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Abstract

Let f: X — Y be amap is a sequence-covering map if whenegr} is a convergent sequence
in Y, there is a convergent sequerieg} in X with eachx, € f~1(y,). f is a 1-sequence-covering
map if for eachy € Y, there isx € f~1(y) such that wheneveyy, } is a sequence converging fdgn
Y there is a sequende,, } converging toc in X with eachx, € f~1(y,). In this paper we investigate
the structure of sequence-covering images of metric spaces, the main results are that
(1) every sequence-covering, quotient and s-image of a locally separable metric space is a local
Np-space;
(2) every sequence-covering and compact map of a metric space is a 1-sequence-covering map.
0 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

“Mappings and spaces” is one of the questions in general topology [1]. Spaces with
certain k-networks play an important role in the theory of generalized metric spaces [7,8].
In the past the relations among spaces with certain k-networks were established by means
of maps [1,11], in which quotient maps, closed maps, open maps and compact-covering
maps were powerful tool. In recent years, sequence-covering maps introduced by Siwiec
in [25] cause attention once again [12,14,16,17,19,30,31,33,36]. Partly, that is because
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sequence-covering maps are closely related to the question about compact-covering and s-
images of metric spaces [22,23], certain quotientimages of metric spaces [29,30], and they
are a suitable map associated metric spaces with spaces having certain cs-networks [14,
27]. The present paper contributes to the problem of characterizing the certain quotient
images or sequence-covering images of metric spaces, which is inspired by the following
questions.

Question 1.1 [33]. What is a nice characterization for a quotient and s-image of a locally
separable metric space?

Question 1.2 [32]. For a sequential spacéwith a point-regular cs-network, characterize
X by means of a nice image of a metric space.

Those questions are motivated by the following assertions:
(1) A space is a quotient and s-image of a metric space if and only if it is a sequential
space with a point-countable cs*-network [29];
(2) A space is an open and compact image of a metric space if and only if it has a
point-regular base [1].
First, recall some basic definitions. All spaces are considered to be regulag aadTall
maps continuous and onto.

Definition 1.3. Let f: X — Y be a map.

(1) f is ans-mapif each f ~1(y) is separable.

(2) f is acompact majif each f~1(y) is compact.

(3) f isacompact-covering maj21] if each compact subset &fis the image of some
compact subset of .

(4) fisasequence-covering m#p5s] if each convergent sequencelofs the image of
some convergent sequenceXof

(5) f is asequentially quotient maj2] if for each convergent sequenéeof Y, there
is a convergent sequensef X such thatf (S) is a subsequence af.

Definition 1.4. Let X be a space, and |t be a cover ofX.

(1) P is anetworkif wheneverx € U with U open inX, thenx € P C U for some
PeP.

(2) P is ak-network[24] if wheneverK C U with K compact and/ open inX, then
K c P’ c U for some finiteP’ C P.

(3) P is acs-networ10] if whenever{x,} is a sequence converging to a paing U
with U open inX, then{x} U {x,: n > m} C P C U for somem € N and some
PeP.

(4) P is acs*-network[6] if whenever{x, } is a sequence converging to a poir¢ U
with U open inX, then{x} U {x,,: i e N} C P C U for some subsequeng¢e,, } of
{x,} and someP € P.
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A space is a&osmic spac§1] if it has a countable network. A space is ®grspace[21]
if it has a countable k-network, and it is equivalent to a space with a countable cs-network
or a countable cs*-network.

Definition 1.5 [5]. Let X be a space.
(1) Letx € P C X. P is asequential neighborhoodf x in X if whenever{x,} is a
sequence converging to the pointthen{x,: n > m} c P for somem € N.
(2) Let P C X. P is asequentially open subset X if P is a sequential neighborhood
of x in X for eachx € P.
(3) X is asequential spaci each sequentially open subsetXnis open.
We recall that a coveP is point-countablef {P € P: x € P} is countable for each
x € X, P is star-countablef {Q € P: O N P # ¢} is countable for eact? € P, P is
locally countablef for eachx € X, there is an open neighborhoddof x in X such that
{P eP: PNV #0@}is countable. A spac¥ is metalindel6ff each open cover ok has
a point-countable open refinement.

