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HOMOGENE ITY , TERM INAL ITY AND

SOM E M APP ING PROBL EM S
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Abstract. T he co llect ion of term inal subcon tinua in the theo ry of homogeneous con tinua and

som e p rob lem s concern ing atom ic m app ing, cell2like m app ing connected w ith homogeneity are

studied.
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　　A con tinuum is a com pact connected nonem p ty m etric space and a cu rve is a 12dim en2
siona l con t inuum. C (X ) is the hyperspace of a ll nonem p ty subcon t inua of a com pact space

X .

A space X is ca lled hom ogeneou s, if fo r every pa ir of po in ts x and y , there ex ists a

hom eom o rph ism h∈H (X ) ( the au tohom eom o rph ism group is deno ted by H (X ) ) such

tha t h (x ) = y.

A con t inuum X is decom po sab le, if it is a un ion of its tw o p roper subcon t inua. O ther2
w ise, X is ca lled indecom po sab le. A con t inuum X is ca lled hered ita rily decom po sab le o r in2
decom po sab le, if every subcon t inuum of X is decom po sab le o r indecom po sab le respect ive2
ly.

A con t inuum Z < X is sa id to be term ina l p rovided tha t if Y∈C (X ) such tha t Y∩Z≠

Á , then Z < Y o r Y < Z. Z is ca lled a m ax im al term ina l subcon t inuum of X , if excep t X

there is no any term ina l subcon t inuum p roperly con ta in ing Z. W e w ill deno te the co llec2
t ion of a ll term ina l subcon t inua of X by T (X ) and the co llect ion of a ll indecom po sab le sub2
con t inua of X by IN (X ).

Fo llow ing p ropo sit ion s are the basic facts abou t T (X ).

Proposit ion 1[ 1 ]. If X is a hom ogeneou s con t inuum , then

T (X ) ø{X } < IN (X ).

Proposit ion 2[ 1 ]. If a con t inuum X is hom ogeneou s and Y∈C (X ) øT (X ) , then the m ax im al
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term ina l con t inua con ta ined in Y fo rm a com p letely regu lar m ono tone decom po sit ion.

A con t inuou s m app ing f : X →Y from con t inuum X on to Y is sa id to be a tom ic m ap2
p ing [ 2 ] , if fo r every subcon t inuum K of X such tha t f (K ) is nondegenera te, then

K = f - 1f (K ).

L emma 3. A con t inuou s su rject ive m app ing f : X →Y from con t inuum X on to Y is a tom ic if

and on ly if each po in t inverse f
- 1 (y ) is a term ina l con t inuum of X .

A po in t a∈A ∈C (X ) is ca lled an ou t let po in t of A if a∈Z fo r every Z∈C (X ) such

tha t Z∩A ≠Á ≠Z - A
[ 3 ]. T he set of a ll ou t let po in ts of A w ill be deno ted by F (A ). It is

clear tha t T is term ina l if and on ly if T = F (T ).

W e need fo llow ing p ropo sit ion s.

Proposit ion 4. T he term ina lity of a subcon t inuum Z∈C (X ) and the m ax im ality of a term i2
nal subcon t inuum Z of X are a ll in t rin sic topo log ica l invarian ts, i. e. , they are invarian t un2
der hom eom o rph ism s of X on to itself.

Proposit ion 5[ 3 ]. If f : X →Y is a confluen t m app ing, then f (F (A ) ) < F (f (A ) ) fo r every A

∈C (X ).

Proposit ion 6[ 4 ]. L et f be a con t inuou s m app ing from X on to Y. T he fo llow ing condit ion s

are equ iva len t:

(1) f is a tom ic,

(2) the inverse im age of any term ina l subcon t inuum of Y is a term ina l subcon t inuum

of X ,

(3) f is m ono tone and, fo r every subcon t inuum K of X such tha t the set f (K ) is non2
degenera te,w e have K = f

- 1 (f (K ) ).

F rom P ropo sit ion s 5 and 6 it is easy to ob ta in the fo llow ing p ropo sit ion.

Proposit ion 7. L et f : X →Y be a su rject ive m ono tone con t inuou s m app ing, then f is a tom ic

if and on ly if the term ina lity of any subcon t inuum is p reserved under f and the inverse

im aging.

Proof. Becau se a tom ic m app ing is confluen t, it is enough to see tha t if A ∈C (X ) is term i2
nal, then f (A ) = f (F (A ) ) < F (f (A ) ) and F (f (A ) ) < f (A ).

