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HOM OGENEITY, TERM INAL ITY AND
OM EM APPING PROBL EM S

Zhou Youcheng' L in Shou®

Abstract The oollection of teminal subcontinua in the theory of homogeneous continua and
ome problen s concerning atomic mapping, cell-like mapping connected w ith homogeneity are
studied

A ocontinuum is a compact connected nonempty metric gpace and a curve isa 1-dimen-
sional continuum. C (X ) is the hypergace of all nonenpty subcontinuaof a compact gpace
X.

A ace X is called homogeneous, if for every pair of points x and y, there exists a
homeomorphisn h H (X) (the autohomeomorphisn group is denoted by H (X)) such
that h(x) = y.

A oontinuum X isdecomposable, if it isa union of its two proper subcontinua O ther-
wise, X iscalled indecomposable A continuum X iscalled hereditarily decomposableor in-
decomposable, if every suboontinuum of X is decomposable or indecomposable repective-
ly.

A continuum ZC X is said to be tem inal provided that if Y C(X) such that Yn Z#
@, then ZCY or YCZ Z iscalled amaximal teminal subcontinuum of X, if except X
there is no any teminal subcontinuum properly containing Z W ew ill denote the collec-
tion of all term inal subcontinuaof X by T (X ) and the collection of all indecomposable sub-
ocontinuaof X by IN (X).

Follow ing propositions are the basic facts about T (X ).

Proposition 1'*. If X is a homogeneous continuum, then
T (X)X} C IN (X).

Proposition 2", If acontinuum X ishomogeneousand Y C (X)X (X ), then themaximal
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tem inal continua contained in Y fomm a completely regular monotone decomposition

A oontinuousmapping f: X - Y from continuum X onto Y is said to be atomic map-

ping'”, if for every subcontinuum K of X such that f (K) is nondegenerate, then

K= f ' (K).
Lenma 3 A continuous surjectivemapping f : X - Y from continuum X onto Y isatomic if
and only if each point inverse f ~*(y) isa teminal continuum of X.

A pointa A C(X) iscalled an outlet pointof A if a Z forevery Z C(X) such
that ZzZnA# @# z- AL The set of all outlet pointsof A will be denoted by F (A ). It is
clear that T isteminal if and only if T= F (T).

W e need follow ing propositions
Proposition 4 The tem inality of a subcontinuum Z C(X) and themaximality of a tem i-
nal suboontinuum Z of X are all intrinsic topological invariants, i e , they are invariant un-
der homeomorphisn sof X onto itself
Proposition 5°. If f:X —Y isa confluentmapping, then f (F(A)) CF (f (A)) for every A

c(X).
Proposition 6!, L et f be a continuousmapping from X onto Y. The follow ing conditions
are equivalent:

(1) f isatomic,

(2) the inverse mage of any tem inal subcontinuum of VY is a tem inal subcontinuum
of X,

(3) f ismonotone and, for every subcontinuum K of X such that the set f (K) isnon-
degenerate,we have K= f ~ *(f (K)).

From Propositions 5 and 6 it is easy to obtain the follow ing proposition
Proposition 7 L et f: X -Y be a surjectivemonotone continuousmapping, then f isatomic
if and only if the tem inality of any suboontinuum is preserved under f and the inverse
maging
Proof. Because atom ic mapping is confluent, it is enough to see that if A C(X) istemi-
nal,then f A)=f (F(A))CF(f(A)) andF(f A))Cf (@A)

It isfrom Proposition 1 that for a homogeneous continuum every tem inal subcontinu-
um is indecomposable But the inverse isnot true in general For example, denote unit cir-
cle by S*and pseudo-arc by P. L et X = S'x P,which isa homogeneous continuum. Take a
point = S, {s}* P isindecomposable but it isnot a tem inal subcontinuum of X sinceS*
X {po} Nso}x P2 @# {s}x P §'% {po} and the intersection is nonempty where po P.
This is connectedw ith dim X > 1 T herefore, the indecomposability is an ablute concept
but the teminality is a relative intrinsic concept

For homogeneous hereditarily decomposable continua and homogeneous hereditarily
indecomposable continua it is clear that IN (X)= T (X) X} and IN (X)= T (X) repec-
tively.
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There is a question arising in [5]: Does it follow that the atomic image of a homoge-
neous continuum is homogeneous?

Theoran 8 Suppose that X isahomogeneous continuum and f: X —Y isa surjective atom ic
mapping and the oollection A = {f '(y);y Y} satisfies a condition: Vy# y' and h
HX),h(f *(y))nf *(y)# @ mpliesh(f *(y))=f *(y'). ThenY isahomogeneous
continuum.