2. Sequential separability

Definition 2.1 [28,37]. A spaceX is sequentially separablié X has a countable subset
D such that for each € X, there is a sequende,} in D with x, — x. D is called a
sequentially dense subsetXf

Liu and Tanaka [18] showed that every cosmic space with a point-countable cs-network
is anNp-space, in which key step is that every cosmic space is sequentially separable.
Michael [21] proved that a spacé is a cosmic space if and only if it is an image of a
separable metric space. We shall show that every sequentially separable space has a similar
result. Recall some basic definitions. A space Fréchet]5], if wheneverx € cl(A) C X,
there is a sequence i converging to the point. A spaceX is developabl¢4] if X has a
development, i.e., there is a sequefigg} of open covers ok such thafst(x, 4,): n € N}
is a local base af for eachx € X. Itis clear that

developable spaces first countable spaces
= Fréchet spaces> sequential spaces.

Lemma 2.2. Sequential separability is preserved by a map.
Lemma 2.3. Every separable and Fréchet space is sequentially separable.

Lemma 2.4. Let X be a sequentially separable space.
(1) If X has a point-countable cs*-network, is a cosmic space.
(2) If X has a point-countable k-network, is a cosmic space.
(3) If X has a point-countable cs-netwotk,is anXo-space.
(4) If X has a star-countable k-network, is an®Xg-space.
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Proof. Let X be a sequentially separable space with a countable and sequentially dense
subsetD. If X has a point-countable cs*-netwofk put

P'={PeP: PND#0}.

ThenP’ is countable. For eache U with U open inX, there is a sequende,} in D with

x, — x.SinceP is a cs*-network forX, {x}U{x,,: i e N} C P C U for some subsequence
{xn,} Of {x,} and someP € P, andP € P’. ThusP’ is a countable network of, andX is

a cosmic space. IX has a point-countable k-netwofk, put

P ={cl(P): PeP, PND#0}.

ThenP’ is countable. For each € U with U open inX, there are an open s&t of X

and a sequencg,} in D such thaty, — x € V c cl(V) Cc U. SinceP is a k-network

for X, {x,,: i e N} ¢ P C V for some subsequende,,} of {x,} and someP € P, and

cl(P) e P andx € cl(P) c U. ThusP’ is a countable network aX, and X is a cosmic
space. (3) has been proved by Liu and Tanaka in [18]. Since a cosmic space with a star-
countable k-network is aRkp-space [19, Proposition 2], (4) is also true by (2)z

Theorem 2.5. The following are equivalent for a space
(1) X is a sequentially separable space.
(2) X is animage of a separable and first countable space.
(3) X is animage of a separable and developable space.

Proof. We only need to show thatl) = (3). Let X be a sequentially separable space,
and letD = {d,: n € N} be a sequentially dense subse®XofFor eachx € X, take a fixed
Sy ={dy.n: n € N} € D with S, — x. Suppose that eacl, , = x if x € D and each
dy n is distinctif x € X \ D. Topology ofX is denoted byr. A new topologyz* of X is
defined as follows: for eache U C X, U is a neighborhood of in (X, t*) if and only if
{dy n: n>=m} C U forsomem € N. Thent™* is a topology ofX.
(a) t* is separable, locally compact and. T
{x} U {dy.n: n > m} is a compact neighborhood efin (X, t*) for eachx € X and each
m e N,
(b) =* is developable.
We assume thaX \ D is uncountable andJ{S,: x € X \ D} = D. For eachn € N, put
Fp=A{di: i <n},
U, = {{x}U (Sx\ Fp): x € X\D} U {{x}: X € F,,}.
Thenl4, is an open cover ok and for each € X,
Stlx. U,) — { {X}USc\ Fo), xeX\D,
{x}, x €F,.

{st(x,U,): n € N} is alocal base af in (X, 7*). So{l,} is a development X, t*), and
(X, t*) is a developable space.