It is from P ropo sit ion 1 tha t fo r a hom ogeneou s con t inuum every term ina l subcon t inu2
um is indecom po sab le. Bu t the inverse is no t t rue in genera l. Fo r exam p le, deno te un it cir2
cle by S

1 and p seudo2arc by P. L et X = S
1×P ,w h ich is a hom ogeneou s con t inuum. T ake a

po in t s0∈S
1, {s0}×P is indecom po sab le bu t it is no t a term ina l subcon t inuum of X since S

1

×{p 0}ø{s0}×P≠Á ≠{s0}×P øS
1×{p 0} and the in tersect ion is nonem p ty w here p 0∈P.

T h is is connected w ith d im X > 1. T herefo re, the indecom po sab ility is an ab so lu te concep t

bu t the term ina lity is a rela t ive in trin sic concep t.

Fo r hom ogeneou s hered ita rily decom po sab le con t inua and hom ogeneou s hered ita rily

indecom po sab le con t inua it is clear tha t IN (X ) = T (X ) ø {X } and IN (X ) = T (X ) respec2
t ively.
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T here is a quest ion arising in [5 ]: Does it fo llow tha t the a tom ic im age of a hom oge2
neou s con t inuum is hom ogeneou s?

Theorem 8. Suppo se tha t X is a hom ogeneou s con t inuum and f : X →Y is a su rject ive a tom ic

m app ing and the co llect ion A = {f
- 1 (y ) ; y∈Y } sa t isf ies a condit ion: Π y≠y′and h∈

H (X ) , h (f
- 1 (y ) )∩f

- 1 (y′)≠Á im p lies h (f
- 1 (y ) ) = f

- 1 (y′). T hen Y is a hom ogeneou s

con t inuum.

In fact,A = {f
- 1 (y ) ; y∈Y }< C (X ) in T heo rem 8 fo rm s a p rincipa l an t i2cha in in 2X.

Part icu la rly, by L emm a 3 and P ropo sit ion 4,w hen every po in t inverse f
- 1 (y ) is a m ax im al

term ina l subcon t inuum , then p reviou s condit ion is sa t isf ied.

T he p roof of th is theo rem is no t d iff icu lt and om it ted here.

W ithou t th is condit ion there w ill be a coun terexam p le. L et X be the circle of p seudo2
arcs tha t is a hom ogeneou s decom po sab le con t inuum and there is a con t inuou s decom po si2
t ion of X in to p seudo2arcs such tha t the decom po sit ion space is a sim p le clo sed cu rve.

T ake a m ax im al term ina l subcon t inuum T 0 w h ich is a p seudo2arc, one can define a quo t ien t

m app ing f on X such tha t f (T 0) is a sing le po in t and f is in ject ive on X øT 0. T he im age is

g iven a quo t ien t topo logy. T hen th is m app ing is an a tom ic m app ing and it is no t d iff icu lt to

see tha t the quo t ien t space f (X ) is no t hom ogeneou s.

F rom the T erm ina l D ecom po sit ion T heo rem [ 6 ] , P ropo sit ion 6. 1, T heo rem 6. 6 of [ 3 ]

and P ropo sit ion 1 w e also have

Proposit ion 9. L et X be a hom ogeneou s cu rve and a po in t a∈A ∈C (X ). T hen A is a ter2
m inal subcon t inuum if and on ly if there ex ists a un ique o rder arc [a ,A ] in 2X. M o reover,

if f : X →Y is an a tom ic m app ing and a po in t inverse f
- 1 (y ) < A , then [ f

- 1 (y ) ,A ] is o rder2
isom o rph ic to [y , f (A ) ].

A con t inuum X is cell2like if each m app ing of X in to a com pact AN R is inessen t ia l. If

the m app ing is inessen t ia l,w e w rite f ∆ 0.

A m app ing is cell2like if each of its po in t inverses is cell2like.

Proposit ion 10. (T heo rem 1 of [7 ]). If A is a term ina l subcon t inuum of the con t inuum X ,

if B is a subcon t inuum of X disjo in t from A , and if f : A →Y is a m ap of A in to the AN R Y ,

then there ex ists a m ap F : X →Y such tha t F ûA = f and F ûB ∆ 0.

Theorem 11. Suppo se tha t X is a hom ogeneou s con t inuum and A is a term ina l subcon t inu2
um of X , then A is cell2like.

Proof. If X is hered ita rily indecom po sab le, then there ex ists a term ina l decom po sit ion of X

( see [7 ]) such tha t A is an elem en t of the decom po sit ion. T herefo re, by the T heo rem 4 of

[7 ] A is cell2like. If X is no t hered ita rily indecom po sab le, there ex ists a m ax im al term ina l

subcon t inuum K con ta in ing A . T he subcon t inuum K is an elem en t of a m ax im al term ina l

decom po sit ion of X (see [6 ]). F rom T heo rem 4 of [7 ] w e know tha t K is cell2like. L et f :

A →Z be any con t inuou s m app ing in to a com pact AN R Z and suppo se F : K→Z is an ex ten2
sion of f . Since K is cell2like, hence F ∆ 0. By T heo rem 12. 35, of“Con tinuum T heo ry”
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(p. 256) by Sam B. N adler, J r,w e get tha t f ∆ 0. It fo llow s tha t A is a lso a cell2like set.

