are called Heath-Hodel maps.

By using Heath-Hodel maps, Gittings proved that the majority of general-

Manuscript received March 11, 1987. _
* Department of Mathematics, Suzhou University, Suzhou, Jiangsu, China.



240 Chinese Journal of Contemporary Mathematics

1zed metric spaces can be preserved by finite-to- one open maps. As for the case
of closed maps, though some topologists have discussed it, the results obtained

are unsatisfactory. Sometimes it may not be convenient to use the Heath-Hodel
maps to discuss the closed images of the spaces charactrerized by them. Thus.
before proving each mapping theorem in this paper, we will characterize the
corresponding space in terms of a certain sequence of closed sets.

All spaces in this paper are required to be 77, maps are continuous subjec-
tive, and {z,} denotes the sequence whose n-th term is z,.

DEFINITION 1 [5]. Let (X,r) be a topological space and g : N x X — 7 a
Heath-Hodel map satisfying the property that if for evervy n € N, p € g(n.z,),
where p € X, then {z,} has cluster points. Then X is called a 3-space and g a
p-tunction of X.

Lemma 1. For space (X, r), the following are equivalent:

a) X is a B-space;

b) For every open set U of X, there is a closed set sequence {F,(U)} corre-
sponding to it such that

1) Fa(U) C Frost(U), Fa(U) C U,

2) If V is another open set of X and U C V, then F,(U) C F.(V),

3) If {U,} is an increasing open cover of X, then {J, .y Fa(Un) = X;

c) For each closed set I of X, there is an open set sequence {U,(F)} such
that |

1) Uﬂ(F) 2 Un+l(F):Un(F) C r,

2) If G is nother closed set of X and F C G, then U, (F) C U.(G),

3) If {F,} is a decreasing closed set sequence with empty intersection, then
mneN Un(Frn) = &.

PROOF. b) & ¢) is obvious. We will prove only a) < ).

a) & c). Let g be a f-function. For any closed set F of X, let

Up(F)=U{g(n,z):z € F},

{Un(fF)} corresponds to I' and satisfies 1)-3) of ¢). In fact, 1) and 2) are obvious.
It there exists a decreasing closed set sequence {Fn)} of X and N,y Frn = ¢
such that (M, .y Un(Fn) # ¢, i.e., there is a point p € (nen Un(Fhn), then for each
n € N, there is an z, € F, such that p € g(n,z,). Because g is a g-function, {z,}
has cluster points. However, {F,} is decreasing and F, is closed, so we have
(.en Fn # 6, a contradiction.
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¢) < a). Assume that for every closed set F' of X and n € V. there is {U,(F))
as in c¢). Forz € X and n e NV | let g(n,z) = U,({z.}). It is easy to see that g
degined in this way is a Heath-Hodel map. We now check that g is a 3-function
of X. Let p € Xand for each n € N,p € g(n, z,). If {z,} has no cluster points, let
Fn = {zi:12>n}; then {F,} is a decreasing closed set sequence with (", .y Fn = ¢.
Hence, by 3 of ¢), Npen Un(Fn) = ¢. But by 2) of ¢), U{g(n,z) : z € Fr} C Un(F,)
and p € N, cn(U{g(n,z) : z € Fr}), a contradiction.

THEOREM 1. The image of a 8-space under a closed mapping is a 3-space.

PROOF. Assume that f: X — Y is a closed mapping and X a 3-space. For
any open set U of X, {F,(U)} corresponding to U satisfies b) of Lemma 1. For
every open set V of Y, let Gn(V) = f(Fa(f~1(V))). Since f is a closed mapping,
Gn(V) is closed in Y. Let {G.(V)} correspond to V. It is not difficult to cheke
that this correspondence satisfies D) of Lemma 1. Hence, Y is a #-space.

DEFINITION 2 [6]. Let (X, ) be a topological space, and ¢ : N x X a Heath-
Hodel map of X. If g satisfies that if for each n € ¥ and p € X, p € g(n,yn),
yn € g(n,z,), then {z,} has cluster points, then X is called a Wo-space and g is
a Wao- tunction of X.