Sincet C ¥, the identical map id: (X, t*) — (X, t) is continuous, and is an image
of a separable and developable space.
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Corollary 2.6. Every cosmic space is sequentially separable.

Remark 2.7.

(1) A separable and sequential spasesequentially separable; see Example 9.3 in [9]
or Example 2.8.16 in [11].

(2) A Ty, sequential and cosmic space with a point-countable cs*-netyodn RXo-
space; see Example 4 in [17].

(3) AT,, first countable, separable space with a locally countable k-net#oalspace
with a point-countable cs*-network; see Half-Disc Topology in [26].

(4) Every separable and Fréchet space with a point-countable k-network ¥g-an
space [9].

3. A sequence-covering and s-image of a locally separable metric space

Find a simple internal characterization of a quotient and s-image of a locally separable
metric space is still an unsolved question [15,33]. By Lemma 2.4(3), Tanaka and Xia [33]
showed that a space is a sequence-covering and s-image of a locally separable metric space
if and only if it has a point-countable cs-network consisting of cosmic subspaces. On the
other hand, Velichko [34] posed an interesting question about quotient and s-images of
metric spaces as follows: Find@-property such that a spageis a quotient and s-image
of a metric and®-space if and only ifY is a @-space which is a quotient and s-image
of a metric space. Velichko [34] proved that a spdcé a pseudo-open and s-image of
a locally separable metric space if and onlyifis a locally separable space which is a
pseudo-open and s-image of a metric space. In this section, we shall show that¥piocal
property is a positive answer about Velichko’s question if the quotient map is replaced by
a sequence-covering map.

Definition 3.1. Let X be a space, and |t be a cover forX.

(1) P is ansn-cover(i.e., sequential neighborhood coveif each element of? is a
sequential neighborhood of some point¥nand for each: € X, someP € P is a
sequential neighborhood of

(2) P is anso-coveri.e.,sequentially open covkif each element oP is sequentially
openinX.

Lemma 3.2. Let P be a point-countable cs-network of a spacevhich is closed under
finite intersections, and léf be an sn-cover foX. Put

P'={PeP: PCU forsomeU €U}.
ThenP’ is still a cs-network forX .

Proof. Letx € W with W open inX. If {x,} is a sequence converging to the poinh X,
put
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P, = {P eP: x e PCW andP contains all but finitely many, }
= {Pn: ne N}.

For eachn € N, take 0, = ﬂign P;, then Q, € P,. Let U, € U be a sequential
neighborhood ok in X. If there isg, € O, \ U, for eachn € N, suppose that; is open
in X with x € G, then P, C G for somek € N becauseP is a cs-network forX, thus
qn € O, C P C G whenn >k, andg, — x, a contradiction. Henc@,, c U, for some
m e N, andQ,, € P’. ThereforeP’ is a cs-network foXX. O

The point-countability ofP in Lemma 3.2 is essential. L&t =N U {p}, herep € SN\
N. LetP be a base fok, and let/ = {{x}: x € X}. SinceX has no non-trivial convergent
sequence [4]i/ is an so-cover ofX. PutP’ = {P € P: P c U forsomeU € U}. Then
P’ ={{x}: x e N} is not a cs-network ok .

Lemma 3.3.
(1) A space has a countable cs-network if and only if it is a sequence-covering image of
a separable metric spade7].
(2) A space has a point-countable cs-network if and only if it is a sequence-covering
s-image of a metric spadé&4].

Theorem 3.4. The following are equivalent for a spage
(1) X is a sequence-covering and s-image of a locally separable metric space.
(2) X has a point-countable cs-network consisting of cosmic subspaces.
(3) X has a point-countable cs-network, and an so-cover consistikg-stibspaces.

Proof. (1) = (2) Let f: M — X be a sequence-covering and s-map, hére a locally
separable metric space. Suppdsis ao-locally finite base forM consisting of separable
subspaces. PUP = { f(B): B € B}. ThenP is a point-countable cs-network fox
consisting of cosmic subspaces.