Corollary 12. Suppo se tha t f : X →Y is an a tom ic m app ing of a hom ogeneou s con t inuum X

on to a nondegenera te con t inuum Y , then Y is a cell2like m app ing.

In [1 ] M ackow iak defined tha t a term ina l subcon t inuum Q of X is a beg inn ing of a

jum p if Q Α L Α K≠Q ,Q ,L , K∈T (X ) im p ly Q = L o r L = K. H e show ed tha t if Q∈T (X )

is a beg inn ing of a jum p in a hom ogeneou s con t inuum X , then Q is hom ogeneou s.

Corollary 13. Suppo se tha t X is a hom ogeneou s con t inuum and a term ina l subcon t inuum A

of X is a beg inn ing of a jum p , then A is hom ogeneou s tree2like con t inuum. Fu rtherm o re,

any subcon t inuum of A is a term ina l subcon t inuum of X .

It fo llow s tha t there ex ists a t m o st one jum p on any o rder arc of C (X ) from a sig leton

to the hom ogegeneou con t inuum X .

Proof. It is sufficien t to no te tha t a hom ogeneou s cell2like space is t ree2like and hom oge2
neou s tree2like space is hered ita rily indecom po sab le.

L et O be an open symm etric neighbo rhood basis of iden t ity e of the hom eom o rph ism

group H (X ) , i. e. , if o∈O , then o is an open sub set of H (X ) such tha t o= o
- 1 ( i. e. , h∈o

iff h
- 1∈o) and e∈o. Fo r each o∈O , let H 0 be the subgroup of H (X ) genera ted by o. It is

know n tha t H 0 is a clo sed2open subgroup of H (X ). D eno te H = ∩
o∈O

H 0 each elem en t of

w h ich can be rep resen ted by a p roduct of fin ite num ber of arb it ra rily sm all hom eom o r2
ph ism s.

Theorem 14. Suppo se tha t X is a com pact m etric space and A is a term ina l subcon t inuum of

X . If there ex ists a hom eom o rph ism h∈H such tha t A ∩h (A ) = Á , then A is cell2like.

Proof. L et Z be a com pact AN R. It is w ell know n tha t there ex ists an Ε′> 0 such tha t fo r

any spaceW and any tw o con t inuou s m ap s Α, Β:W →Z , dδ(Α, Β) < Ε′im p lies Α∆ Βw here dδ is

the sup m etric on Z
W.

D eno te h (A ) = B , then A is a term ina l subcon t inuum of X and B is a con t inuum dis2
jo in t from A . Suppo se tha t g : A →Z is a con t inuou s m app ing, by P ropo sit ion 10 g has an

ex ten sion G: X →Z such tha t G ûA = g and G ûB ∆ 0. Fo r Ε′> 0, take Ε> 0 such tha t fo r any

pair x , x′of X , if Θ(x , x′) < Ε, then d (G (x ) , G (x′) ) < Ε′.
Since h∈H , there ex ist hom eom o rph ism s h 1,. . . , hn such tha t h

- 1 = hn . . . . . h 1 and

Θδ(h i, e) < Εfo r 1≤i≤n w here e is an iden t ity. Fo r x∈B , since Θ(x , h 1 (x ) ) < Ε, hence

d (G (x ) , G (h 1 (x ) ) ) < Ε′.
T hu s

d
δ(GûB , Gû h1 (B ) ü h 1) < Ε′.

Sim ila rly,

d
δ(Gû h1 (B ) , Gû h2üh1 (B ) ü h 2) < Ε′,

. . .

dδ(Gû hn- 2ü. . . üh1 (B ) , Gû hn- 1ü. . . üh1 (B ) ü hn- 1) < Ε′,

d
δ(Gû hn- 1ü. . . üh1 (B ) , Gû hnü. . . üh1 (B ) ü hn) < Ε′.
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By the p roperty of the com pact AN R Z ,

G ûB ∆ G û h1 (B ) ü h 1,

G û h1
(B ) ∆ G û h2üh1 (B ) ü h 2,

. . .

G û hn- 1ü. . . üh1 (B ) ∆ G û hnü. . . üh1 (B ) ü hn.

Becau se G ûB ∆ 0 and h 1,. . . , hn are hom eom o rph ism s, it fo llow s tha t G û h1 (B ) ∆ 0, G û h2. h1 (B ) ∆
0,. . . , g = GûA = G û hn . . . . . h1 (B ) ∆ 0. T herefo re A is cell2like.
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