In fact, A = {f '(y);y Y}CC(X) in Theorem 8 fomsaprincipal anti-chain in 2*.
Particularly, by L enma 3 and Proposition 4,w hen every point inversef " *(y) isamaximal
tem inal subcontinuum, then previous condition is satisfied

The proof of this theorem is not difficult and omitted here

W ithout this condition therew ill be a counterexample L et X be the circle of pseudo-
arcs that is a homogeneous decomposable continuum and there is a continuous decompo si-
tion of X into pseudo-arcs such that the decomposition gace is a simple closed curve
Take amaximal tem inal subocontinuum Tow hich is apseudo-arc, one can define a quotient
mapping f on X such that f (To) isa singlepoint and f is injectiveon X Yo The image is
given a quotient topology. Then thismapping isan atomicmapping and it isnot difficult to
see that the quotient gpace f (X) isnot homogeneous

From the Tem inal D ecomposition Theoren!®, Proposition & 1, Theorem 6 6 of [3]
and Proposition 1w e alo have
Proposition @ L et X be ahomogeneouscurve and apointa A C(X). ThenA isa ter-
minal subcontinuum if and only if there exists a unique order arc [a,A ] in 2°. M oreover,
if f:X -Y isan atomicmapping and apoint inversef *(y) CA, then [f~ '(y),A ] isorder-
isomorphic to [y,f (A) ]

A continuum X iscell-like if eachmapping of X into a compact ANR is inessential If
themapping is inessential,wew rite f = Q

A mapping is cell-like if each of itspoint inverses is cell-like
Proposition 10 (Theorem 1of [7]). IfA isateminal subcontinuum of the continuum X,
if B isa suboontinuum of X disjoint from A ,and if f:A -Y isamap of A into theANR Y,
then there existsamap F: X —Y such that F h=f and F |p=0Q
Theorean 11 Suppose that X isa homogeneous continuum and A isa teminal subcontinu-
um of X, then A is cell-like
Proof. If X ishereditarily indecomposable, then there exists a term inal decomposition of X
(see [7]) such thatA isan element of the decomposition T herefore, by the Theorem 4 of
[7]A iscell-like If X isnot hereditarily indecomposable, there existsamaximal tem inal
subcontinuum K containing A. The subcontinuum K is an elenent of amaximal tem inal
decomposition of X (see [6]). From Theorem 4of [7]weknow that K iscell-like Letf:
A —Z beany continuousmapping into a compactANR Z and suppose F: K - Z isan exten-

sion of f. Since K is cell-like, hence F=Q By Theoran 12 35, of* Continuum Theory”
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(p. 256) by San B. Nadler,Jr,we get that f ~Q It follow s thatA isal a cell-like set
Corollary 12 Suppose that f: X —Y is an atomicmapping of a homogeneous continuum X
onto a nondegenerate continuum Y, then Y is a cell-likemapping

In [1] M ackow iak defined that a termminal subcontinuum Q of X is a beginning of a
junp fQSLSK#Q,Q,L,K T(X) mplyQ=L orL=K. Heshowed that ifQ T (X)
is a beginning of a jump in a homogeneous continuum X, then Q is homogeneous
Corollary 13 Suppose that X isahomogeneous continuum and a tem inal subcontinuum A
of X isabeginning of a jump, then A is homogeneous tree-like continuum. Furthemore,
any subocontinuum of A is a tem inal subcontinuum of X.

It follow s that there existsat most one junp on any order arc of C (X ) from a sigleton
to the homogegeneou continuum X.
Proof. It is sufficient to note that a homogeneous cell-like gace is tree-like and homoge-
neous tree-like ace is hereditarily indecomposable

L et O be an open synmetric neighborhood basis of identity e of the homeomorphisn
group H (X),i e ,if o O,then oisanopen subsetof H (X) such thato=0 ‘(ie,h o
iffh"* o) ande o Foreacho O, letH obe the subgroup of H (X) generated by o It is
known that H o is a closed-open subgroup of H (X). DenoteH = NHo each element of

w hich can be represented by a product of finite number of arbitrarily snall homeomor-
phisns

Theorenm 14 Suppose that X isa compactmetric ace andA isatem inal subcontinuum of
X. |If there exists a homeomorphisn h H such thatA n h(A)= O, then A iscell-like
Proof. LetZ beacompactANR. It iswell known that there existsan €> 0 such that for
any paceW and any two continuousmapso, W —Z,d (& f)< € mplieso= fwhered is
the sup metric on z".

Denote h(A)=B, then A isa teminal subcontinuum of X and B isa continuum dis-
joint from A. Suppose that g:A - Z is a continuousmapping, by Proposition 10 g has an
extension G: X —Z such that G h= g and G p=0Q For €> 0, take & 0 such that for any
pair x,x' of X, if P(x,x")< € thend(G(x),G(x"))< €.

_ Sinceh H, there exist homeomorphisns hs,... , hs such that h *= h.° ... ° hiand
P(hi,e)< efor 1< i< nwhere e isan identity. For x B, since P(x, hi(x))< € hence
dG(xx),G(h:(x))) < €.
Thus .
d(G |B,G |h1(B) oh1) < €.
Smilarly, .
d(G |hl(B),G |h2'h1(B) ohy) < €,

d(G My 17
d(G My 1 hyo.. @) Ohn) < €.
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By the property of the compact ANR Z,

G |B =G |hl(B) ©hy,
G |h1 B) =G |h2"h1(B) Oha,

G

h, 9. 0 @) = G h,e.. @) Shn

Because G |B: 0 and hy,. .. , hnare homeomorphisns, it follow s that G |hl(B): 0,G [nye n )=

0,...

he...°ne =0 ThereforeA iscell-like

,g=G|h=0G
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