(2) = (3) Let P be a point-countable cs-network &fconsisting of cosmic subspaces.
For eachP € P, let D(P) be a countable and sequentially dense subsét.dfor each
x € X, put

Px,1)={P eP: x P}, D(x,1) = U {D(P): PePx, D},
and for eacln > 2 inductively define that

P(x,n):{PEP: PﬂD(x,n—l);é(ZJ},

D(x,n) = U {D(P): PePx,m}.

Let P(x) = U{P(x,n): n € N}, andU (x) = | JP(x). To complete the proof of (3), it
suffices to show thalt/ (x) is sequentially open iX andP(x) is a cs-network fol (x).
If {y,} is a sequence iX converging to a poiny € U(x) N W with W open inX, then
y € P for somem € N and someP € P(x,m), and there is a sequen¢g,} in D(P)
with z, — y, thus{y} U {y,, z4: n >m} C Q C W for somem € N and someQ € P, so
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QePx,m+1)CPx)and{y}U{y,: n>m}C Q Cc U(x)NW. Thisimplies that/ (x)
is sequentially open ar@(x) is a cs-network fol/ (x).

(3) = (1) By Lemma 3.2,X has a point-countable cs-netwofk consisting ofRXop-
subspaces. LeP = {P,: « € A}. For eacha € A, in view of Lemma 3.3, there are a
separable metric spadé, and a sequence-covering mgp: M, — P,. Put

M=P M, z=PP. and =P fu:M—Z.

aeA aeA aEAN
Then M is a locally separable metric space afids a sequence-covering map. Define
h:Z — X anatural map, and let=h o f: M — X. Theng is a sequence-covering and
s-map. O

(1) & (2) in Theorem 3.4 is proved in [33]. A role about (3) is that a decomposition
of the sequence-covering, quotient and s-image of a locally separable metric space can be
given by it. It is also closely related to another question posed in [15]: Is every quotient
and s-image of a locally separable metric space equivalent to a quotient and s-image of a
metric space and its each first countable subspace is locally separable?

Recall some basic definitions. Lgt: X — Y be a map.f is quotientif whenever
f~1(U) is open inX, thenU is open inY. f is pseudo-opeif wheneverf=1(y) c v
with V openinX, theny €int(f(V)). Itis showed thaf is a sequentially quotient if and
only if wheneverf ~1(U) in sequentially open itX, thenU is sequentially open i [2].

Lemma 3.5 [2,5]. Let f: X — Y be a map.
(1) If X is sequential, thenf is quotient if and only ifY is sequential andf is
sequentially quotient.
(2) If X is Fréchet, thenf is pseudo-open if and only if is Fréchet andf is
sequentially quotient.

Corollary 3.6. The following are equivalent for a space X
(1) X is a sequence-covering, quotient and s-image of a locally separable metric space.
(2) X is a localRg-space and a sequence-covering, quotient and s-image of a metric
space.
(3) X is a sequential and locato-space with a point-countable cs-network.

Now, we further investigate the condition in which “so-cover” in Theorem 3.4 is point-
countable.

Theorem 3.7. The following are equivalent for a spage
(1) X has a star-countable cs*-netwo(ks-networl
(2) X has a point-countable so-cover consistingRgfsubspaces.
(3) X has a disjoint so-cover consisting ®§-subspaces.

Proof. (1) = (3) Let P be a star-countable cs*-network far. By Lemma 3.10 in [3],
P =U{Ps: « € A}, here eaclP, is countable and| JP,) N (I Pp) # ¥ if and only if
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a # B. Foreachw € A, let X, = J Py, andR, = {{J P’: P’ is a finite subfamily ofP,}.
Then X, is sequentially open an®,, is a countable cs-network faX,. Indeed, if a
sequencdx,} in X converges to a point € X, N U with U open inX, let R ={P €
P:xePcU}={P:ieN} then{x,: n>m}C Uigk P; for somem, k € N becauseP
is a cs*-network forX, thusUigk P; € Ry, andUigk P, C XoNU.Hence{X,: ac A}
is a disjoint so-cover consisting 8h-subspaces.

(3) = (2) Obviously.