LEMMA 2. For a space (X, r), the following are equivalent:

a) X is a Wo-space; -

b) For an arbitrary set S of X, there is an open set sequence {U/(S)} of X
such that

1)U1 C Un(S),S € Un(S),

2)if SCTCE X, then U,(S) C Un(T),

3) If {F} is a decreasing closed set sequence with empth intersection, then
ﬂnEN Un(Un(Fr)) = 0; |

c) For an arbitrary set S of X, there is a closed set sequence {F(S)} of X
such that '

L)Fa(S) € Fryi(S), Fa(S) C S,

2) if SETC X, then F,(S)C F.(T),

3) 1t {Un} is an increasing open set sequence with then Unen Frn(Fn(Un)) = X.

PROOQF. b) = ¢) is obvious.

a) = b). Let g be a Wo-function of X. For each set S of X, let U,(S) =
U{g(n,z) : € S} and {Un(S)} correspond to S. It is easy to see that {Un(S)}
fits 1), 2) of b). If {F,} is a decreasing closed set sequence of X such that
Unen fn = ¢ but (Mnen Un(Un(Fn)) # ¢, i.e., there exists a point p of X such
that p € (Mnen Un(Un(Fn)), then for each n € NV, there are z, € F,, yn € (n, z,,)
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and p € (n,y,). It folows that {z,} has cluster points and this contradicts
(nen Fn # & '

b) = a). Assume that for each set S of X, there 1s {U,(S)} as inb). For
n €N and z € X, let g(n,z) = U.({z}). At first, g is a Heath-Hodel map of
X. To check that g is a Wo-function, we prove only that if p € X, p € g(n,yn),
Yn € g(n,z,),n € N, then {z,} has cluster points. If not, let F, = {z; : 1 > n}; then
{Fa} 1s a decreasing closed set sequence and (\,cy Fn = 0, 50 ey Un(Un(Fn)) =
¢. However, by 2) of b),

U{gn, ¢):z€ ', }SU.(F',),
U{g(n, v):y€U{g(n, 2):z€F }}CSU.(U{gn, )iz EF.})
CU (U (F,))

and 1t is easy tosee p € (), n(U{g(n,y) : y € U{g(n.z) : £ € F,}}).a contradiction.

THEOREM 2. The image of a We-space under a closed mapping is a Wo-
space.

PROOQOF. Let X be a Weo-space,and f: X — Y a closed mapping. For any set
> of X, a closed set sequence {F,(S)} is as in ¢) in Lemma 2. For every set T of
Y, let Go(T') = f(Fa(f~YT))). Then G,(T) is closed in Y and G.(T) C Gn41(T):
£ Ty CTx CY, then Go(Ty) C Ga(To). If {V,} is an increasing open cover of
Y, then {f~'(V)} is an open cover of X, so [J,cny Fn(Fa(f~'(Va)) = X. Since
Ga(Va) = f(Falf~1(Va))), we have f~H(Gn(Va)) D Fa(f~1(Va))ithus Gn(Ga(Va)) =
FFalf~H(Gnl(Va))) T F(Fa(Fa(f~1(Va)))), and then U, ey Ga(Gn(Va)) = Y. By ¢)
in Lemma 2, Y is a We- space.

DEFINITION 3 [7]. Let (X, 1) be a topological space, g : N xz — r a Heath-
Hodel map. If g satisfies the property that if for each n € N, g(n,p)Ng(n, z,) # o.
where p € X, then {z,} has cluster points, then X is called a WN-space and g a
WN- function.

DEFINITION 4 [8]. If g: N x X — ris a Heath-Hodel map of X satisfving
the property that if z, € g(n,p), p € X, then {z,} has cluster points, then X is
called a g-space and g a g-function of X.

LEMMA 3. For a g-space (X, r), the following are equivalent:

a) X is a WN-space;

b) For every open set U of X, there is a closed set sequence {F,(U)} corre-
sponding to it such that

1)Fo(U) C Fasi (U),Fa(U)C U,

2) it U, V are open sets of X and U C V, then F,(U) C F,(V),
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3) if {Un} is an increasing open cover of X, then {J, .y (ntF(Un) = X;

¢) For every closed set F of X, there is an open set sequence {U(F)} corre-
sponding to it such that

VUn4i(F) EUA(F), F T UA(F),

2)if F, G are closed sets of X and F C G, then U,(F) C Un(G),

3) if {F.} is a decreasing closed set sequence with (,.y Fn = ¢, then
(Mnew Un(Fn) = 9.