(2) = (1) Let P be a point-countable so-cover far consisting ofg-subspaces. Put
P ={P,. a € A}. For eachg € A, a countable and sequentially dense subsekfs
denoted byDg. SinceP, is sequentially open for eache A, Dg N P, # ¢ if and only if
PgN Py # 9. Thus{P, € P: PgN P, # ¥} is countable. It follows tha® is star-countable.
SupposeP, is a countable cs-network df, for eacha € A, then it is easy to show that
(J{Pw: @ € A} is a star-countable cs-network Bt O

Corollary 3.8. The following are equivalent for a sequential space
(1) X has a star-countable cs*-netwo(&s-networlk.
(2) X has a point-countable open cover consistingrefsubspaces.
(3) X is a topological sum oRg-subspaces.
(4) X is a metalindeldf and a locato-space.

Corollary 3.9 [11,34]. The following are equivalent for a Fréchet spake
(1) X is a quotient and s-image of a locally separable metric space.
(2) X is alocally separable space and a quotient and s-image of a metric space.
(3) X has alocally countable cs*-netwo(k-network, cs-netwojk

Proof. (1) = (2) Observe thatlocal separability is preserved by a pseudo-open and s-map.
By Lemma 3.5X is locally separable.

(2) = (3) X is a localRXg-space by Remark 2.7(4), arid is a metalindelof space by
Proposition 8.6 in [9]. BY3) < (4) in Corollary 3.8,X has a locally countable cs-network.

(3) = (1) X is a local®g-space and a metalindelof space by Proposition 8.6 in [9]. By
Corollaries 3.8 and 3.6 is a quotient and s-image of a locally separable metric space.

Remark 3.10.

(1) By a similar method in the proof @fl) = (3) in Theorem 3.7, it can be proved that
spaces with a locally countable cs*-network are equivalent to spaces with a locally
countable k-network, and spaces with a locally countable cs-network.

(2) A space with a star-countable cs-netwagk a space with a star-countable k-
network; see ExamplgN.

(3) A quotient and s-image of a locally separable metric space, which has a star-
countable k-networks locally separable; see Example 9.8 in [9] or Example 2.9.27
in[11].

(4) Asequential space with a point-countable cs-network consisting of cosmic subspace
# a space with a point-countable so-cover consisting of cosmic subspace; see
Example 9.3 in [9] or Example 2.8.16 in [11].
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(5) The condition Ro-subspaces” in Theorem 3.7 cannot be replaced by “cosmic
subspaces” because a cosmic spgca space with a point-countable cs-network;
see Example 1.8.3in [11] or the “butterfly space” in [20].

Question 3.11.Is a separable and sequence-covering, quotient and s-image of a metric
space a locakg-space?

4. A sequence-covering and compact image of a metric space

Definition 4.1 [12]. Let f: X — Y be amap, is a :sequence-covering maffor each
y €Y, there isx € f~1(y) such that whenevely,} is a sequence converging toin ¥
there is a sequende, } converging tar in X with eachx, € f~1(y,).

Every open map of a first countable space is 1-sequence-covering [12].

Definition 4.2. Let P = | J{P,: x € X} be a cover of a spac€ such that for each € X,
(1) Py is anetwork ofx in X, i.e.,x € (| Px and forx € U with U openinX, P C U
for someP € P,.
(2) U,V Py, WCUNYV for someW € P,.
P is aweak basgl] for X if wheneverG C X satisfying for eachx € G there isP € P,
with P C G, thenG is open inX. P is ansn-network12,13] for X if each element of
Py is a sequential neighborhood ofin X for eachx € X, hereP, is ansn-network ofc
in X.

For a space, weak base sn-network= cs-network. An sn-network for a sequential
space is a weak base [12,13]. The purpose introduced 1-sequence-covering maps is to
obtain a characterization of a space with a point-countable weak base.

Lemma 4.3 [12].
(1) A space is d-sequence-covering and s-image of a metric space if and only if it has
a point-countable sn-network.
(2) A space is al-sequence-covering, quotient and s-image of a metric space if and
only if it has a point-countable weak base.

By Lemmas 3.3 and 4.3, the sequential fanis a sequence-covering and s-image of a
metric space, and cannot be a 1-sequence-covering and s-image of a metric space. As an
answer for Question 1.2, in [16] we showed that for a sp¥céhe following conditions
are equivalent:

(1) X is a sequence-covering, quotient and compact image of a metric space.

(2) X is a 1-sequence-covering, quotient and compact image of a metric space.

(3) X is a sequential space with a point-regular cs-network.

(4) X has a point-regular weak base.
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Here a familyP of a spaceX is a point-regular cover [4] if for eache U with U open in
X,{P eP: xe P ¢g U} isfinite. In this section, a further result about sequence-covering
and compact maps of metric spaces is proved as follows.

Theorem 4.4. Let f: X — Y be a sequence-covering and compact mag. i§ a metric
space,f is a 1-sequence-covering map.

Proof. SinceX is a metric space, there is a locally finite sequefit;g of open covers of
X satisfying [4,11]:

(a) eachB, 1 is a star refinement df,, i.e., for eachB € 55,11, there isC € 5, such

that stB, B,+1) C C.

(b) {B,} is a development foK.
Foreachm e N, putP, = {f(B): B € B,}, then

(c) Foreach €Y, thereisP, € P, such thatP, is a sequential neighborhoodpin Y.
Sincef is compactp, is a point-finite cover of . Put(P,), = { P,: i < k}. Foreach <k,
if P, is not a sequential neighborhoodpin Y, there is a sequende;, },, converging to
zin Y with anyz;, ¢ P,. Definez,,, = z;, with m = (n — L)k +i andi < k, thenz,, — z.
There is a sequende,,} converging to some point € f~1(z) with eachx,, € f~1(z»)
becausef is sequence-covering. Take e (B,), thenx,, € B whenm > mg for some
mo € N, andP; = f(B) for somei < k, thusz;, € P; whenn > mg, a contradiction.

For eachyg € Y, put

U, = {x € X: f(B) is not a sequential neighborhoodefin ¥
for eachB € (By)«}.

Then

(d) If x e Uy, \Bnt1)x C Upt1.
If not, choose a poinp € ((B,+1) \ Un+1, then f(B) is a sequential neighborhood of
yo in Y for someB € (B,+1), by the definition ofU,,1. Take someB; € (B,+1)«x, then
p € BN By, thusB U By C By for someB; € B, by (a), soBz € (B,), and f(B2) is a
sequential neighborhood of in Y, hencex ¢ U,,, a contradiction.

() ft(yo) ¢ UtUn: n e N}
If not, ~2(y0) € J{U,: n € N}. By (d), for eachn € N,

Un c N Bosx: x € U} € Unia.

Since f ~1(yo) is compact an@)(B,+1)x is open inX, f~1(yo) C U, for somem e N.
By (c), there isB € B,, such thatf(B) is a sequential neighborhood ¢ in Y, then
%+ f~Y(yo) N B C X \ Uy, a contradiction.

Now, fix a pointxp € f~1(yo) \ J{U,: n € N}, then

() If y; = yoin Y, thereisx; € f~1(y;) for eachi € N with x; — xg in X.
For each: € N, there isB,, € (B,),, such thatf (B,) is a sequential neighborhood g in
Y by xo ¢ Uy, theny; € f(B,) wheni > i(n) for somei(n) € N, thusB, N f~1(y;) # 0.
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We can assume thatdi(n) <i(n + 1). For eachj € N, choose

Fromn, J<i),

X €
Tl st nB., i) <j<i(n+1), neN.

Thenx; € f~1(y;), andx; — xg in X by (b).
In aword, f is a 1-sequence-covering mapa

Finally, we discuss some relations among the sequence-covering and compact images
of separable metric spaces. LBt be a cover of a spac&. P has aCFP-property
(i.e., compact finite partition proper}y[35] if wheneverK is compact inX, there are
a finite collection{K,: n < k} of closed subsets ok and{P,: n < k} C P such that
K = J{K,: n <k} and eachX, C P,. The following lemma is due to [35].