PROOF. We prove only a) & ¢).

a) = ¢). Assume g is a WN-function. For any closed set F and n € N, let
Un(F) = U{g(n,z) : = € F}. In the following, we check Only that the defined
Un(F) meets 3) in c¢). If there exists a decreasing sequence {F,} of closed sets
and N,en Fn = @, but (N, Un(Fr) # ¢, i.e., for some p € X, p = Nnen Un(Fn),
then for every n € vV, there is z, € F,; such that g(n,p) Ng(n,z,) # ¢ and {z,}
must have cluster point. This contradicts ", .y Fn = &

¢) = a). Assume that for a closed s_et' I of X, {Un(F)} corresponds to F
as in c). Because X is a g- space, let h be a g-function of X. For z € X and
n € N, let g(n,z) = Un({z}) N A(n,z). It is easy to see that g is a Heath-Hodel
map. If p € X, g(n,p) Ng(n,z,) # &, but {z.} has no cluster points. Let
Fo = {z; : i > n}, then {F,} is a decreasing sequence of closed sets such that
Moew Fn = 6, 50 Nnen Un(Fa) # 6. However, U{g(n,z): z € F,} C Un(F) and for
each n € N, there exists y, € g(n,p)Ng(n,z,); thus {y.} has cluster points and
Mnen Un (Fr) # ¢, a contradiction.

REMARK. From the proof of a) = ¢), we can see that every WN-space is
countably paracompact.

LEMMA 4. Let X be a countably paracompact space, ¥ a g-space and
f: X —Y aclosed mapping. Then for every point y € Y, Brf~!(y) is countably
compact. .

The proof of Lemma 4 needs the following fact:

It X is countably paracompact, {z, : nN} is discrete and closed, then there
exists a locally finite collection {U(z,) : n € N} of open sets such that'z, € U(z,).
Now, this lemma can be proved as the correSponding result in [8].

THEOREM 3. The image, which is a g-space, of a WN-space is a WN-space.

PROOF. For every point y € Y, pick a p, € f~!(y). Let

~ _ [ B2, if BfT £
s Pya szrf-lz ﬁf’1
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Let C = U{Cy : y € Y}, ¢ = fIC. Then it is easy to see that C is a closed
set of X and ¢g(C) = Y. Thus we can assume, without loss of generality, that
f 1s quasi-perfect mapping. By b) of Lemma 3, to prove Y is a WN-space, it
is sufficient to find G,(V) for each open set V and n € N which satisfies every
condition in b). For this, it is enough to let G,(V) = f(F.(f~*(V))), where F,(-)
is the closed set of X as in b). The work to check that G,(V) meets b) is left to
the reader. Thus Y is a WN-space.

REMARK. Lutzer gave an example (Example 4.3 in [9]) which shows that
the perfect image of a first countable stratifiable space need not be a g-space.
so the requirement that Y is a q-space” cannot be ommitted.

Betore finishing this paper, we will give an application of Lemmas 1 and 3.
Definitions of P-space and P*-space can be found in [10] and [11].

THEOREM 4. A 3-space is a P-space.

THEOREM 5. A WN-space is a P*-space.

PROOF. We prove only Theorem 4; Theorem 5 can be proved in the same
way.

Let X be a f3-space. By Lemma 1, for an open set U of X, there is a
closed set sequence {F,(U)} corresponding to it as in b) in Lemma 1. Assume
that {G(ay, a2, --,a,) : a1,a2,--,an € Q,n € N} is an increasing collection of
open sets of X. For each n N and (aj,as,---.a,) € Q7, let Flai,as, -, ap) =
Fa(G(a1, a2, --,as)). Then by 1) of b),F(ai,as,---,an) T G(ay, as, -+, an). By
3) of b), if (ay, a9, -+, ap, ) € Qv, Unen Glar, aa, -+, ap) = X, then

1.e.,

Thus X is a P-space.
Theorems 4,5 improve the corresponding results in [7].

The authors wish to express their thanks to Professors Kao Guoshi, Wu
Lisheng and Chen Bisheng for their help.
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