Lemma 4.5. A spaceX is a compact-covering and compact image ¢separablg¢ metric
space if and only if there is a sequernigeof (countable anfipoint-finite covers ok such
that

(1) eachid, is CFP,

(2) {st(x,U,): n € N} is a network ofc in X for eachx € X.

Theorem 4.6. The following are equivalent for a spage
(1) X is a sequentially quotient and compact image of a separable metric space.
(2) X is a compact-covering and compact image of a separable metric space.
(3) X has a countable sn-network.

Proof. (2) = (1) Obviously.

(1) = (3) Let f: M — X be a sequentially quotient and compact map, herés a
separable metric space. There is a countable and locally finite sequ&nad open covers
of M such that [4,11]

() eachB, 1 is arefinement of3,,,

(b) {st(K, B,): n € N} is alocal base oK in X for each compack in X.

For eachn € N, putP, = {f(B): B € BB,}. ThenP, is a countable and point-finite cover
of X. Let

H= {St(x,Pn)Z xeX, n EN}.

ThenH is countable. We shall show that is an sn-network folX. For eachx € U with
U open inX, st(f~1(x),B,) c f~1(U) for somen € N by (b), then stx, P,) C U.
If st(x,P,) is not a sequential neighborhood efin X for somem € N, there is a
sequencéx,} converging to the point in X with any x, ¢ st(x, P,,), then there are a
subsequencex,, } of {x,} anda; € f~1(x,,) for eachi € N such thaiy; — a € f~1(x)
in M. TakeB € (B,,)q, thusa; € B wheni > j forsomej € N, sox, € f(B) C st(x, Pn),
a contradiction. Consequently, is a countable sn-network fof.

(3) = (2) Let P be a countable sn-network faf. We can assume that each element of
P is closed inX. Denote that

P={PyneN}=[J{P: xeX),
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here eactP, is an sn-network of in X. For eachn € N, put

On={xeX: P, ¢ P},
Z/ln Z{Pl’h Qn}

Thenl4, is a cover ofX, and for each € X,

Py, Py €y,
Stx,Un) =X, P,¢px, X € Py,
On: Pnéox, x & P
Thus{st(x, U,): n € N} is a network ofr in X. Suppose&” is compact inX, put
C1=P,NC, C2=C\P,.

ThenC = C1UCa. If x € Co, there is a sequende;} in C \ P, with x; — x in C because

C is metrizable in view of [7, Theorem 2.13], thét) ¢ P,, andx € Q,. ThusC2 C Q,
andC1 C P,. HenceX is a compact-covering and compact image of a separable metric
space by Lemma 4.5.0

A space has a countable weak base if and only if it is a sequential space with a countable
sn-network [12].

Corollary 4.7. The following are equivalent for a space
(1) X is a quotient and compact image of a separable metric space.
(2) X is a compact-covering, quotient and compact image of a separable metric space.
(3) X has a countable weak base.

We recall that a spack is ak-spacef wheneverA c X such thatd N K is closed for
each compack in X, thenA is closed inX. Every sequential space is a k-space.

Corollary 4.8. The following are equivalent for a k-space with a star-countable k-net-
work:

(1) X is a quotient and compact image of a locally separable metric space.

(2) X is a compact-covering, quotient and compact image of a locally separable metric

space.

(3) X is a quotient and compact image of a metric space.

(4) X is a compact-covering, quotient and compact image of a metric space.

(5) X contains no closed copy 6f,.

Proof. It only need to show tha5) = (1). This is as in the proof of Theorems 4 and 5
in[19]. O

Remark 4.9.
(1) A space with a countable weak bgsea sequence-covering and compact image of
a separable metric space; see Example 2.14(3) in [31].
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(2) A perfect map of a compact metric spaéea sequence-covering map; see [25].

(3) A compact-covering, quotient and compact image of a locally compact metric
space# a space with a point-countable cs-network; see Example 9.8 in [9] or
Example 2.9.27 in [11].

Question 4.10.1s a Fréchet space with a countable cs-network a closed and sequence-
covering image of a separable metric space?
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